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Preface

Topological K-theory first appeared in a 1961 paper by Atiyah and
Hirzebruch; their paper adapted the work of Grothendieck on algebraic
varieties to a topological setting. Since that time, topological K-theory
(which we will henceforth simply call K-theory) has become a power-
ful and indespensible tool in topology, differential geometry, and index
theory. The goal of this book is to provide a self-contained introduction
to the subject.

This book is primarily aimed at beginning graduate students, but
also for working mathematicians who know little or nothing about the
subject and would like to learn something about it. The material in this
book is suitable for a one semester course on K-theory; for this reason,
I have included exercises at the end of each chapter. I have tried to keep
the prerequisites for reading this book to a minimum; I will assume that
the reader knows the following:

• Linear Algebra: Vector spaces, bases, linear transformations, simi-
larity, trace, determinant.

• Abstract Algebra: Groups, rings, homomorphisms and isomorph-
isms, quotients, products.

• Topology: Metric spaces, completeness, compactness and connect-
edness, local compactness, continuous functions, quotient topology, sub-
space topology, partitions of unity.

To appreciate many of the motivating ideas and examples in K-theory,
it is helpful, but not essential, for the reader to know the rudiments of
differential topology, such as smooth manifolds, tangent bundles, differ-
ential forms, and de Rham cohomology. In Chapter 4, the theory of
characteristic classes is developed in terms of differential forms and de
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Rham cohomology; for readers not familiar with these topics, I give a
quick introduction at the beginning of that chapter. I do not assume that
the reader has any familiarity with homological algebra; the necessary
ideas from this subject are developed at the end of Chapter 1.

To keep this book short and as easy to read as possible (especially for
readers early in their mathematical careers), I have kept the scope of
this book very limited. Only complex K-theory is discussed, and I do
not say anything about equivariant K-theory. I hope the reader of this
book will be inspired to learn about other versions of K-theory; see the
bibliography for suggestions for further reading.

It is perhaps helpful to say a little bit about the philosophy of this
book, and how this book differs from other books on K-theory. The
fundamental objects of study in K-theory are vector bundles over topo-
logical spaces (in the case of K0) and automorphisms of vector bundles
(in the case of K1). These concepts are discussed at great length in
this book, but most of the proofs are formulated in terms of the equiva-
lent notions of idempotents and invertible matrices over Banach algebras
of continuous complex-valued functions. This more algebraic approach
to K-theory makes the presentation “cleaner”(in my opinion), and also
allows readers to see how K-theory can be extended to matrices over gen-
eral Banach algebras. Because commutativity of the Banach algebras is
not necessary to develop K-theory, this generalization falls into an area
of mathematics that is often referred to as noncommutative topology.
On the other hand, there are important aspects of K-theory, such as the
existence of operations and multiplicative structures, that do not carry
over to the noncommutative setting, and so we will restrict our attention
to the K-theory of topological spaces.

I thank my colleagues, friends, and family for their encouragement
while I was writing this book, and I especially thank Scott Nollet and
Greg Friedman for reading portions of the manuscript and giving me
many helpful and constructive suggestions.
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1

Preliminaries

The goal of K-theory is to study and understand a topological space
X by associating to it a sequence of abelian groups. The algebraic
properties of these groups reflect topological properties of X, and the
overarching philosophy of K-theory (and, indeed, of all algebraic topol-
ogy) is that we can usually distinguish groups more easily than we can
distinguish topological spaces. There are many variations on this theme,
such as homology and cohomology groups of various sorts. What sets
K-theory apart from its algebraic topological brethren is that not only
can it be defined directly from X, but also in terms of matrices of con-
tinuous complex-valued functions on X. For this reason, we devote a
significant part of this chapter to the study of matrices of continuous
functions.

Our first step is to look at complex vector spaces equipped with an
inner product. The reader is presumably familiar with inner products on
real vector spaces, but possibly not the complex case. For this reason,
we begin with a brief discussion of complex inner product spaces.

1.1 Complex inner product spaces

Definition 1.1.1 Let V be a finite-dimensional complex vector space
and let C denote the complex numbers. A (complex) inner product on
V is a function 〈·, ·〉 : V × V −→ C such that for all elements v, v′, and
v′′ in V and all complex numbers α and β:

(i) 〈αv + βv′, v′′〉 = α 〈v, v′′〉 + β 〈v′, v′′〉 ;
(ii) 〈v, αv′ + βv′′〉 = α 〈v, v′〉 + β 〈v, v′′〉 ;
(iii) 〈v′, v〉 = 〈v, v′〉;
(iv) 〈v, v〉 ≥ 0, with 〈v, v〉 = 0 if and only if v = 0.

1



2 Preliminaries

For each v in V, the nonnegative number ‖v‖in =
√
〈v, v〉 is called the

magnitude of v. A vector space equipped with an inner product is called
a (complex) inner product space. A vector space basis {v1, v2, . . . , vn}
of V is orthogonal if 〈vj , vk〉 = 0 for j �= k, and orthonormal if it is
orthogonal and ‖vk‖in = 1 for all 1 ≤ k ≤ n.

Proposition 1.1.2 Every complex inner product space V admits an
orthonormal basis.

Proof The proof of this proposition follows the same lines as the cor-
responding fact for real inner product spaces. Start with any vector
space basis {v1, v2, . . . , vn} of V and apply the Gram–Schmidt process
inductively to define an orthogonal basis

v′1 = v1

v′2 = v2 −
〈v2, v

′
1〉

〈v′1, v′1〉
v′1

...

v′n = vn − 〈vn, v′
1〉

〈v′1, v′
1〉

v′1 −
〈vn, v′

2〉
〈v′2, v′2〉

v′2 − · · · −
〈
vn, v′

n−1

〉〈
v′

n−1, v
′
n−1

〉v′
n−1.

Then {
v′
1

‖v′1‖in

,
v′2

‖v′2‖in

, · · · ,
v′

n

‖v′n‖in

}
is an orthonormal basis of V.

For elements (z1, z2, . . . , zn) and (z′1, z
′
2, . . . , z

′
n) in the vector space

Cn, the formula

〈(z1, z2, . . . , zn), (z′1, z
′
2, . . . , z

′
n)〉 = z1z′1 + z2z′2 + · · · + znz′n

defines the standard inner product on Cn. For each 1 ≤ k ≤ n, define ek

to be the vector that is 1 in the kth component and 0 elsewhere. Then
{e1, e2, · · · , en} is the standard orthonormal basis for Cn.

Proposition 1.1.3 (Cauchy–Schwarz inequality) Let V be an inner
product space. Then

| 〈v, v′〉 | ≤ ‖v‖in ‖v′‖in

for all v and v′ in V.
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Proof If 〈v, v′〉 = 0, the proposition is trivially true, so suppose that
〈v, v′〉 �= 0. For any α in C, we have

0 ≤ ‖αv + v′‖2
in = 〈αv + v′, αv + v′〉

= |α|2 ‖v‖2
in + ‖v′‖2

in + α 〈v, v′〉 + α 〈v, v′〉

= |α|2 ‖v‖2
in + ‖v′‖2

in + 2 Re(α 〈v, v′〉),

where Re(α 〈v, v′〉) denotes the real part of α 〈v, v′〉. Take α to have the
form t〈v, v′〉| 〈v, v′〉 |−1 for t real. Then the string of equalities above
yields

‖v‖2
in t2 + 2| 〈v, v′〉 |t + ‖v′‖2

in ≥ 0

for all real numbers t. This quadratic equation in t has at most one real
root, implying that

4| 〈v, v′〉 |2 − 4 ‖v‖2
in ‖v′‖2

in ≤ 0,

whence the proposition follows.

Proposition 1.1.4 (Triangle inequality) Let V be an inner product
space. Then

‖v + v′‖in ≤ ‖v‖in + ‖v′‖in

for all v and v′ in V.

Proof Proposition 1.1.3 gives us

‖v + v′‖2
in = 〈v + v′, v + v′〉

= 〈v, v〉 + 〈v, v′〉 + 〈v′, v〉 + 〈v′, v′〉

= ‖v‖2
in + ‖v′‖2

in + 2 Re 〈v, v′〉

≤ ‖v‖2
in + ‖v′‖2

in + 2| 〈v, v′〉 |

≤ ‖v‖2
in + ‖v′‖2

in + 2 ‖v‖in ‖v′‖in

= (‖v‖in + ‖v′‖in)2 .

We get the desired result by taking square roots.

Definition 1.1.5 Let V be an inner product space and let W be a vector
subspace of V. The vector subspace

W⊥ = {v ∈ V : 〈v, w〉 = 0 for all w ∈ W}

is called the orthogonal complement of W in V.
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Proposition 1.1.6 Let V be an inner product space and suppose that
W is a vector subspace of V. Then V ∼= W ⊕W⊥.

Proof If u is in the intersection of W and W⊥, then ‖u‖in = 〈u, u〉 = 0,
whence u = 0. Take v in V, and suppose that v = w1 + w⊥

1 = w2 + w⊥
2

for w1, w2 in W and w⊥
1 , w⊥

2 in W⊥. Then w1 − w2 = w⊥
2 − w⊥

1 is in
W ∩W⊥ and therefore we must have w1 = w2 and w⊥

1 = w⊥
2 . To show

that such a decomposition of v actually exists, choose an orthonormal
basis {w1, w2, . . . , wm} of W and set w =

∑m
k=1 〈v, wk〉wk. Clearly w is

in W. Moreover, for every 1 ≤ j ≤ m, we have

〈v − w,wj〉 = 〈v, wj〉 − 〈w,wj〉

= 〈v, wj〉 −
m∑

k=1

〈v, wk〉 〈wk, wj〉

= 〈v, wj〉 − 〈v, wj〉 = 0,

which implies that v − w is in W⊥.

Definition 1.1.7 Let V be an inner product space, let W be a vector
subspace of V, and identify V with W⊕W⊥. The linear map P : V −→ W
given by P(w,w⊥) = w is called the orthogonal projection of V onto W.

We close this section with a notion that we will need in Chapter 3.

Proposition 1.1.8 Let V and W be inner product spaces, and suppose
that A : V −→ W is a vector space homomorphism; i.e., a linear map.
Then there exists a unique vector space homomorphism A∗ : W −→ V,
called the adjoint of A, for which 〈Av, w〉 = 〈v,A∗w〉 for all v in V and
w in W.

Proof Fix orthonormal bases {e1, e2, . . . , em} and {f1, f2, . . . , fn} for
V and W respectively. For each 1 ≤ i ≤ m, write Aei in the form
Aei =
∑n

j=1 ajifj and set A∗fj =
∑m

i=1 ajiei Then

〈Aei, fj〉 = aji = 〈ei,A
∗fj〉

for all i and j, and parts (i) and (ii) of Definition 1.1.1 imply that
〈Av, w〉 = 〈v,A∗w〉 for all v in V and w in W.

To show uniqueness, suppose that B : W −→ V is a linear map
with the property that 〈Av, w〉 = 〈v,A∗w〉 = 〈v,Bw〉 for all v and w.
Then 〈v, (A∗ − B)w〉 = 0, and by taking v = (A∗ − B)w we see that
(A∗ − B)w = 0 for all w. Thus A∗ = B.
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To prove that A∗ is a vector space homomorphism, note that

〈v,A∗(αw + βw′)〉 = 〈Av, αw + βw′〉
= α 〈Av, w〉 + β 〈Av, w′〉
= α 〈v,A∗w〉 + β 〈v,A∗w′〉
= 〈v, αA∗w + βA∗w′〉

for all v in V, all w and w′ in W, and all complex numbers α and β.
Therefore A∗(αw + βw′) = αA∗w + βA∗w′.

Proposition 1.1.9 Let U , V, and W be inner product spaces, and sup-
pose that A : U −→ V and B : V −→ W are vector space homomor-
phisms. Then:

(i) (A∗)∗ = A;
(ii) A∗B∗ = BA∗;
(iii) A∗ is an isomorphism if and only if A is an isomorphism.

Proof The uniqueness of the adjoint and the equalities

〈A∗v, u〉 = 〈u, A∗v〉 = 〈Av, u〉 = 〈v,Au〉

for all u in U and v in V give us (i), and the fact that

〈BAu, w〉 = 〈Au, B∗w〉 = 〈u, A∗B∗w〉

for all u in U and w in W establishes (ii).
If A is an isomorphism, then U and V have the same dimension and

thus we can show A∗ is an isomorphism by showing that A∗ is injective.
Suppose that A∗v = 0. Then 0 = 〈u, A∗v〉 = 〈Au, v〉 for all u in U . But
A is surjective, so 〈v, v〉 = 0, whence v = 0 and A∗ is injective. The
reverse implication in (iii) follows from replacing A by A∗ and invoking
(i).

1.2 Matrices of continuous functions

Definition 1.2.1 Let X be a compact Hausdorff space. The set of all
complex-valued continuous functions on X is denoted C(X). If m and
n are natural numbers, the set of m by n matrices with entries in C(X)
is written M(m,n,C(X)). If m = n, we shorten M(m,n,C(X)) to
M(n, C(X)).

Each of these sets of matrices has the structure of a Banach space:
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Definition 1.2.2 A Banach space is a vector space V equipped with
a function ‖·‖ : V −→ [0,∞), called a norm, satisfying the following
properties:

(i) For all v and v′ in V and α in C:

(a) ‖αv‖ = |α| ‖v‖;
(b) ‖v + v′‖ ≤ ‖v‖ + ‖v′‖.

(ii) The formula d(v, v′) = ‖v − v′‖ is a distance function on V and
V is complete with respect to d.

The topology generated by d(v, w) = ‖v − w‖ is called the norm topol-
ogy on V; an easy consequence of the axioms is that scalar multiplication
and addition are continuous operations in the norm topology.

Note that when X is a point we can identify C(X) with C.

Lemma 1.2.3 For all natural numbers m and n, the set of matrices
M(m,n, C) is a Banach space in the operator norm

‖A‖op = sup
{
‖A�z‖in

‖�z‖in

: �z ∈ Cn, �z �= 0
}

= sup {‖A�z‖in : ‖�z‖in = 1} .

Proof For each A in M(m,n, C), we have

‖A‖op = sup
{
‖A�w‖in

‖�w‖in

: �w �= 0
}

= sup
{∥∥∥∥A( �w

‖�w‖in

)∥∥∥∥
in

: �w �= 0
}

= sup{‖A�z‖in : ‖�z‖in = 1},

and thus the two formulas for the operator norm agree. The equation
‖A(λ�z)‖in = |λ| ‖A�z‖in yields ‖λA‖op = |λ| ‖A‖op, and the inequality
‖A1 + A2‖op ≤ ‖A1‖op + ‖A2‖op is a consequence of Proposition 1.1.4.

To show completeness, let {Ak} be a Cauchy sequence in M(m,n, C).
Then for each �z in Cn, the sequence {Ak�z} in Cm is Cauchy and therefore
has a limit. Continuity of addition and scalar multiplication imply that
the function �z �→ limk→∞ Ak�z defines a linear map from Cn to Cm. Take
the standard vector space bases of Cm and Cn and let A denote the
corresponding matrix in M(m,n, C); we must show that {Ak} converges
in norm to A.
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Fix ε > 0 and choose a natural number N with the property that
‖Ak − Al‖op < ε/2 for k, l > N . Then

‖Ak�z − A�z‖in = lim
l→∞

‖Ak�z − Al�z‖in

≤ lim sup
l→∞

‖Ak − Al‖op ‖�z‖in

< ε ‖�z‖in

for all �z �= 0 in Cn. Hence ‖Ak − A‖op < ε for k > N , and the desired
conclusion follows.

For the case where m = n = 1, the norm on each z in M(1, C) = C

defined in Lemma 1.2.3 is simply the modulus |z|.

Proposition 1.2.4 Let X be a compact Hausdorff space and let m and
n be natural numbers. Then M(m,n,C(X)) is a Banach space in the
supremum norm

‖A‖∞ = sup{‖A(x)‖op : x ∈ X}.

Proof The operations of pointwise matrix addition and scalar multipli-
cation make M(m,n,C(X)) into a vector space. Note that

‖αA‖∞ = sup{‖αA(x)‖op : x ∈ X}
= sup{|α| ‖A(x)‖op : x ∈ X} = |α| ‖A‖∞

and

‖A + B‖∞ = sup{‖A(x) + B(x)‖op : x ∈ X}
≤ sup{‖A(x)‖op : x ∈ X} + sup{‖B(x)‖op : x ∈ X}
= ‖A‖∞ + ‖B‖∞

for all A and B in M(m,n,C(X)) and α in C, and thus ‖·‖∞ is indeed a
norm.

To check that M(m,n,C(X)) is complete in the supremum norm, let
{Ak} be a Cauchy sequence in M(m,n,C(X)). For each x in X, the
sequence {Ak(x)} is a Cauchy sequence in M(m,n, C) and therefore by
Lemma 1.2.3 has a limit A(x). To show that this construction yields an
element A in M(m,n,C(X)), we need to show that the (i, j) entry Aij

of A is in C(X) for all 1 ≤ i ≤ m and 1 ≤ j ≤ n.
Fix i and j. To simplify notation, let f = Aij , and for each natural

number k, let fk = (Ak)ij ; note that each fk is an element of C(X) =
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M(1, C(X)). Endow Cm and Cn with their standard orthonormal bases.
For each x in X, we have fk(x) = 〈Ak(x)ej , ei〉 and f(x) = 〈A(x)ej , ei〉.
Then for all natural numbers k and l, Proposition 1.1.3 gives us

|fk(x) − fl(x)| = | 〈Akej , ei〉 − 〈Alej , ei〉 |
= | 〈(Ak − Al)ej , ei〉 |
≤ ‖(Ak − Al)ej‖in ‖ei‖in

≤ ‖Ak − Al‖op ‖ej‖in ‖ei‖in

= ‖Ak − Al‖op .

Therefore {fk(x)} is Cauchy and thus converges to f(x).
To show that f is continuous, fix ε > 0 and choose a natural number M

with the property that ‖fk − fM‖∞ < ε/3 for all k > M . Next, choose
x′ in X and let U be an open neighborhood of x′ with the property that
|fM (x′) − fM (x)| < ε/3 for all x in U . Then

|f(x′) − f(x)| ≤ |f(x′) − fM (x′)| + |fM (x′) − fM (x)| + |fM (x) − f(x)|

< lim
k→∞

|fk(x′) − fM (x′)| + ε

3
+ lim

k→∞
|fM (x) − fk(x)|

≤ lim sup
k→∞

‖fk − fM‖∞ +
ε

3
+ lim sup

k→∞
‖fM − fk‖∞

< ε

for all k > M and x in U , whence f is continuous.
The last step is to show that the sequence {Ak} converges in the

supremum norm to A. Fix ε > 0 and choose a natural number N so
large that ‖Ak − Al‖∞ < ε/2 whenever k and l are greater than N .
Then

‖Ak(x) − A(x)‖op = lim
l→∞

‖Ak(x) − Al(x)‖op

≤ lim sup
l→∞

‖Ak − Al‖∞

≤ ε

2
< ε

for k > N and x in X. This inequality holds for each x in X and
therefore

lim
k→∞

‖Ak − A‖∞ = 0.

In this book we will work almost exclusively with square matrices.



1.2 Matrices of continuous functions 9

This will allow us to endow our Banach spaces M(n, C(X)) with an
additional operation that gives us an algebra:

Definition 1.2.5 An algebra is a vector space V equipped with a mul-
tiplication V × V −→ V that makes V into a ring, possibly without unit,
and satisfies α(vv′) = (αv)v′ = v(αv′) for all v and v′ in V and α in C.
If in addition V is a Banach space such that ‖vv′‖ ≤ ‖v‖ ‖v′‖ for all v

and v′ in V, we call V a Banach algebra.

Proposition 1.2.6 Let X be a compact Hausdorff space and let n be a
natural number. Then M(n, C(X)) is a Banach algebra with unit under
matrix multiplication.

Proof Proposition 1.2.4 tells us that M(n, C(X)) is a Banach space,
and the reader can check that M(n, C(X)) is an algebra under pointwise
matrix multiplication. To complete the proof, observe that

‖AB‖∞ = sup{‖A(x)B(x)‖op : x ∈ X}
≤ sup{‖A(x)‖op : x ∈ X} sup{‖B(x)‖op : x ∈ X}
= ‖A‖∞ ‖B‖∞

for all A and B in M(n, C(X)).

Before we leave this section, we establish some notation. We will
write the zero matrix and the identity matrix in M(n, C(X)) as 0n and
In respectively when we want to highlight the matrix size. Next, suppose
that B is an element of M(n, C(X)) and that A is a subspace of X. Then
B restricts to define an element of M(n, C(A)); we will use the notation
B|A for this restricted matrix.

Finally, we will often be working with matrices that have block diago-
nal form, and it will be convenient to have a more compact notation for
such matrices. Given matrices A and B in M(m,C(X)) and M(n, C(X))
respectively we set

diag(A,B) =
(

A 0
0 B

)
∈ M(m + n, C(X)).

We will use the obvious extension of this notation for matrices that are
comprised of more than two blocks.
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1.3 Invertibles

Invertible matrices play several important roles in defining K-theory
groups of a topological space. In this section we will prove various
results about such matrices.

Definition 1.3.1 Let X be compact Hausdorff. For each natural number
n, the group of invertible elements of M(n, C(X)) under multiplication
is denoted GL(n, C(X)).

We begin by defining an important family of invertible matrices.

Definition 1.3.2 Let n be a natural number. For every 0 ≤ t ≤ 1,
define the matrix

Rot(t) =
(

cos(πt
2 )In − sin(πt

2 )In

sin(πt
2 )In cos(πt

2 )In

)
.

Note that for each t, the matrix Rot(t) is invertible with inverse

Rot−1(t) =
(

cos(πt
2 )In sin(πt

2 )In

− sin(πt
2 )In cos(πt

2 )In

)
.

Proposition 1.3.3 Let X be a compact Hausdorff space, let n be a
natural number, and suppose S and T are elements of GL(n, C(X)).
Then

diag(S, In)Rot(t) diag(T, In)Rot−1(t)

is a homotopy in GL(2n, C(X)) from diag(ST, In) to diag(S,T).

Proof Compute.

Proposition 1.3.4 Let X be a compact Hausdorff space, let n be a
natural number, and suppose that S in M(n, C(X)) has the property that
‖In − S‖∞ < 1. Then S is in GL(n, C(X)) and

∥∥S−1
∥∥
∞ ≤ 1

1 − ‖In − S‖∞
.
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Proof Because∥∥∥∥∥∥
k∑

j=0

(In − S)j −
N∑

j=0

(In − S)j

∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥
k∑

j=N+1

(In − S)j

∥∥∥∥∥∥
∞

≤
k∑

j=N+1

‖In − S‖j
∞

≤
∞∑

j=N+1

‖In − S‖j
∞

=
‖In − S‖N+1

∞
1 − ‖In − S‖∞

for natural numbers k > N , the partial sums {
∑k

j=0(In − S)j} form a
Cauchy sequence. Let T be its limit. Then

ST = lim
k→∞

S
k∑

j=0

(In − S)j

= lim
k→∞

[In − (In − S)]
k∑

j=0

(In − S)j

= lim
k→∞

In − (In − S)k+1

= In.

A similar argument yields TS = In, and so T = S−1. Finally, the
computation

∥∥S−1
∥∥
∞ = lim

k→∞

∥∥∥∥∥∥
k∑

j=0

(In − S)j

∥∥∥∥∥∥
∞

≤ lim
k→∞

k∑
j=0

‖In − S‖j
∞

=
1

1 − ‖In − S‖∞
establishes the final statement of the lemma.

Proposition 1.3.5 Let X be a compact Hausdorff space, let n be a natu-
ral number,and choose S in GL(n, C(X)). Suppose that T ∈ M(n, C(X))
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has the property that

‖S − T‖∞ <
1

‖S−1‖∞
.

Then tS + (1 − t)T is in GL(n, C(X)) for all 0 ≤ t ≤ 1. In particular,
T is in GL(n, C(X)).

Proof For all 0 ≤ t ≤ 1, we have

1 >
∥∥S−1
∥∥
∞ ‖S − T‖∞

≥
∥∥In − S−1T

∥∥
∞

≥
∥∥(1 − t)(In − S−1T)

∥∥
∞

=
∥∥(In −

(
tIn + (1 − t)S−1T

)∥∥
∞ .

By Proposition 1.3.4, the matrix tIn + (1 − t)S−1T is invertible. The
product of invertible elements is invertible and thus

S
(
tIn + (1 − t)S−1T

)
= tS + (1 − t)T

is invertible.

Corollary 1.3.6 Let X be compact Hausdorff. For every natural number
n, the set GL(n, C(X)) is open in M(n, C(X)).

Proof Proposition 1.3.5 shows that for each S in GL(n, C(X)), the
elements of M(n, C(X)) in the open ball of radius 1/

∥∥S−1
∥∥
∞ centered

at S are invertible.

Lemma 1.3.7 Let X be a compact Hausdorff space and let n be a nat-
ural number. Suppose that S and T are in GL(n, C(X)) and satisfy the
inequality

‖S − T‖∞ <
1

2 ‖S−1‖∞
.

Then ∥∥S−1 − T−1
∥∥
∞ < 2
∥∥S−1
∥∥2
∞ ‖S − T‖∞ .

Proof From the hypothesized inequality, we have∥∥In − S−1T
∥∥
∞ =
∥∥S−1(S − T)

∥∥
∞ ≤
∥∥S−1
∥∥
∞ ‖S − T‖∞ <

1
2
,
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and Proposition 1.3.4 yields∥∥T−1
∥∥
∞ ≤
∥∥(S−1T)−1

∥∥
∞
∥∥S−1
∥∥
∞

≤ 1
1 − ‖In − S−1T‖∞

·
∥∥S−1
∥∥
∞ < 2
∥∥S−1
∥∥
∞ .

Therefore ∥∥S−1 − T−1
∥∥
∞ =
∥∥S−1(T − S)T−1

∥∥
∞

≤
∥∥S−1
∥∥
∞
∥∥T−1
∥∥
∞ ‖T − S‖∞

< 2
∥∥S−1
∥∥2
∞ ‖S − T‖∞ .

Proposition 1.3.8 For every compact Hausdorff space X and natural
number n, the group GL(n, C(X)) is a topological group; i.e., multipli-
cation and inversion are continuous operations.

Proof The only nontrivial point to check is that the map S �→ S−1 is
continuous, and this follows immediately from Lemma 1.3.7.

The group GL(n, C(X)) has a normal subgroup in which we are par-
ticularly interested.

Definition 1.3.9 Let X be compact Hausdorff and let n be a natural
number. We let GL(n, C(X))0 denote the connected component of In in
GL(n, C(X)); i.e., the maximal connected subset of GL(n, C(X)) that
contains the identity.

Proposition 1.3.10 Let X be compact Hausdorff and let n be a natural
number. Then GL(n, C(X))0 is a normal (in the sense of group theory)
subgroup of GL(n, C(X)).

Proof Proposition 1.3.5 implies that GL(n, C(X)) is locally path con-
nected and therefore the connected components and the path compo-
nents of GL(n, C(X)) coincide. By definition GL(n, C(X))0 contains
In. Take S and T in GL(n, C(X))0, let {St} be a continuous path in
GL(n, C(X))0 from In = S0 to S = S1, and let {Tt} be a continuous
path in GL(n, C(X))0 from In = T0 to T = T1. Then {StTt} is a con-
tinuous path from In to ST and {S−1

t } is a continuous path from In to
S−1, whence GL(n, C(X))0 is a subgroup. Furthermore, for any R in
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GL(n, C(X)), we have a continuous path {RStR
−1} from In to RSR−1,

and therefore GL(n, C(X))0 is a normal subgroup of GL(n, C(X)).

Proposition 1.3.11 For all natural numbers n, the subgroup GL(n, C)0
equals GL(n, C).

Proof Take S in GL(n, C). Then S is similar to an upper triangular
matrix T. For each entry of T that lies above the main diagonal, multiply
by 1 − t and let t go from 0 to 1; this gives us a homotopy in GL(n, C)
from T to a diagonal matrix D. Let λ1, λ2, . . . , λn be the diagonal
entries of D that are not equal to 1; because D is invertible, none of
these diagonal entries is zero. For each 1 ≤ k ≤ n, choose a homotopy
{λk,t} from λk to 1; these homotopies determine a homotopy from D to
In. Thus D and T are in GL(n, C)0, and because GL(n, C)0 is a normal
subgroup of GL(n, C), the matrix S is in GL(n, C)0 as well. Our choice
of S was arbitrary and thus GL(n, C)0 = GL(n, C).

To further understand the structure of GL(n, C(X))0, we need an
alternate description of it.

Proposition 1.3.12 Let X be compact Hausdorff, let n be a natural
number, and suppose B is an element of M(n, C(X)). Then the expo-
nential

exp B =
∞∑

k=0

Bk

k!

of B is well defined.

Proof For all natural numbers N , we have the inequality∥∥∥∥∥
∞∑

k=N

Bk

k!

∥∥∥∥∥
∞

≤
∞∑

k=N

‖B‖k
∞

k!
.

The desired result follows from Proposition 1.2.4 and the fact that the
Maclaurin series for ex has an infinite radius of convergence.

Proposition 1.3.13 Let X be a compact Hausdorff space and let n be
a natural number. Then the exponential map is a continuous function
from M(n, C(X)) to GL(n, C(X)).
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Proof A straightforward computation shows that expB exp(−B) = In

and so exp(−B) = (expB)−1. Therefore the range of exp is contained in
GL(n, C(X)).

In general, exp : M(n, C(X)) −→ GL(n, C(X)) is not a group homo-
morphism; if A and B do not commute, exp(A + B) is not necessarily
equal to exp A exp B.

Lemma 1.3.14 Let X be a compact Hausdorff space and let n be a
natural number. If S is in M(n, C(X)) and ‖In − S‖∞ < 1, then S =
exp B for some B in M(n, C(X)).

Proof The Taylor series expansion of log x centered at 1 is

−
∞∑

k=1

(1 − x)k

k

and has radius of convergence 1. Set

B = −
∞∑

k=1

(In − S)k

k
.

Compute exp B and simplify to obtain S.

Theorem 1.3.15 Let X be a compact Hausdorff space and let n be a
natural number. Then the group GL(n, C(X))0 is precisely the set of
finite products of elements of the form exp B for B in M(n, C(X)).

Proof Let F denote the set described in the statement of the theorem
and take

S = exp B1 exp B2 · · · exp Bm

in F . Then

exp(−Bm) exp(−Bm−1) · · · exp(−B1)

is an inverse to S, whence S is in GL(n, C(X)). The product

St = exp(tB1) exp(tB2) · · · exp(tBm)

defines a homotopy in GL(n, C(X)) from In to S and thus S is in
GL(n, C(X))0.

Observe that F is a subgroup of GL(n, C(X)). Lemma 1.3.14 implies
that there is an open neighborhood U of In that lies entirely in F . Group
multiplication by any element of F is a homeomorphism from F to itself,



16 Preliminaries

so F is a union of open sets and therefore open. Each left coset of F in
GL(n, C(X)) is homeomorphic to F and is therefore also open. The left
cosets partition GL(n, C(X)) into disjoint sets, so each left coset, and
in particular F , is both open and closed. Therefore F is a connected
component of GL(n, C(X)), whence F = GL(n, C(X))0.

Proposition 1.3.16 Let n be a natural number and suppose that A is
a nonempty closed subspace of a compact Hausdorff space X. Then
the restriction of elements of M(n, C(X)) to M(n, C(A)) determines
a continuous surjective group homomorphism from GL(n, C(X))0 to
GL(n, C(A))0.

Proof Let ρ denote the restriction map from M(n, C(X)) to M(n, C(A)).
Then ρ clearly maps GL(n, C(X))0 into GL(n, C(A))0. To show that
ρ maps GL(n, C(X))0 onto GL(n, C(A))0, we first show that ρ maps
M(n, C(X)) onto M(n, C(A)). Choose an element B of M(n, C(A)). By
applying the Tietze extension theorem to each matrix entry of B we
construct a matrix B′ in M(n, C(X)) such that ρ(B′) = B.

Now take S in GL(n, C(A))0. By Theorem 1.3.15 we can write

S = exp B1 exp B2 · · · exp Bm

for some B1, B2, . . . , Bm in M(n, C(A)). For each 1 ≤ k ≤ m, choose
an element B′

k in M(n, C(X)) with the property that ρ(B′
k) = Bk. Then

ρ (expB′
1 exp B′

2 · · · exp B′
m) = exp ρ(B′

1) exp ρ(B′
2) · · · exp ρ(B′

m)

= exp B1 exp B2 · · · exp Bm

= S.

There is a special case of Proposition 1.3.16 that we will use repeatedly
in Chapter 2.

Corollary 1.3.17 Suppose that A is a nonempty closed subspace of
a compact Hausdorff space X and let n be a natural number. Then
for each S in GL(n, C(A)), there exists T in GL(2n, C(X))0 such that
T|A = diag(S,S−1).

Proof Proposition 1.3.16 implies that we need only find a homotopy
in GL(2n, C(A)) from I2n = diag(SS−1, In) to diag(S,S−1); Proposition
1.3.3 provides such a homotopy.
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We will also need the following result in the next chapter.

Proposition 1.3.18 Let X be compact Hausdorff and let n be a nat-
ural number. A matrix B in M(2n, C(X)) commutes with diag(In, 0n)
if and only if B = diag(B11,B22) for some matrices B11 and B22 in
M(n, C(X)). Moreover, if B commutes with the matrix diag(In, 0n),
then B is invertible if and only if B11 and B22 are.

Proof Write B in the form

B =
(

B11 B12

B21 B22

)
.

Then

Bdiag(In, 0n) =
(

B11 B12

B21 B22

)(
In 0
0 0n

)
=
(

B11 0
B21 0

)
and

diag(In, 0n)B =
(

In 0
0 0n

)(
B11 B12

B21 B22

)
=
(

B11 B12

0 0

)
;

the result then follows easily.

1.4 Idempotents

In this section we define one of the primary algebraic objects of study
in K-theory and look at some of its properties.

Definition 1.4.1 Let X be a compact Hausdorff space and let n be a
natural number. An idempotent over X is an element E of M(n, C(X))
with the property that E2 = E.

We can define idempotents for any ring, but Definition 1.4.1 will serve
our purposes.

Example 1.4.2 For any compact Hausdorff space X, a matrix that
consists of 1s and 0s on the main diagonal and is 0 elsewhere is an
idempotent.

Example 1.4.3 Let S2 be the unit sphere in R3 centered at the origin.
Then the matrix

1
2

(
1 + x y + iz

y − iz 1 − x

)
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is an idempotent over S2.

Example 1.4.4 For each natural number m, consider

Sm = {(x1, x2, . . . , xm+1) ∈ Rm+1 : x2
1 + x2

2 + · · · + x2
m+1 = 1},

the m-dimensional sphere of radius 1 centered at the origin. Then⎛⎜⎜⎜⎝
x2

1 x1x2 x1x3 · · · x1xm+1

x2x1 x2
2 x2x3 · · · x2xm+1

...
...

...
. . .

...
xm+1x1 xm+1x2 xm+1x3 · · · x2

m+1

⎞⎟⎟⎟⎠
is an idempotent over Sm.

Example 1.4.5 Consider S1 as the unit circle in C and view the two-
torus T2 as S1 × [0, 1] with the usual identification of the ends: (z, 0) ∼
(z, 1) for each z in S1. Set

E(z, t) = Rot(t) diag(z, 1)Rot−1(t).

Now, E(z, 0) = diag(z, 1) �= diag(1, z) = E(z, 1), so E is not an element
of M(2, C(T2)). However, the matrix E(z, t) diag(1, 0)E(z, t)−1 is a well
defined idempotent over T2.

Definition 1.4.6 Let X be compact Hausdorff and let n be a natural
number. Idempotents E0 and E1 in M(n, C(X)) are homotopic if there
exists a homotopy {Et} of idempotents in M(n, C(X)) from E0 to E1. If
E0 and E1 are homotopic, we write E0 ∼h E1.

Definition 1.4.7 Let X be compact Hausdorff and let n be a natural
number. Idempotents E0 and F in M(n, C(X)) are similar if F = SES−1

for some S in GL(n, C(X)). If E and F are similar, we write F ∼s E.

Similarity and homotopy are both equivalence relations; our next task
is to see how similarity and homotopy are related.

Lemma 1.4.8 Let X be compact Hausdorff and let n be a natural
number. Take idempotents E and F in M(n, C(X)), and suppose that

‖F − E‖∞ <
1

‖2F − In‖∞
.

Then S = In − E − F + 2EF is invertible and E = SFS−1. In particular,
F ∼s E.
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Proof We have

‖In − S‖∞ = ‖E + F − 2EF‖∞ = ‖(F − E)(2F − In)‖∞
≤ ‖F − E‖∞ ‖2F − In‖∞ < 1.

By Proposition 1.3.4, the matrix S is invertible. The products SF and
ES are both equal to EF, so ES = SF and E = SFS−1.

Proposition 1.4.9 Let X be a compact Hausdorff space, let n be a
natural number, and suppose E0 and E1 are homotopic idempotents in
M(n, C(X)). Then E0 and E1 are similar.

Proof Choose a homotopy of idempotents from E0 to E1; for clarity of
notation in what follows, we will write the homotopy as {E(t)} instead
of {Et}. Set

R = sup{‖2E(t) − In‖∞ : 0 ≤ t ≤ 1},

and choose points 0 = t0 < t1 < t2 < · · · < tK = 1 so that

‖E(tk−1) − E(tk)‖∞ <
1
R

for all 1 ≤ k ≤ K. By Lemma 1.4.8, we know that E(tk−1) ∼s E(tk) for
all k and therefore E0 ∼s E1.

Proposition 1.4.10 Let X be compact Hausdorff and let n be a natural
number. If E and F in M(n, C(X)) are similar, then diag(E, 0n) and
diag(F, 0n) are homotopic idempotents in M(2n, C(X)).

Proof Choose S in GL(n, C(X)) so that F = SES−1. For 0 ≤ t ≤ 1,
define

Tt = diag(S, In)Rot(t) diag(S−1, In)Rot−1(t).

Then {Tt diag(E, 0n)T−1
t } is the desired homotopy of idempotents.

Proposition 1.4.10 suggests that if we want homotopy classes and sim-
ilarity classes to coincide, we should consider matrices of all sizes. The
next definition makes this idea precise.

Definition 1.4.11 For every compact Hausdorff space X, define an
equivalence relation ∼ on

⋃
n∈N

M(n, C(X)) by declaring that

B ∼ diag(B, 0)
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for all natural numbers n and matrices B in M(n, C(X)). The set of
equivalence classes of ∼ is denoted M(C(X)).

The construction in Definition 1.4.11 is an example of a direct limit ;
we often indicate this by writing

M(C(X)) = lim−→ M(n, C(X)).

We will usually identify M(n, C(X)) with its image in M(C(X)). We
can view an element of M(C(X)) as a countably infinite matrix with
entries in C(X) and all but finitely many entries equal to 0.

Proposition 1.4.12 Let X be compact Hausdorff. Then M(C(X)) is
an algebra without unit under the operations of matrix addition and mul-
tiplication and scalar multiplication.

Proof Let A and B be elements of M(C(X)), and choose a natural
number n large enough so that A and B can be viewed as elements
of M(n, C(X)). Then we can define A + B and AB as elements of
M(n, C(X)) in the usual way, and these operations are compatible with
the equivalence relation that defines M(C(X)). Similarly, for any com-
plex number λ, we can consider λA as an element of M(C(X)). Finally,
if M(C(X)) had a multiplicative identity, then it would have to be the
countably infinite matrix with 1s on the main diagonal and 0s every-
where else; this matrix is not an element of M(C(X)).

Definition 1.4.13 Given a compact Hausdorff space X, the direct limit
topology on M(C(X)) is the topology whose basis consists of images of
open sets in M(n, C(X)) for every natural number n.

If E and F are homotopic idempotents in M(n, C(X)), then diag(E, 0)
and diag(F, 0) are homotopic idempotents in M(n + 1, C(X)). Thus the
notion of homotopic idempotents in M(C(X)) is well defined and we can
make the following definition.

Definition 1.4.14 Let X be compact Hausdorff. The collection of sim-
ilarity classes (i.e., the equivalence classes of ∼s) of idempotents in
M(C(X)) is denoted Idem(C(X)). Given an idempotent E, we denote
its similarity class by [E].



1.5 Vector bundles 21

Propositions 1.4.9 and 1.4.10 imply that we can alternately define
Idem(C(X)) to be the set of homotopy classes of idempotents in the
algebra M(C(X)).

Is it possible that each of the idempotents in Examples 1.4.2 through
1.4.5 is similar to In for some n? Later, we will be able to show that the
answer to this question is no. However, at this stage we have no tools
for determining when two idempotents determine distinct elements of
Idem(C(X)). This is an important topic that we take up in Chapter 4.

1.5 Vector bundles

In this section we look at families of vector spaces over a topological
space. We require that the vector spaces vary continuously and that they
be locally trivial in a sense that will be described shortly. We start out
working over arbitrary topological spaces, but to obtain a well behaved
theory, we eventually restrict our attention to compact Hausdorff spaces.

Definition 1.5.1 Let X be a topological space. A family of vector
spaces over X is a topological space V and a continuous surjective map
π : V −→ X, called the projection, such that for each x in X the
inverse image π−1(x) of x is a finite-dimensional complex vector space
whose addition and scalar multiplication are continuous in the subspace
topology on π−1(x).

A family of vector spaces is sometimes written (V, π, X), but we will
often write (V, π) or just V if there is no possibility of confusion. We
usually will write Vx for π−1(x); this vector space is called the fiber of V

over x ∈ X. Occasionally, we will write V as {Vx}x∈X . The topological
space X is called the base of V .

Do not confuse the projection of a family of vector spaces onto its
base with the notion of an orthogonal projection of a vector space onto
a vector subspace.

Example 1.5.2 For any natural number n, the space X×Cn is a family
of vector spaces over X; the projection π : X ×Cn −→ X is π(x, �z) = x.
We denote this family Θn(X).

Example 1.5.3 For any topological space X and natural number n, we
can produce a multitude of families of vector spaces by choosing for each
x ∈ X any vector subspace Vx whatsoever of Θn(X)x.
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Example 1.5.3 shows that the vector spaces that make up a family of
vector spaces can vary wildly and therefore it is difficult to prove very
much at this level of generality. Fortunately, many naturally occurring
examples of families of vector spaces have additional structure, which
we describe below. We begin with some definitions.

Definition 1.5.4 Let V and W be families of vector spaces over a topo-
logical space X. A continuous function γ : V −→ W is a homomorphism
of families if for each x ∈ X the map γ restricts to a vector space homo-
morphism γx : Vx −→ Wx. If γ is a homeomorphism (so that, in par-
ticular, γx is a vector space isomorphism for each x ∈ X), we call γ an
isomorphism of families.

Definition 1.5.5 A family of vector spaces V over a topological space
X is trivial if V is isomorphic to Θn(X) for some natural number n.

The next definition is a special case of a construction we shall consider
later in this section.

Definition 1.5.6 Let (V, π, X) be a family of vector spaces over a topo-
logical space X and let A be a subspace of X. The family (π−1(A), π, A)
of vector spaces over A is called the restriction of V to A and is denoted
V |A.

Definition 1.5.7 A vector bundle over a topological space X is a family
of vector spaces V with the property that for each x in X, there is an
open neighborhood U of x in X such that the restriction V |U of V to U

is trivial.

When V is a vector bundle, the dimension of Vx is a locally constant
function of x. When the dimension of all the fibers Vx is actually con-
stant (in particular, when X is connected), we call this number the rank
of the vector bundle V . If V is a rank one bundle, we say that V is a
(complex) line bundle.

A homomorphism between vector bundles is often called a bundle
homomorphism, and similarly for isomorphisms.

Definition 1.5.8 Let X be a topological space. The collection of iso-
morphism classes of vector bundles over X is denoted Vect(X). If V is
a vector bundle over X, we denote its isomorphism class [V ].

We now look at some examples of vector bundles.
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Example 1.5.9 For each natural number n, the family of vector spaces
Θn(X) is a rank n vector bundle over X.

Example 1.5.10 Define an equivalence relation ∼p on C2 by setting
(z1, z2) ∼p (λz1, λz2) for every nonzero complex number λ. If we give
C2 its usual topology and endow the set of the equivalence classes of
∼p with the quotient topology, we obtain a topological space CP

1 called
complex projective space. The equivalence class of a point (z1, z2)
is denoted [z1, z2], and these equivalence classes are collectively known
as homogeneous coordinates for CP 1. Every point of CP

1 is a one-
dimensional complex vector subspace of C2, and the disjoint union of
these vector subspaces is a family H∗ of vector subspaces of Θ2(CP

1)
called the tautological line bundle over CP

1.

To show that H∗ is a line bundle, set

U1 = {[z1, z2] ∈ CP 1 : z1 �= 0}
U2 = {[z1, z2] ∈ CP 1 : z2 �= 0}.

Then CP1 is the union of U1 and U2. The map φ1 : H∗|U1 −→ Θ1(U1)
defined by φ1[z1, z2] =

(
[z1, z2], z2/z1

)
is a bundle isomorphism. Simi-

larly, the map φ2 : H∗|U2 −→ Θ1(U2) given by the formula φ2[z1, z2] =(
[z1, z2], z1/z2

)
is a bundle isomorphism.

More generally, for any natural number n we can define the equiva-
lence relation

(z1, z2, . . . , zn+1) ∼p (λz1, λz2, . . . , λzn+1), λ �= 0

on Cn+1 and take equivalence classes to get complex projective n-space
CP

n. As in the case of CP
1, we have a tautological line bundle over

CP
n.

The unusual name for the vector bundle in Example 1.5.10 comes from
algebraic geometry; we will consider a generalization of this construction
in Section 3.6.

To obtain other examples of vector bundles, it is helpful to be able to
create new vector bundles out of old ones. There are a variety of such
constructions; roughly speaking, any construction that we can do with
vector spaces has an analogue for vector bundles. We consider a few of
these constructions below.
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Construction 1.5.11 Let (V, π) be a vector bundle over a topological
space X and let W be a topological subspace of V . If (W, π|W ) is a
vector bundle over X, then we call W a subbundle of V .

Construction 1.5.12 Let X and Y be topological spaces, let (V, π) be
a vector bundle over Y , and suppose φ : X −→ Y is a continuous map.
Define

φ∗V = {(x, v) ∈ X × V : φ(x) = π(v)}.

Endow φ∗V with the subspace topology it inherits from X × V . Then
φ∗V is a family of vector spaces over X called the pullback of V by φ;
the projection φ∗π : φ∗V −→ X is simply (φ∗π)(x, v) = x. The family
φ∗V is locally trivial, for if V |U is trivial over an open subset U of Y ,
then φ∗V |φ−1(U) is trivial as well. Thus φ∗V is a vector bundle over
X.

The restriction of a vector bundle to a subspace is a special case of
the pullback construction.

Construction 1.5.13 Let X1 and X2 be topological spaces and let
(V1, π1) and (V2, π2) be vector bundles over X1 and X2 respectively. Let
V1 × V2 be the product of V1 and V2 as topological spaces and define
π� : V1 × V2 −→ X1 × X2 by the formula π�(v1, v2) = (π1(v1), π2(v2)).
Then (V1 × V2, π�) is a vector bundle over X1 × X2 called the external
Whitney sum of V1 and V2; we write this bundle V1�V2. More generally,
given a finite number V1, V2, . . . , Vm of vector bundles over topological
spaces X1, X2, . . . , Xm respectively, we can form the external Whitney
sum V1 � V2 � · · · � Vm over X1 × X2 × · · · × Xm.

Construction 1.5.14 Let (V1, π1) and (V2, π2) be vector bundles over
the same base space X, and consider the subspace

V1 ⊕ V2 = {(v1, v2) ∈ V1 × V2 : π1(v1) = π2(v2)}

of V1 × V2. If we define π⊕ : V1 ⊕ V2 −→ X as (π⊕)(v1, v2) = π1(v1),
then we obtain a vector bundle (V1 ⊕ V2, π⊕) over X called the inter-
nal Whitney sum of V1 and V2. An alternate way of defining internal
Whitney sum is this: let Δ : X −→ X × X be the diagonal map; i.e.,
Δ(x) = (x, x) for every x in X. Then V1 ⊕ V2 = Δ∗(V1 � V2).
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As in the case of the external Whitney sum, we can take the internal
Whitney sum V1 ⊕ V2 ⊕ · · · ⊕ Vm of any finite number of vector bundles
over X.

Construction 1.5.15 Let V be a vector bundle over a topological space
X. The dual vector bundle of V is the set V ∗ of vector bundle homo-
morphisms from V to Θ1(X). The dual vector bundle of V is a family
of vector spaces over X because for each x in X, the elements of V ∗

restrict to linear maps from Vx to C. To see that V ∗ is locally trivial,
let U be a connected open subset of X such that V |U is a trivial vector
bundle of rank n. Then V ∗|U is isomorphic to the collection of bundle
homomorphisms from Θn(U) to Θ1(U), which in turn is isomorphic to
Θn(U).

If we take the definition of vector bundle and replace the complex
numbers C with the real numbers R, we obtain a real vector bundle.
The prototypical example of a real vector bundle is the tangent bundle
of a smooth manifold. We can manufacture a complex vector bundle out
of a real one by complexification.

Construction 1.5.16 Let V be a real vector bundle over a topological
space X and define a real vector bundle V ⊕ V over X by (the real
analogue of) internal Whitney sum. Each fiber of V ⊕ V is a complex
vector space via the scalar multiplication

(a + bi)(v1, v2) = (av1 − bv2, bv1 + av2),

which makes V ⊕V into a complex vector bundle denoted V ⊗C. Elements
of (V ⊗ C)x are usually written as formal sums v1 + iv2, where v1, v2

are in Vx.

At the end of this section we consider one more vector bundle con-
struction. First, we must establish some preliminary results.

Lemma 1.5.17 Let m and n be natural numbers, suppose that X is a
Hausdorff space, not necessarily compact, and let Map(X, M(m,n, C))
denote the set of continuous functions from X to M(m,n, C). For every
f in Map(X, M(m,n, C)), define a bundle homomorphism

Γ(f) : Θn(X) −→ Θm(X)

by the formula

Γ(f)(x, �z) = f(x)�z.
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Let Hom(Θn(X),Θm(X)) be the set of bundle homomorphisms from
Θn(X) to Θm(X). Then Γ is a bijection from Map(X, M(m,n, C)) to
Hom(Θn(X),Θm(X)).

Proof The only nonobvious point to establish is surjectivity. Equip
Cm and Cn with their standard vector space bases and standard inner
products and define p : Θn(X) −→ Cn as p(x, �z) = �z. Given a bundle
homomorphism δ : Θn(X) −→ Θm(X), define f : X −→ M(m,n, C) so
that the (i, j) entry is

fij(x) = 〈p (δ(x, ej)) , ei〉

for all x in X. Then f is in Map(X, M(m,n, C)), and Γ(f) = δ.

We could identify Map(X, M(m,n, C)) with M(m,n,C(X)). However,
we will find it helpful to preserve this distinction in the proofs of several
results to follow.

Definition 1.5.18 Let U = {U1, U2, . . . , Ul} be a finite open cover of a
topological space X. A partition of unity subordinate to U is a collection
of continuous functions pk : X −→ [0, 1] for 1 ≤ k ≤ l such that:

(i) pk(x) = 0 for x ∈ X\Uk;
(ii)
∑l

k=1 pk(x) = 1 for all x in X.

We could define a partition of unity subordinate to an infinite open
cover, but Definition 1.5.18 will suffice for our purposes. Any normal
topological space admits partitions of unity, so in particular we can
always find a partition of unity for any finite open cover of a compact
Hausdorff space.

Proposition 1.5.19 Let A be a closed subspace of a compact Hausdorff
space X, let V and W be vector bundles over X, and suppose σ : V |A −→
W |A is a bundle homomorphism. Then σ can be extended to a bundle
homomorphism σ̃ : V −→ W .

Proof Without loss of generality, we assume that X is connected; other-
wise, work with X one component at a time. Suppose the rank of V is n

and the rank of W is m. Choose a finite open cover U = {U1, U2, . . . , Ul}
of X with the property that for each 1 ≤ k ≤ l, the vector bundles
V |Uk and W |Uk are isomorphic to Θn(Uk) and Θm(Uk) respectively.
For each k, let σk denote the map from V |(A ∩ Uk) to W |(A ∩ Uk)
defined by restricting the domain and range of σ. If A ∩ Uk is empty,
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define σ̃k : V −→ W to be the zero homomorphism. Otherwise, iden-
tify V |(A ∩ Uk) and W |(A ∩ Uk) with Θn(A ∩ Uk) and Θm(A ∩ Uk)
respectively and apply Lemma 1.5.17 to obtain a map

fk : A ∩ Uk −→ M(m,n, C).

For each 1 ≤ i ≤ m and 1 ≤ j ≤ n, the (i, j) entry (fk)ij of fk is a
continuous function from A∩Uk to C. By the Tietze extension theorem,
each (fk)ij extends to a continuous function (f̂k)ij : Uk −→ C. The
functions (f̂k)ij collectively define a function

f̂k : Uk −→ M(m,n, C),

which in turn determines a bundle homomorphism

Γ(f̂k) : Vk|Uk
∼= Θn(Uk) −→ Wk|Uk

∼= Θm(Uk).

Let πV denote the projection from V to X, let {p1, p2, . . . , pl} be a
partition of unity subordinate to U , and define σ̃k : V −→ W by

σ̃k(v) =

{
pk(πV (v))Γ(f̂k)(v) if v ∈ π−1

V (Uk)

0 otherwise.

Then σ̃ =
∑l

k=1 σ̃k is a bundle homomorphism that extends σ.

Proposition 1.5.20 Let X be a compact Hausdorff space, let V and
W be vector bundles over X, and let γ : V −→ W be a bundle homo-
morphism. Then the set

O = {x ∈ X : γx is an isomorphism}

is open in X.

Proof We may assume that X is connected. If O is empty, then it is
open, so suppose it is not empty. Then V and W must have the same
rank n. For each point x in X, choose a neighborhood Ux of x with the
property that V |Ux and W |Ux are both isomorphic to Θn(Ux). Let γx

be the restriction of γ to Ux and apply Lemma 1.5.17 to get a continuous
map fx from Ux to M(n, C). Set Ox = f−1

x (GL(n, C)). From Corollary
1.3.6 we know the set GL(n, C) is open in M(n, C), so Ox is open in Ux.
Moreover, because Ux is open in X, the set Ox is open in X and the
union of the sets Ox is an open subset of X.

To complete the proof, note that for every x in X and y in Ux the
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matrix fx(y) is invertible if and only if γy is an isomorphism. Thus

O =
⋃

x∈X

Ox,

and therefore O is open in X.

Construction 1.5.21 Let X be a compact Hausdorff space and sup-
pose A1 and A2 are closed subspaces of X whose union is X and whose
intersection Z is nonempty. Let V1 and V2 be vector bundles over A1

and A2 respectively and suppose that we have a bundle isomorphism
γ : V1|Z −→ V2|Z; we call this isomorphism a clutching map. Identify
each point v1 in V1|Z with its image γ(v1) in V2|Z and give the resulting
set V1 ∪γ V2 the quotient topology. Then V1 ∪γ V2 is a family of vector
spaces over X.

In the following proposition, we maintain the notation of Construction
1.5.21.

Proposition 1.5.22 The family of vector spaces V1 ∪γ V2 is a vector
bundle over X.

Proof We must show that V1 ∪γ V2 is locally trivial. Take x in X. If x

is in A1 but not in A2, then there exists an open neighborhood U of x

that does not meet Z. Furthermore, by shrinking U if necessary, we may
assume that V1 is trivial when restricted to U . Then (V1∪γ V2)|U ∼= V1|U
is trivial as well. Similarly, if x is in A2 but not in A1, then V1 ∪γ V2 is
trivial over some open neighborhood of x that does not meet A1. Now
suppose x is in Z. The topological space A2 is normal and thus we can
choose an open neighborhood U2 of x in A2 such that V2|U2 is trivial.
Fix a bundle isomorphism

α2 : V2|U2 −→ Θn(U2).

Restricting to Z gives us a bundle isomorphism

α2|(U2 ∩ Z) : V2|(U2 ∩ Z) −→ Θn(U2 ∩ Z).

Compose with

γ|(U2 ∩ Z) : V1|(U2 ∩ Z) −→ V2|(U2 ∩ Z)

to obtain a bundle isomorphism

α1 : V1|(U2 ∩ Z) −→ Θn(U2 ∩ Z).
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Use Proposition 1.5.19 to extend α1 to a bundle homomorphism α′
1 from

V1 to Θn(A1). Next, define

U1 = {x ∈ A1 : (α′
1)x is an isomorphism}.

Then U1 contains U2∩Z, and Proposition 1.5.20 implies that U1 is open
in A1. By construction α′

1|(U1 ∩ U2) = (α2γ)|(U1 ∩ U2), so α′
1 and α2

piece together to define a bundle isomorphism

α : (V1 ∪γ V2)|(U1 ∪ U2) −→ Θn(U1 ∪ U2).

The set U1 ∪ U2 is not necessarily open in X. To correct this problem,
first note that A2\U2 is closed in A2 and A2 is closed in X. Thus A2\U2 is
closed in X. Because X is normal, there exists an open neighborhood Û2

of x in X that does not intersect A2\U2. Similarly, there exists an open
neighborhood Û1 of x in X that does not intersect A1\U1. Therefore
Û1 ∩ Û2 is an open subset of X that contains x and is contained in
U1 ∪ U2, and thus V1 ∪γ V2 is trivial over Û1 ∩ Û2.

1.6 Abelian monoids and the Grothendieck completion

Let X be a compact Hausdorff space. As we shall see in the next section,
the sets Vect(X) and Idem(C(X)) are each equipped with a natural
notion of addition. However, Vect(X) and Idem(C(X)) are not groups,
because there are no inverses. In this section we consider a construction
due to Grothendieck that remedies this problem at the potential cost of
a loss of some information.

Definition 1.6.1 An abelian monoid is a set A and an operation +
satisfying the following properties:

(i) The operation + is associative and commutative.
(ii) There exists an element 0 in A with the property that 0 + a = a

for all a in A.

Example 1.6.2 Every abelian group is an abelian monoid.

Example 1.6.3 Let Z+ = {0, 1, 2, . . . }. Then Z+ is an abelian monoid
under ordinary addition.

Example 1.6.4 Take Z+ and add an element ∞; denote the resulting
set by Z+

∞. Extend the operation of addition from Z+ to Z+
∞ by decreeing

that k + ∞ = ∞ for every k in Z+
∞. Then Z+

∞ is an abelian monoid.
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Proposition 1.6.5 Let A be an abelian monoid and let A2 be the set
of ordered pairs of elements of A. Define a relation ∼g on A2 by the
rule (a1, a2) ∼g (b1, b2) if a1 + b2 + c = a2 + b1 + c for some element
c in A. Then ∼g is an equivalence relation on A2, and the set G(A)
of equivalence classes of ∼g is an abelian group under the operation
[(a1, a2)] + [(b1, b2)] = [(a1 + b1, a2 + b2)].

Proof The reader can verify easily that ∼g is an equivalence relation
on A2 and that addition is a well defined commutative and associative
operation on G(A). The equivalence class [(0, 0)] serves as the identity
in G(A), and the inverse of an element [(a, b)] is [(b, a)]. Thus G(A) is
an abelian group.

Definition 1.6.6 For every abelian monoid A, the group G(A) described
in Proposition 1.6.5 is called the Grothendieck completion of A.

Instead of writing elements of G(A) in the form [(a1, a2)], it is tradi-
tional to write them as formal differences a1−a2. In general, it is neces-
sary to “add on c” when defining G(A). In other words, a1−a2 = b1−b2

in G(A) does not necessarily imply that a1 + b2 = a2 + b1 in A (Exercise
1.10).

Theorem 1.6.7 Let G(A) be the Grothendieck completion of an abelian
monoid A and let j : A −→ G(A) denote the monoid homomorphism
j(a) = a−0. Then for any abelian group H and monoid homomorphism
ψ : A −→ H, there is a unique group homomorphism ψ̃ : G(A) −→ H

such that ψ̃j = ψ. Moreover, G(A) is unique in the following sense:
suppose that there exists an abelian group Ĝ(A) and a monoid homo-
morphism i : A −→ Ĝ(A) with the property that the image of i is a set
of generators for Ĝ(A). Suppose further that for any abelian group H

and monoid homomorphism ψ : A −→ H, there is a unique group homo-
morphism ψ̂ : Ĝ(A) −→ H such that ψ̂i = ψ. Then G(A) and Ĝ(A) are
isomorphic.

Proof For a1−a2 in G(A), set ψ̃(a1−a2) = ψ(a1)−ψ(a2). We must first
check that ψ̃ is well defined. Suppose a1 − a2 = b1 − b2 in G(A). Then
a1+b2+c = a2+b1+c for some c in A. Therefore ψ(a1)+ψ(b2)+ψ(c) =
ψ(a2)+ψ(b1)+ψ(c), and so ψ̃(a1−a2) = ψ(a1)−ψ(a2) = ψ(b1)−ψ(b2) =
ψ̃(b1 − b2). By construction, the map ψ̃ is a group homomorphism and
is unique because it is determined by ψ. Finally, suppose there exists
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a group Ĝ(A) and a monoid homomorphism i : A −→ Ĝ(A) with the
properties listed in the statement of the theorem. The map i is a monoid
homomorphism, so there exists a group homomorphism î : G(A) −→
Ĝ(A) such that îj = i. Next, because j : A −→ G(A) is a monoid
homomorphism, there exists a group homomorphism ĵ : Ĝ(A) −→ G(A)
such that ĵi = j. Consider the composition î ĵ : Ĝ(A) −→ Ĝ(A). The
image of i generates Ĝ(A), and therefore every element of Ĝ(A) can be
written in the form i(a1) − i(a2) for some a1, a2 in A. Then

(̂i ĵ)(i(a1) − i(a2)) = î(j(a1) − j(a2)) = i(a1) − i(a2),

and therefore î ĵ is the identity map. A similar argument shows that ĵ î

is the identity map on G(A).

Corollary 1.6.8 Let A1 and A2 be abelian monoids and suppose that
ψ : A1 −→ A2 is a monoid homomorphism. Let j1 and j2 denote the
monoid homomorphisms described in the statement of Theorem 1.6.7.
Then there is a unique group homomorphism ψ′ : G(A1) −→ G(A2)
such that ψ′j1 = j2ψ.

Proof The composition j2ψ : A1 −→ G(A2) is a monoid homomorphism,
and the existence and uniqueness of ψ′ follow from Theorem 1.6.7.

For the remainder of the book we will omit the prime and use the
same letter to denote both the monoid homomorphism from A1 and A2

and the group homomorphism from G(A1) and G(A2).

Example 1.6.9 If A is an abelian monoid that is already an abelian
group, then G(A) is (isomorphic to) A.

Example 1.6.10 The Grothendieck completion of Z+ is the group of
integers Z under addition.

Example 1.6.11 The Grothendieck completion of Z+
∞ is the trivial

group. To see this, note that for any two elements j and k in Z+
∞,

j + 0 + ∞ = k + 0 + ∞, and thus j − k = 0 − 0 = 0.

1.7 Vect(X) vs. Idem(C(X))

For any topological space X, the set Vect(X) forms an abelian monoid
under internal Whitney sum. If X is a compact Hausdorff space, then we
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can also consider the set Idem(C(X)) of similarity classes of idempotents
over X. As we will see in a minute, Idem(C(X)) also has the structure
of an abelian monoid. The goal of this section is to prove that the
Grothendieck completions of Vect(X) and Idem(C(X)) are isomorphic.
We begin with a lemma that we will use often in the rest of this chapter
and the next.

Lemma 1.7.1 Let X be compact Hausdorff, let m be a natural number,
and let σ be an element of the permutation group Sm. Suppose that
for all 1 ≤ i ≤ m, we have an idempotent Ei in M(ni, C(X)) for some
natural number ni. Then

diag(E1,E2, . . . ,Em) ∼s diag(Eσ(1),Eσ(2), . . . ,Eσ(m))

in M(n1 + n2 + · · · + nm, C).

Proof Let U be the block matrix that for each i has the ni-by-ni identity
matrix for its (σ−1(i), i) entry and is 0 elsewhere. Then U is invertible
and implements the desired similarity.

Proposition 1.7.2 Let X be compact Hausdorff. For any two ele-
ments of Idem(C(X)), choose representatives E in M(m,C(X)) and F

in M(n, C(X)) and define

[E] + [F] = [diag(E, F)].

Then Idem(C(X)) is an abelian monoid.

Proof Because

diag(SES−1,TFT−1) = diag(S,T) diag(E, F) diag(S,T)−1

for all S in GL(m,C(X)) and T in GL(n, C(X)), we see that addition
respects similarity classes. Lemma 1.7.1 gives us

[E] + [F] = [diag(E, 0)] + [diag(F, 0)] =

[diag(E, 0,F, 0)] = [diag(E, F, 0, 0)] = [diag(E, F)],

and therefore addition on Idem(C(X)) is well defined. The zero matrix
is the additive identity in Idem(C(X)), and associativity and commuta-
tivity of addition are consequences of Lemma 1.7.1. Thus Idem(C(X))
is an abelian monoid.
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Lemma 1.7.3 Let X be a compact Hausdorff space, let n be a natural
number, and suppose E and F are idempotents in M(n, C(X)) such that
EF = FE = 0. Then E + F is an idempotent and [E] + [F] = [E + F] in
Idem(C(X)).

Proof Because

(E + F)2 = E2 + EF + FE + F2 = E + F,

the sum E + F is an idempotent. We also have

diag(E + F, 0n) =
(

E In − E

E − In E

)
diag(E, F)

(
E E − In

In − E E

)
=
(

E In − E

E − In E

)
diag(E, F)

(
E In − E

E − In E

)−1

,

and therefore

[E] + [F] = [diag(E, F)] = [diag(E + F, 0n)] = [E + F].

Definition 1.7.4 Let X be a compact Hausdorff space, let n be a natural
number, and suppose that E is an idempotent in M(n, C(X)). For each
x in X, define Ran E(x) to be the range of the matrix E(x) in Cn and
let Ran E denote the family of vector spaces {Ran E(x)}x∈X .

Proposition 1.7.5 Let X be a compact Hausdorff space, let n be a
natural number, and suppose that E is an idempotent in M(n, C(X)).
Then Ran E is a vector bundle over X.

Proof Fix x0 in X and define an open set

U = {x ∈ X : ‖E(x0) − E(x)‖op < 1}.

Choose x1 in U . Proposition 1.3.4 implies that In + E(x0)− E(x1) is an
element of GL(n, C). Furthermore, for every v in RanE(x1), we have

(In + E(x0) − E(x1))v = (In + E(x0) − E(x1))E(x1)v

= E(x1)v + E(x0)E(x1)v − E(x1)v

= E(x0)E(x1)v.

Thus In +E(x0)−E(x1) is an injective vector space homomorphism from
Ran E(x1) to RanE(x0), which in turn implies that the dimension of
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Ran E(x1) is less than or equal to the dimension of Ran E(x0). Similarly,
In + E(x1) − E(x0) is a vector space homomorphism from Ran E(x0) to
Ran E(x1), and the dimension of RanE(x0) is less than or equal to the
dimension of Ran E(x1). Therefore RanE(x0) and RanE(x1) have equal
dimension, and so In +E(x0)−E(x1) is a vector space isomorphism from
Ran E(x1) to RanE(x0). As a consequence, the map φ : (RanE)|U −→
U × Ran E(x0) defined by

φ(x, v) = (x, (I + E(x0) − E(x))v)

is a bundle isomorphism. Our choice of x0 was arbitrary, so RanE is
locally trivial and hence a vector bundle over X.

Proposition 1.7.6 Suppose X is compact Hausdorff and let E and F

be idempotents over X. Then [E] = [F] in Idem(C(X)) if and only if
[RanE] = [Ran F] in Vect(X).

Proof Because [Ran E] = [Ran(diag(E, 0))] in Idem(X) for any idem-
potent E over X, we may choose a natural number n large enough so
that both E and F are in M(n, C(X)) and that F = SES−1 for some S

in GL(n, C(X)). Every element of Ran E can be written in the form E�f ,
where �f is in (C(X))n; define a linear map γ : Ran E −→ Ran F by

γ(E�f) = SE�f = FS�f.

The inverse map is defined by the formula

γ−1(F�f) = S−1F�f = ES−1 �f,

so Ran E is isomorphic to RanF and thus [Ran E] = [Ran F] in Vect(X).
Conversely, suppose that [Ran E] = [Ran F]. Choose an isomorphism

δ : RanE −→ Ran F, and for each �f in (C(X))n, define A�f = δ(E�f) and
B�f = δ−1(F�f). Then

AB�f = A
(
δ−1(F�f)

)
= δ
(
E
(
δ−1(F�f)

))
.

But δ−1(F�f) is in the range of E, so

AB�f = δ
(
E
(
δ−1(F�f)

))
= δδ−1

(
F�f
)

= F�f.

Thus AB = F. Similar computations show that BA = E, EB = B = BF,
and FA = A = AE. Define

T =
(

A In − F

In − E B

)
.
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Then T is invertible with inverse

T−1 =
(

B In − E

In − F A

)
,

and

Tdiag(E, 0n)T−1 = diag(F, 0n).

Therefore [E] = [F] in Idem(C(X)).

One consequence of Proposition 1.7.6 is that [E] �→ [RanE] is an in-
jection from Idem(C(X)) to Vect(X) for every compact Hausdorff space
X. Our next goal is to show that this map is in fact a bijection.

Definition 1.7.7 Let V be a vector bundle over a compact Hausdorff
space X, endow the set V × V with the product topology, and equip⋃

x∈X(Vx × Vx) with the subspace topology it inherits from V × V . A
Hermitian metric on V is a continuous function

〈·, ·〉 :
⋃

x∈X

Vx × Vx −→ C

with the property that for each x in X, the restriction of 〈·, ·〉 to Vx ×Vx

is a complex inner product. For each v in V , we define ‖v‖in =
√
〈v, v〉.

For each natural number n and compact Hausdorff space X, we can
define a Hermitian metric on the trivial bundle Θn(X) by taking the
standard inner product on each fiber Θn(X)x

∼= Cn; we will call this
metric the standard Hermitian metric on Θn(X).

Lemma 1.7.8 Let V and W be vector bundles over a compact Hausdorff
space X and suppose that α : V −→ W is a bundle homomorphism with
the property that αx is a vector space isomorphism for every x in X.
Then α is a bundle isomorphism.

Proof We may and do assume that X is connected. The map α is a
bijection, so α−1 exists; we must show that α−1 is continuous. Choose
a finite open cover {U1, U2, . . . , Um} of X with the property that V |Uk

and W |Uk are both trivial for each 1 ≤ k ≤ m. For each k, take
αk : V |Uk −→ W |Uk to be the restriction of α. Then we need only
show that each α−1

k is continuous.
Let n denote the rank of V and W and identify V |Uk and W |Uk with

Θn(Uk). We consider αk to be an element of Hom(Θn(Uk),Θn(Uk)) and
apply Lemma 1.5.17 to obtain a continuous function fk : Uk −→ M(n, C)
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such that αk(x, �z) = fk(x)�z for all (x, �z) in Θn(Uk). Because αk(x) is
invertible for every x in Uk, the range of fk is contained in GL(n, C).

Next, by Lemma 1.5.17 there exists an element Fk in M(n, C(Uk))
such that Fk(x) = fk(x) for every x in Uk. In fact, Fk is an element
of GL(n, C(Uk)) because fk is an element of GL(n, C). We know from
Proposition 1.3.8 that GL(n, C(Uk)) is a topological group, whence F−1

k

is in GL(n, C(Uk)).
Applying Lemma 1.5.17 to F−1

k , we see that f−1
k : Uk −→ GL(n, C)

is continuous, and finally Lemma 1.5.17 yields that α−1
k is continuous.

Proposition 1.7.9 Let V be a vector bundle over a compact Hausdorff
space X. Then V is isomorphic to a subbundle of ΘN (X) for some
natural number N .

Proof Let X1, X2, . . . , Xm be the connected components of X, and sup-
pose for 1 ≤ k ≤ m, the bundle V |Xk is isomorphic to a subbundle of a
trivial bundle of rank Nk. If we take N = N1 + N2 + · · · + Nm, then V

is isomorphic to a subbundle of ΘN (X). Thus we may assume that X

is connected.
Choose a finite open cover U = {U1, U2, . . . , Ul} of X with the prop-

erty that V |Uk is trivial for 1 ≤ k ≤ l. Let n be the rank of V and for
each k, let φk be a bundle isomorphism from V |Uk to Θn(Uk). Next,
define qk : Θn(Uk) −→ Cn as qk(x, �z) = �z for every x in X and �z in
Cn. Choose a partition of unity {p1, p2, . . . , pl} subordinate to U , set
N = nl, and define Φ : V −→ Cn ⊕ · · · ⊕ Cn = Cln by the formula

Φ(v) = (p1(π(v))q1(φ1(v)), p2(π(v))q2(φ2(v)), . . . , pl(π(v))ql(φl(v))) .

Then φ(v) = (π(v),Φ(v)) defines a bundle homomorphism from V into
ΘN (X). Moreover, the map φ is injective, so the desired result follows
from Lemma 1.7.8.

Corollary 1.7.10 Every vector bundle over a compact Hausdorff space
admits a Hermitian metric.

Proof If V is a vector bundle over a compact Hausdorff space X, we can
by Proposition 1.7.9 imbed V as a subbundle of ΘN (X) for some suf-
ficiently large natural number N . Then the standard Hermitian metric
on ΘN (X) restricts to give a metric on V .
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Lemma 1.7.11 Let X be a compact Hausdorff space, let N be a natural
number, and suppose that V is a subbundle of ΘN (X). Equip ΘN (X)
with its standard Hermitian metric and for each x in X, let E(x) be the
orthogonal projection of ΘN (X)x onto Vx. Then the collection {E(x)}
defines an idempotent E in M(N,C(X)).

Proof Thanks to Lemma 1.5.17, we need only show that each x0 in X

has an open neighborhood U with the property that the map x �→ E(x) is
continuous when restricted to U . Fix x0 and choose U to be a connected
open neighborhood of x0 over which V is trivial. Let n be the rank of
V over U and fix a bundle isomorphism φ from Θn(U) to V |U . Next,
for 1 ≤ k ≤ n define sk : U −→ Θn(U) by the formula sk(x) = (x, ek).
Then for each x in U the set {φ(s1(x)), φ(s2(x)), . . . , φ(sn(x))} is a vector
space basis for Vx. Restrict the standard Hermitian metric on ΘN (X)
to define a Hermitian metric on V . From Proposition 1.1.2, we obtain
an orthogonal basis of Vx via the formula

s′k(x) = φ(sk(x)) −
k−1∑
i=1

〈φ(sk(x)), s′i(x)〉
〈s′i(x), s′i(x)〉 s′i(x)

for each 1 ≤ k ≤ n and each x in U . Then{
s′1(x)

‖s′1(x)‖in

,
s′2(x)

‖s′2(x)‖in

, . . . ,
s′n(x)

‖s′n(x)‖in

}
is an orthonormal basis of Vx. These basis elements vary continuously
in x. Moreover, we can combine Proposition 1.1.6 and Definition 1.1.7
to write down the formula

E(x)�z =
n∑

k=1

〈
φ(x, �z),

s′k(x)
‖s′k(x)‖

in

〉
s′1(x)

‖s′1(x)‖in

,

which is a continuous function of x.

Proposition 1.7.12 Let V be a vector bundle over a compact Hausdorff
space X. Then there exists a vector bundle V ⊥ over X such that V ⊕V ⊥

is isomorphic to ΘN (X) for some natural number N .

Proof Choose N large enough so that V is (isomorphic to) a subbundle
of ΘN (X). For each x in X, let E(x) be the orthogonal projection of
ΘN (X)x onto Vx. By Lemma 1.7.11 this family of orthogonal projections
defines an idempotent E in M(N,C(X)). Define V ⊥ = Ran(IN − E).
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Then

V ⊕ V ⊥ ∼= Ran E ⊕ Ran(IN − E) = Ran IN = ΘN (X).

Corollary 1.7.13 Let V be a vector bundle over a compact Hausdorff
space X. Then V = RanE for some idempotent E over X.

Proof Imbed V as a subbundle of ΘN (X) for some sufficiently large
natural number N and for each x in X, let E(x) be the orthogonal
projection of ΘN (X)x onto Vx. Then apply Lemma 1.7.11.

Theorem 1.7.14 Let X be a compact Hausdorff space. Then the abelian
monoids Idem(C(X)) and Vect(X) are isomorphic.

Proof Define ψ : Idem(C(X)) −→ Vect(X) as ψ[E] = [Ran E]. We know
that ψ is well defined and injective from Proposition 1.7.6. Moreover, ψ

is a monoid homomorphism, and Corollary 1.7.13 yields that ψ is onto.

We end this section by proving a result we will need in Chapter 3.

Proposition 1.7.15 Let X be a compact Hausdorff space, let V be a
vector bundle over X, and suppose that W is a subbundle of V . Then
there exists a vector subbundle W ′ of V with the property that W ⊕ W ′

is isomorphic to V .

Proof Proposition 1.7.12 implies that we can imbed V into a trivial
bundle ΘN (X) for some natural number N . Use Corollary 1.7.13 to
produce idempotents E and F in M(N,C(X)) such that V = RanE and
W = RanF. Because W is a subbundle of V , we have the equalities

EF = FE = F.

Therefore

(E − F)2 = E2 − EF − FE + F2 = E − F − F + F = E − F,

and thus E − F is an idempotent. Set W ′ = Ran(E − F) to obtain the
desired vector bundle.
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1.8 Some homological algebra

Definition 1.8.1 Let G1, G2, and G3 be abelian groups. A pair of group
homomorphisms

G1
φ1 �� G2

φ2 �� G3

is exact at G2 if the image of φ1 equals the kernel of φ2. More generally,
a finite sequence

G1
φ1 �� G2

φ2 �� · · · φn−2 �� Gn−1
φn−1 �� Gn

is an exact sequence if it is exact at G2, G3, . . . , Gn−1; the notion of
exactness is undefined at G1 and Gn.

Let 0 denote the trivial group. An exact sequence of the form

0 �� G1
φ1 �� G2

φ2 �� G3
�� 0

is called a short exact sequence.

For the short exact sequence in Definition 1.8.1, we note that the map
φ1 is injective and the map φ2 is surjective. Furthermore, φ1(G1) is a
normal subgroup of G2, and the quotient group is isomorphic to G3.

Example 1.8.2 Let G and H be any two abelian groups. Define i :
G −→ G ⊕H by i(g) = (g, 0) and define p : G ⊕H −→ H as p(g, h) = h.
Then

0 �� G i �� G ⊕H
p �� H �� 0

is a short exact sequence.

Example 1.8.3 Define φ1 : Z2 −→ Z4 as φ1(0) = 0 and φ1(1) = 2, and
define φ2 to be the homomorphism that maps 0 and 2 to 0, and maps 1
and 3 to 1. Then the sequence

0 �� Z2
φ1 �� Z4

φ2 �� Z2
�� 0

is exact.

Definition 1.8.4 A short exact sequence

0 �� G1
φ1 �� G2

φ2 �� G3
�� 0
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is split exact if there exists a group homomorphism ψ : G3 −→ G2 such
that φ2ψ is the identity map on G3; we call such a homomorphism ψ a
splitting map. We write split exact sequences using the notation

0 �� G1
φ1 �� G2

φ2 �� G3
��

ψ

�� 0.

Example 1.8.5 The exact sequence

0 �� G i �� G ⊕H
p �� H �� 0

from Example 1.8.2 is split exact because the homomorphism ψ : H −→
G ⊕H given by the formula ψ(h) = (0, h) is a splitting map.

Example 1.8.6 Suppose that

0 �� G1
φ1 �� G2

φ2 �� Zn �� 0

is a short exact sequence of abelian groups. For each 1 ≤ k ≤ n, let
ek denote the element of Zk that equals 1 in the kth entry and is 0 in
the other entries. We can then uniquely write each element of Zk in the
form m1e1 + m2e2 + · · · + mnen for some integers m1,m2, . . . , mn.

For each ek, choose an element ak in G2 such that φ2(ak) = ek. Then
the homomorphism

ψ(m1e1 + m2e2 + · · · + mnen) = m1a1 + m2a2 + · · · + mnan

is a splitting map, and thus the short exact sequence is split exact.

Proposition 1.8.7 Let

0 �� G1
φ1 �� G2

φ2 �� G3
��

ψ3

�� 0

be a split exact sequence of abelian groups. Then φ1+ψ3 : G1⊕G3 −→ G2

is an isomorphism, and there exists a homomorphism ψ2 : G2 −→ G1

with the property that (φ1 + ψ3)−1 = ψ2 ⊕ φ2.

Proof Take g2 in G2. Then

φ2

(
g2 − ψ3φ2(g2)

)
= φ2(g2) − φ2ψ3φ2(g2) = φ2(g2) − φ2(g2) = 0.

Thus g2 −ψ3φ2(g2) is in the image of φ1; define ψ2(g2) to be the unique
element of G1 with the property that φ1ψ2(g2) = g2 − ψ3φ2(g2). The
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reader can readily check that ψ2 is a homomorphism. The definition of
ψ2 and exactness at G2 together imply

φ1φ2φ1(g1) = φ1(g1) − ψ3φ2φ1(g1) = φ1(g1)

for all g1 in G1. The injectivity of φ1 then yields that ψ2φ1 is the identity
on G1. Next, for each g3 in G3, the definition of ψ2 gives us

φ1ψ2ψ3(g3) = ψ3(g3) − ψ3φ2ψ3(g3) = ψ3(g3) − ψ3(g3) = 0,

and the injectivity of φ1 then implies that ψ2ψ3 = 0. Therefore

(ψ2 ⊕ φ2)(φ1 + ψ3) = ψ2φ1 ⊕ φ2ψ3

is the identity map on G1 ⊕ G2, and ψ2 ⊕ φ2 is a surjection.

Finally, we show that ψ2 ⊕ φ2 is an injection, which will imply that
φ1 +ψ3 is its inverse. Suppose that (ψ2 ⊕φ2)(g2) = 0. Then φ2(g2) = 0,
whence g2 = φ1(g1) for some g1 in G1. Moreover, we have 0 = ψ2(g2) =
ψ2φ1(g1) = g1, whence g2 is zero.

Definition 1.8.8 A square diagram of sets and functions

X1
α ��

β

��

X2

γ

��
X3

δ �� X4

commutes if γα = δβ. More generally, we say a diagram is commutative
if each square in the diagram commutes.

We state and prove two homological algebra results that we will find
useful throughout the book; these propositions are proved by what is
often called a “diagram chase.”

Proposition 1.8.9 Suppose that the diagram

0 �� G1
φ1 �� G2

φ2 ��

α2

��

G3

α3

��
0 �� H1

ψ1 �� H2
ψ2 �� H3.
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of abelian groups is commutative and has exact rows. Then there exists
a unique group homomorphism α1 : G1 −→ H1 that makes the diagram

0 �� G1
φ1 ��

α1

��

G2
φ2 ��

α2

��

G3

α3

��
0 �� H1

ψ1 �� H2
ψ2 �� H3

commute. Furthermore, if α2 and α3 are isomorphisms, so is α1.

Proof For each g1 in G1, the element α2φ1(g1) is in H2, and

ψ2α2φ1(g1) = α3φ2φ1(g1) = 0.

Thus α2φ1(g1) is in the image of ψ1, and therefore there exists an element
h1 in H1 with the property that ψ1(h1) = α2φ1(g1). Moreover, exactness
tells us that ψ1 is an injection, whence h1 is unique. Set α1(g1) = h1;
an easy computation shows that α1 is a group homomorphism.

Now suppose α2 and α3 are isomorphisms. If α1(g1) = 0 for some g1

in G1, the commutativity of the diagram gives us

0 = ψ1α1(g1) = α2φ1(g1).

We know that φ1(g1) = 0 because α2 is an isomorphism, and g1 = 0
because φ1 is injective. Therefore α1 is injective.

Next, take h̃1 in H1 Then

α3φ2α
−1
2 ψ1(h̃1) = ψ2α2α

−1
2 ψ1(h̃1) = ψ2ψ1(h̃1) = 0,

and because α3 is an isomorphism, we have φ2α
−1
2 ψ1(h̃1) = 0. The top

sequence is exact at G2, whence α−1
2 ψ1(h̃1) = φ1(g̃1) for some g̃1 in G1.

Moreover, ψ1α1(g̃1) = α2φ1(g̃1) = ψ1(h̃1), and thus α(g̃1) − h̃1 is in the
kernel of ψ1. But ψ1 is injective, so α(g̃1) = h̃1, and therefore α1 is
surjective.

Proposition 1.8.10 (Five lemma) Suppose that

G1
φ1 ��

α1

��

G2
φ2 ��

α2

��

G3
φ3 ��

α3

��

G4
φ4 ��

α4

��

G5

α5

��
H1

ψ1 �� H2
ψ2 �� H3

ψ3 �� H4
ψ4 �� H5
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is a diagram of abelian groups that is commutative and has exact rows.
Further suppose that α1, α2, α4, and α5 are isomorphisms. Then α3 is
an isomorphism.

Proof Suppose that α3(g3) = 0. Then 0 = ψ3α3(g3) = α4φ3(g3), and
because α4 is an isomorphism, the element g3 is in the kernel of φ3,
which by exactness means that g3 is in the image of φ2. Choose g2 in G2

so that φ2(g2) = g3. Then 0 = α3φ2(g2) = ψ2α2(g2). Therefore there
exists h1 in H1 such that ψ1(h1) = α2(g2). Let g1 = α−1

1 (h1). Then

φ1(g1) = α−1
2 ψ1α1(g1) = α−1

2 ψ1(h1) = α−1
2 α2(g2) = g2,

and thus φ2φ1(g1) = g3. But exactness implies that φ2φ1 is the zero
homomorphism, so g3 = 0, and therefore α is an injection.

To show that α3 is surjective, choose h̃3 in H3 and let g̃4 = α−1
4 ψ3(h̃3)

in G4. Then

0 = ψ4ψ3(h̃3) = ψ4α4(g̃4) = α5φ4(g̃4),

and therefore φ4(g̃4) = 0. By exactness, there exists an element g̃3 in G3

such that φ3(g̃3) = g̃4. The string of equalities

ψ3α3(g̃3) = α4φ3(g̃3) = α4(g̃4) = ψ3(h̃3)

shows that α3(g̃3)− h̃3 is in the kernel of ψ3, and hence also in the image
of ψ2. Choose h̃2 in H2 with the property that ψ2(h̃2) = α3(g̃3) − h̃3.
Then

α3

(
g̃3 − φ2α

−1
2 (h̃2)
)

= α3(g̃3) − α3φ2α
−1
2 (h̃2)

= α3(g̃3) − ψ2α2α
−1
2 (h̃2) = α3(g̃3) − ψ2(h̃2) = h̃3.

1.9 A very brief introduction to category theory

Many results in algebraic topology, and K-theory in particular, are most
cleanly expressed in the language of category theory.

Definition 1.9.1 A category consists of:

(i) a class of objects;
(ii) for each ordered pair of objects (A,B), a set Hom(A,B) whose

elements are called morphisms;



44 Preliminaries

(iii) for each ordered triple (A,B,C) of objects, a composition law

◦ : Hom(A,B) × Hom(B,C) −→ Hom(A,C)

satisfying the following properties:

(a) If α is in Hom(A,B), β is in Hom(B,C), and γ is in
Hom(C,D), then γ ◦ (β ◦ α) = (γ ◦ β) ◦ α.

(b) For every object A, there is an element 1A in Hom(A,A)
with the property that for any two objects B and Z and
morphisms α in Hom(A,B) and ζ in Hom(Z,A), we have
1A ◦ α = α and ζ ◦ 1A = ζ.

The objects of a category form a class, not necessarily a set ; i.e., the
collection of objects in a category may be “too big” to be a set. This
is in fact the situation in the most commonly occurring examples of
categories. In any event, the collection Hom(A,B) of morphisms from
an object A to an object B is always required to be a set.

Example 1.9.2 For every pair of sets A and B, let Hom(A,B) be the
set of functions from A to B. Then the class of sets with functions for
morphisms is a category.

Example 1.9.3 The class of all abelian monoids with monoid homo-
morphisms as morphisms forms a category.

Example 1.9.4 The class of all abelian groups with group homomor-
phisms as morphisms defines a category.

Example 1.9.5 The class of all topological spaces with continuous func-
tions as morphisms is a category.

Example 1.9.6 The class of all compact Hausdorff spaces with contin-
uous functions as morphisms forms a category.

If there is no possibility of confusion, we will usually only mention
the objects of a category, with the morphisms being understood from
context. So, for example, we will refer to the category of topological
spaces, the category of abelian groups, etc.

Definition 1.9.7 Let A and B be categories. A covariant functor F

from A to B is:
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(i) a function that assigns to each object A in A an object F (A) in
B, and

(ii) given objects A and A′ in A, a function that assigns to each mor-
phism α ∈ Hom(A,A′) a morphism F (α) ∈ Hom(F (A), F (A′)).

In addition, for all objects A, A′, and A′′ in A and all morphisms α in
Hom(A,A′) and α′ in Hom(A′, A′′), we require that

F (1A) = 1F (A)

and

F (α′ ◦ α) = F (α′) ◦ F (α).

Definition 1.9.8 Let A and B be categories. A contravariant functor
F from A to B is:

(i) a function that assigns to each object A in A an object F (A) in
B, and

(ii) given objects A and A′ in A, a function that assigns to each mor-
phism α ∈ Hom(A,A′) a morphism F (α) ∈ Hom(F (A′), F (A)).

In addition, for all objects A, A′, and A′′ in A and all morphisms α ∈
Hom(A,A′) and α′ ∈ Hom(A′, A′′), we require that

F (1A) = 1F (A)

and

F (α′ ◦ α) = F (α) ◦ F (α′).

Example 1.9.9 For each topological space, consider it as a set, and for
each continuous map between topological spaces, consider it as a map
between sets. This process determines a covariant functor from the cat-
egory of topological spaces to the category of sets. This is an example of
a forgetful functor.

Example 1.9.10 Proposition 1.6.5 and Theorem 1.6.7 together imply
that the Grothendieck completion of an abelian monoid defines a con-
variant functor from the category of abelian monoids to the category of
abelian groups.

Example 1.9.11 Let X and X ′ be topological spaces. Then Vect(X)
and Vect(X ′) are abelian monoids. Furthermore, given a continuous
function φ : X −→ X ′, the formula (Vect(φ))(V ) = φ∗V defines a
monoid homomorphism Vect(φ) : Vect(X ′) −→ Vect(X). Properties of
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pullback imply that Vect is a contravariant functor from the category of
topological spaces to the category of abelian monoids.

Example 1.9.12 Consider the category C whose objects are the Banach
algebras C(X), where X ranges over all compact Hausdorff spaces, and
whose morphisms are continuous algebra homomorphisms. To construct
a contravariant functor C from the category of compact Hausdorff spaces
to C, we assign to each compact Hausdorff space X the Banach algebra
C(X). Given a continuous function φ : X −→ X ′, define C(φ) :
C(X ′) −→ C(X) by the formula (C(φ))f = f ◦ φ for all f in C(X ′).
Then C(idX) = idC(X) for all compact Hausdorff spaces X. Moreover,
suppose that X ′′ is compact Hausdorff and that φ′ : X ′ −→ X ′′ is con-
tinuous. Because

(C(φ′ ◦ φ))g = g ◦ φ′ ◦ φ = (C(φ) ◦ C(φ′))g

for all g in C(X), we see that C is a contravariant functor.

Example 1.9.13 We generalize Example 1.9.12 to matrices. Let MC be
the category whose objects are M(C(X)), where X ranges over all com-
pact Hausdorff spaces, and whose morphisms are continuous algebra ho-
momorphisms. Associate to each compact Hausdorff space X the algebra
M(C(X)). Next, given a compact Hausdorff space X ′, write each ele-
ment A of M(C(X ′)) as an infinite matrix, and for each continuous
function φ : X −→ X ′, define MC(φ) : M(C(X ′)) −→ M(C(X)) by
applying the functor C from Example 1.9.12 to each matrix entry. Then
MC is a contravariant functor from the category of compact Hausdorff
spaces to MC.

Example 1.9.14 In Example 1.9.13 the map MC(φ) maps idempotents
to idempotents for every φ and thus we have a contravariant functor
Idem from the category of compact Hausdorff spaces to the category of
abelian monoids.

In Examples 1.9.11 through 1.9.14, we constructed various contravari-
ant functors F from the category of compact Hausdorff spaces to other
categories. In such cases, given a continuous function φ : X −→ X ′, we
will write F (φ) as φ∗.

Definition 1.9.15 Let A and B be categories, and let F and G be
covariant functors from A to B. A natural transformation T from F to
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G is a function that assigns to each object A in A a morphism T(A) :
F (A) −→ G(A) in B with the following property: for every object A′ in
A and every morphism α in Hom(A,A′), the diagram

F (A)
T(A) ��

F (α)

��

G(A)

G(α)

��
F (A′)

T(A′) �� G(A′)

commutes.
Similarly, let F̃ and G̃ be contravariant functors from A to B. A

natural transformation T̃ from F̃ to G̃ is a function that assigns to each
object A in A a morphism T̃(A) : F̃ (A) −→ G̃(A) in B with the property
that for every object A′ in A and every morphism α in Hom(A,A′), the
diagram

F̃ (A′)
eT(A′) ��

eF (α)

��

G̃(A′)

eG(α)

��
F̃ (A)

eT(A) �� G̃(A)

commutes.

If the categories A and B are clear from context, we usually do not
explicitly mention them. Also, we often shorten the term “natural trans-
formation” to “natural.”

1.10 Notes

Almost all the results in this chapter are well known and/or “folk theo-
rems”; many of the proofs are adapted from [5] or [16].

We have discussed only the most rudimentary ideas about homological
algebra and category theory; for a more thorough introduction to these
ideas, the reader should consult [10].

Exercises

1.1 Let X be a compact Hausdorff space and let n be a natural
number. Idempotents E and F in M(n, C(X)) are algebraically
equivalent if there exist elements A and B in M(n, C(X)) such
that AB = E and BA = F.
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(a) Show that A and B can be chosen so that A = EA =
AF = EAF and B = FB = BE = FBE.

(b) Prove that algebraic equivalence defines an equivalence
relation ∼a on the idempotents in M(n, C(X)).

(c) Prove that E ∼s F implies that E ∼a F.
(d) If E, F in M(n, C(X)) are algebraically equivalent, prove

that diag(E, 0n) is similar to diag(F, 0n) in M(2n, C(X)).
(e) Conclude that algebraic equivalence, similarity, and ho-

motopy coincide on Idem(C(X)).

1.2 Let X and Y be compact Hausdorff spaces, let V and V ′ be
vector bundles over Y , and suppose that α : V −→ V ′ is a
bundle homomorphism.

(a) Show that a continuous map φ : X −→ Y determines a
bundle homomorphism φ∗α : φ∗V −→ φ∗V ′.

(b) Verify that φ∗ satisfies the following two properties:

1. If V = V ′ and α is the identity map on V , then
φ∗α is the identity map on φ∗V .

2. If α′ : V ′ −→ V ′′ is a bundle homomorphism, then
φ∗(α′α) = (φ∗α′)(φ∗α).

1.3 Let X be a compact Hausdorff space, and define maps φ0 and
φ1 from X to X × [0, 1] by the formulas φ0(x) = (x, 0) and
φ1(x) = (x, 1). We say that vector bundles V0 and V1 over X

are homotopic if there exists a vector bundle W over X × [0, 1]
with the property that φ∗

0W
∼= V0 and φ∗

1W
∼= V1. Show that if

V0 and V1 are homotopic, then [V0] = [V1] in Vect(X).
1.4 Suppose that V and W are vector bundles over a compact

Hausdorff space X.

(a) Show that the collection Hom(V, W ) of bundle homomor-
phisms from V to W can be endowed with a topology that
makes it into a vector bundle over X.

(b) Show that there is a one-to-one correspondence between
vector bundle homomorphisms γ : V −→ W and contin-
uous functions Γ : X −→ Hom(V, W ).

1.5 Let V and W be vector bundles over a compact Hausdorff space
X. Give an example to show that the kernel of φ need not be a
subbundle of V and that the range of φ need not be a subbundle
of W .
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1.6 Suppose V is a vector bundle over a compact Hausdorff space
X, and let W be a subbundle of V . For each x in X, form the
quotient vector space Qx = Vx/Wx, and let Q be the family
{Qx} of vector spaces over X. Show that with the quotient
topology, the family Q is a vector bundle.

1.7 Let AN and AS be the closed northern hemisphere and closed
southern hemisphere of S2, respectively, and let Z = AN ∩ AS

be the equator.

(a) Let φ̃ : S1 −→ GL(n, C) be a continuous functions. Show
that φ̃ determines a clutching map φ : Θn(AN )|Z −→
Θn(AS)|Z and thus a vector bundle Θn(AN )∪φ Θn(AS)
over S2.

(b) Prove that up to bundle isomorphism, every rank n vec-
tor bundle on S2 can be constructed in this way.

(c) If φ0 and φ1 are homotopic maps from S1 to GL(n, C),
show that the vector bundles Θn(AN ) ∪φ0 Θn(AS) and
Θn(AN ) ∪φ1 Θn(AS) are isomorphic.

(d) Generalize to higher-dimensional spheres.

1.8 Let V be a vector bundle over a compact Hausdorff space X,
and suppose W is a subbundle of V . Choose two Hermitian
metrics 〈 , 〉0 and 〈 , 〉0 on X and for k = 0, 1, let W⊥,k be the
orthogonal complement of W with respect to 〈 , 〉k in V . Prove
that [W⊥,0] = [W⊥,1] in Vect(X). Hint: Use Exercise 1.3.

1.9 (For readers with some knowledge of differential topology.) Fix
a natural number m, and let E be the idempotent defined in
Example 1.4.4. Show that the vector bundle Ran(I − E) is iso-
morphic to the complexified tangent bundle of Sm.

1.10 An abelian monoid A has cancellation if a + c = b + c implies
that a = b for all a, b, c in A. Show that the following statements
are equivalent:

(a) The abelian monoid A has cancellation.
(b) The equation a0 −a1 = b0 − b1 in G(A) implies a0 + b1 =

a1 + b0 in A.
(c) The monoid homomorphism j : A −→ G(A) in the state-

ment of Theorem 1.6.7 is injective.

1.11 Verify that the sequence of groups in Example 1.8.3 is exact,
but not split.

1.12 Fix a natural number m, and let E be the idempotent defined
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in Example 1.4.4. Show that [E] + [Θ1(Sm)] = [Θm+1(Sm)] in
Idem(Sm).

1.13 Let (V, π) be a vector bundle over a compact topological space
X. A section of V is a continuous map s : X −→ V such
that π(s(x)) = x for all x in X. Show that V is a trivial
bundle of rank n if and only if there exist nonvanishing sec-
tions s1, s2, . . . , sn of V such that for each x in X, the set
{s1(x), s2(x), . . . , sk(x)} is a vector space basis for Vx.

1.14 Let V be a vector bundle over a compact Hausdorff space X.

(a) Suppose that A is a closed subspace of X. Show that
any section of V |A extends to a section of V . (Hint:
first prove the result for trivial bundles, and then use a
partition of unity argument.)

(b) Let x1 and x2 be distinct points of X, and suppose v1

and v2 are points of V such that π(v1) = x1 and π(v2) =
x2. Prove that there exists a section s of V such that
s(x1) = v1 and s(x2) = v2.
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K-theory

In this chapter we define the various K-theory groups associated to a
topological space and study how they are related.

2.1 Definition of K0(X)

Definition 2.1.1 Let X be compact Hausdorff. The Grothendieck com-
pletion of Vect(X) is denoted K0(X).

Thanks to Theorem 1.7.14, we may alternately define K0(X) as the
Grothendieck completion of Idem(C(X)).

Example 2.1.2 Let X be a single point. Then a vector bundle over X is
just a vector space, and these are classified by rank. Thus Vect(X) ∼= Z+

and so K0(X) ∼= Z.

Example 2.1.3 Let X be the disjoint union of compact Hausdorff spaces
X1, X2, . . . , Xk. A vector bundle on X is a choice of a vector bundle
on each X1, X2, . . . , Xk, and the same is true for isomorphism classes
of vector bundles on X. Therefore

Vect(X) ∼= Vect(X1) ⊕ Vect(X2) ⊕ · · · ⊕ Vect(Xk).

By taking the Grothendieck completion, we obtain an isomorphism

K0(X) ∼= K0(X1) ⊕ K0(X2) ⊕ · · · ⊕ K0(Xk).

In particular, if X consists of k distinct points in the discrete topology,
then K0(X) ∼= Zk.

51



52 K-theory

We would certainly like to be able to compute K0(X) for a topological
space more complicated than a finite set of points! To do this, we have
to develop some machinery; this will occupy us for the remainder of the
chapter.

Proposition 2.1.4 Let X be a compact Hausdorff space.

(i) Every element of K0(X) can be written in the form [E] − [Ik],
where E is an idempotent in M(n, C(X)) and n ≥ k.

(ii) Every element of K0(X) can be written in the form [V ]− [Θk(X)]
for some vector bundle V whose rank on each connected compo-
nent of X is greater than or equal to k.

Proof Let [E0] − [E1] be an element of K0(X), with E1 in M(k,C(X)).
Lemma 1.7.3 implies that

[E0] − [E1] = [E0] −
(
[E1] + [Ik − E1]

)
+ [Ik − E1]

= [E0] − [Ik] + [Ik − E1]

= [diag(E0, Ik − E1)] − [Ik],

and so we can take E = diag(E0, Ik − E1). This proves (i); the proof of
(ii) then follows easily from Proposition 1.7.6.

Unless stated otherwise, we will write elements of K0(X) in the form
described in Proposition 2.1.4.

Proposition 2.1.5 Let X be a compact Hausdorff space.

(i) Suppose E is an idempotent in M(n, C(X)). Then [E] − [Ik] = 0
in K0(X) if and only if there exists a natural number m such that
diag(E, Im, 0m) ∼s diag(Ik+m, 0m+n−k) in M(n + 2m,C(X)).

(ii) Suppose V is a vector bundle over X. Then [V ]− [Θk(X)] = 0 in
K0(X) if and only if there exists a natural number m such that
V ⊕ Θm(X) is isomorphic to Θm+k(X).

Proof We shall only prove (i); the proof of (ii) is similar. Suppose that
diag(E, Im, 0m) ∼s diag(Ik+m, 0m+n−k). Then

0 = [diag(E, Im, 0m)] − [diag(Ik+m, 0m+n−k)]

=
(
[E] + [Im] + [0m]

)
−
(
[Ik] + [Im] + [0m+n−k]

)
= [E] − [Ik].

Conversely, suppose [E] − [Ik] = 0. Then there exists a natural
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number m and an idempotent F in M(m,C(X)) such that [diag(E, F)] =
[diag(Ik,F)] in Idem(C(X)). Therefore

[diag(E, F, Im − F)] = [diag(Ik,F, Im − F)]

in Idem(C(X)), and thus [diag(E, Im)] = [diag(Ik, Im)] = [Ik+m] by
Lemma 1.7.3. From the definition of M(C(X)) and Idem(C(X)), we
know that diag(E, Im, 0l) and diag(Ik+m, 0j) are similar for some natural
numbers l and j, and by comparing matrix sizes, we see that j = l+n−k.
By either increasing l, or increasing m if necessary and making the
appropriate adjustment to F, we may take l = m and j = m + n − k,
which proves the result.

Proposition 2.1.6 The assignment X �→ K0(X) determines a con-
travariant functor K0 from the category of compact Hausdorff spaces to
the category of abelian groups.

Proof Example 1.9.11 gives us a contravariant functor Vect from the
category of topological spaces to the category of abelian monoids. If
we restrict Vect to the category of compact Hausdorff spaces and com-
pose with the Grothendieck completion functor from Example 1.9.10,
we obtain K0.

In less fancy language, Proposition 2.1.6 states the following: suppose
X, Y , and Z are compact Hausdorff spaces.

• If φ : X −→ Y is continuous, then pullback of vector bundles induces
a group homomorphism φ∗ : K0(Y ) −→ K0(X).

• Let idX denote the identity map on X. Then (idX)∗ is the identity
map on K0(X).

• If φ : X −→ Y and ψ : Y −→ Z are continuous, then (ψ◦φ)∗ = φ∗◦ψ∗.

Recall that topological spaces X and Y are homotopy equivalent if
there exist continuous functions φ : X −→ Y and ψ : Y −→ X such that
ψφ and φψ are homotopic to the identity maps idX and idY on X and
Y respectively. Also, a topological space X is contractible if the identity
map on X is homotopic to a constant map.

Proposition 2.1.7 Let X and Y be compact Hausdorff spaces.

(i) Suppose φ0 and φ1 are homotopic functions from X to Y . Then
φ∗

0 and φ∗
1 from K0(Y ) to K0(X) are equal homomorphisms.

(ii) If X and Y are homotopy equivalent, then K0(X) ∼= K0(Y ).
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Proof Take an element [E]− [Ik] of K0(Y ). Obviously φ∗
0[Ik] = φ∗

1[Ik] =
[Ik] in K0(X). Let {φt} be a homotopy from φ0 to φ1. Then {φ∗

t E} is a
homotopy of idempotents, so [φ∗

0E] = [φ∗
1E]. This proves (i); we obtain

(ii) from (i) and the definition of homotopy equivalence.

Corollary 2.1.8 Let X be a contractible compact Hausdorff space. Then
K0(X) ∼= Z.

Proof Choose a point x0 in X so that there is a homotopy from the
identity map on X to the constant map on X whose range is {x0}. Then
Example 2.1.2 and Proposition 2.1.7 imply that K0(X) ∼= K0({x0}) ∼= Z.

Example 2.1.9 Define φt(x) = (1− t)x for each 0 ≤ t ≤ 1 and x in X.
Then {φt} is a homotopy from the identity map on [0, 1] to the constant
function 0, and thus K0([0, 1]) ∼= Z.

2.2 Relative K-theory

An important technique in understanding the K-theory of a compact
Hausdorff space is to relate it to the K-theory of its closed subspaces.
In this section, we make this notion precise.

Definition 2.2.1 A compact pair (X, A) is a compact Hausdorff space
X and a closed subspace A of X. A morphism φ : (X, A) −→ (Y, B) of
compact pairs is a continuous function φ : X −→ Y such that φ(A) ⊆ B.

We will assume that A is nonempty unless explicitly specified. When
A consists of a single point x0, we will usually simplify notation by
writing (X, x0) instead of the more technically correct (X, {x0}).

Definition 2.2.2 Let (X1, A1) and (X2, A2) be copies of a compact pair
(X, A), and form the disjoint union X1

∐
X2. Identify each point of A1

with its corresponding point in A2. The resulting set D(X, A), endowed
with the quotient topology, is called the double of X along A.
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��������������

��������������A
X1

X2

D(X, A)

Proposition 2.2.3 The assignment (X, A) �→ D(X, A) determines a
covariant functor from compact pairs to compact Hausdorff spaces.

Proof The topological space D(X, A) is compact because it is the image
of the compact space X1

∐
X2, and an easy argument by cases shows

that D(X, A) is Hausdorff. Suppose φ : (X, A) −→ (Y,B) is a morphism
of compact pairs. Then φ defines in the obvious way a continuous map
φ̂ : X1

∐
X2 −→ Y1

∐
Y2. Because φ(A) is contained in B, the map φ̂

uniquely determines a continuous function Dφ : D(X, A) −→ D(Y, B)
that satisfies the axioms for a covariant functor.

We will write matrices over D(X, A) as pairs (B1,B2), where B1 and
B2 are matrices over X such that B1(a) = B2(a) for all a in A. Given an
idempotent (E1,E2) over D(X, A), we will drop the parentheses and let
[E1,E2] represent the corresponding element of K0(D(X, A)). We record
here a simple but useful fact about elements of K0(D(X, A)).

Lemma 2.2.4 Let (X, A) be a compact pair and let E1 and E2 be idem-
potents in M(n, C(X)). Suppose that (E1,SE2S

−1) is an idempotent in
M(n, C(D(X, A))) for some S in GL(n, C(X)). Then (S−1E1S,E2) is
an idempotent in M(n, C(D(X, A))) and [E1,SE2S

−1] = [S−1E1S,E2] in
K0(D(X, A)).

Proof Obviously (S,S) is an element in GL(n, C(D(X, A))), and

(S,S)−1(E1,SE2S)(S,S) = (S−1E1S,E2).

Definition 2.2.5 Let (X, A) be a compact pair. For i = 1, 2, we define
maps μi : X −→ D(X, A) by composing the inclusion of X into Xi with
the quotient map from X1

∐
X2 onto D(X, A).
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Definition 2.2.6 Let (X, A) be a compact pair. The relative K0-group
K0(X, A) is the kernel of the homomorphism

μ∗
2 : K0(D(X, A)) −→ K0(X).

Proposition 2.2.7 Relative K0 defines a contravariant functor from the
category of compact pairs to the category of abelian groups.

Proof Let φ : (X, A) −→ (Y, B) be a morphism of compact pairs. By
Proposition 2.2.3 and the definition of relative K0, the diagram

0 �� K0(Y, B) �� K0(D(Y, B))
μ∗

2 ��

(Dφ)∗

��

K0(Y )

φ∗

��
0 �� K0(X, A) �� K0(D(X, A))

μ∗
2 �� K0(X)

commutes and has exact rows. Proposition 1.8.9 implies that (Dφ)∗

restricts to a homomorphism from K0(Y, B) to K0(X, A). Furthermore,
the commutativity of the diagram and Proposition 2.2.3 yield that rel-
ative K0 is a contravariant functor.

Proposition 2.2.8 Let (X, A) be a compact pair. Then every element
of K0(X, A) can be written in the form [E,diag(Ik, 0k)]−[Ik, Ik] for some
natural number k.

Proof By Proposition 2.1.4, every element of K0(D(X, A)) has the form
[E1,E2] − [Ij , Ij ], where (E1,E2) is an idempotent in M(n, C(D(X, A)))
and n ≥ j. If [E1,E2] − [Ij , Ij ] is in K0(X, A), then [E2] − [Ij ] = 0 in
K0(X). Next, Proposition 2.1.5 implies that for some natural number
m, there is a matrix S in GL(n+2m,C(X)) such that diag(E2, Im, 0m) =
Sdiag(Ij+m, 0m+n−j)S−1. Lemma 2.2.4 gives us

[E1,E2] − [Ij , Ij ]

= [diag(E1, Im, 0m),diag(E2, Im, 0m)] − [Ij+m, Ij+m]

= [diag(E1, Im, 0m,Sdiag(Ij+m, 0m+n−j)S−1] − [Ij+m, Ij+m]

= [S−1 diag(E1, Im, 0m)S,diag(Ij+m, 0m+n−j)] − [Ij+m, Ij+m].

Let Ê = S−1 diag(E1, Im, 0m)S. Then for every natural number l, Lem-
mas 2.2.4 and 1.7.1 state that for some U in GL(n + 2m + l, C), we
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have

[Ê, diag(Ij+m, 0m+n−j)] − [Ij+m, Ij+m]

= [diag(Ê, Il),diag(Ij+m, 0m+n−j , Il)] − [Ij+m+l, Ij+m+l]

= [diag(Ê, Il),U diag(Ij+m+l, 0m+n−j)U−1] − [Ij+m+l, Ij+m+l]

= [U−1 diag(Ê, Il)U,diag(Ij+m+l, 0m+n−j)] − [Ij+m+l, Ij+m+l].

Choose l large enough so that 2j − n + l is positive. Then

[U−1 diag(Ê, Il)U,diag(Ij+m+l, 0m+n−j)] − [Ij+m+l, Ij+m+l]

= [diag(U−1 diag(Ê, Il)U, 02j−n+l),diag(Ij+m+l, 0m+n−j , 02j−n−l)]

− [Ij+m+l, Ij+m+l]

= [diag(U−1 diag(Ê, Il)U, 02j−n+l),diag(Ij+m+l, 0j+m+l)]

− [Ij+m+l, Ij+m+l].

The proposition follows by setting k = j + m + l and

E = diag(U−1 diag(Ê, Il)U, 02j−n+l).

Theorem 2.2.9 Let (X, A) be a compact pair and let j : A −→ X be
the inclusion map. Then the sequence

K0(X, A)
μ∗

1 �� K0(X)
j∗

�� K0(A)

is exact.

Proof We are slightly abusing notation here; the map from K0(X, A) to
K0(X) is obtained by restricting the domain of μ∗

1 : K0(D(X, A)) −→
K0(X) to K0(X, A), but no harm should be caused by also calling the
restricted map μ∗

1.
Take [E, diag(Ik, 0k)] − [Ik, Ik] in K0(X, A). Then

j∗μ∗
1

(
[E,diag(Ik, 0k)] − [Ik, Ik]

)
= j∗
(
[E] − [Ik]

)
= [E|A] − [Ik]

= [diag(Ik, 0k)] − [Ik]

= 0.

Thus the image of μ∗
1 is contained in the kernel of j∗. To show the

reverse containment, take [F] − [Il] in K0(X) with F in M(n, C(X)) for



58 K-theory

some natural number n, and suppose that j∗
(
[F]− [Il]

)
= [F|A]− [Il] = 0

in K0(A). Proposition 2.1.5(i) states for some natural number m, there
is an element S in GL(n + 2m,C(A)) such that

Sdiag(F|A, Im, 0m

)
S−1 = diag(Il+m, 0m+n−l).

By Corollary 1.3.17, we may choose T in GL(2(n+2m), C(X)) with the
property that T|A = diag(S,S−1). Define

F̂ = Tdiag(F, Im, 0m, 0n+2m)T−1.

Then

F̃ =
[
F̂, diag(Il+m, 0m+n−l, 0n+2m)

]
− [Il+m, Il+m]

is an element of K0(D(X, A)). Now, μ∗
2F̃ = 0, and thus F̃ is in K0(X, A).

We complete the proof by computing

μ∗
1F̃ = [F̂] − [Il+m]

= [T diag(F, Im, 0m, 0n+2m)T−1] − [Il+m]

= [diag(F, Im, 0m, 0n+2m)] − [Il+m]

= [F] + [Im] −
(
[Il] + [Im]

)
= [F] − [Il].

By definition, Theorem 2.2.9 states that K0 is a half-exact functor
(although the author thinks this property is more appropriately called
third -exactness). In general, μ∗

1 is not injective and j∗ is not surjective,
so it is not always possible to put 0s on the ends of the sequence in the
statement of Theorem 2.2.9. However, there is an important special case
in which we can do this.

Theorem 2.2.10 Let (X, A) be a compact pair, let j : A −→ X be the
inclusion map, and suppose there exists a continuous function ψ : X −→
A such that ψj is the identity map on A. Then there exists a split exact
sequence

0 �� K0(X, A)
μ∗

1 �� K0(X)
j∗

�� K0(A) ��

ψ∗
�� 0,

whence K0(X) is isomorphic to K0(A) ⊕ K0(X, A).
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Proof We prove that the sequence in the statement of the theorem is split
exact; the isomorphism K0(X) ∼= K0(A)⊕K0(X, A) is a consequence of
Proposition 1.8.7.

We already know from Theorem 2.2.9 that the sequence is exact at
K0(X). Because ψj is the identity on A, the homomorphism (ψj)∗ =
j∗ψ∗ is the identity on K0(A), which implies that j∗ is surjective and
hence we have exactness at K0(A).

To show that the sequence is exact at K0(X, A), take [E, diag(Ik, 0k)]−
[Ik, Ik] in K0(X, A), and suppose that

μ∗
1

(
[E,diag(Ik, 0k)] − [Ik, Ik]

)
= [E] − [Ik] = 0

in K0(X). By Proposition 2.1.5(i), there exists a natural number m and
and an element S in GL(2k + 2m,C(X)) such that diag(Ik+m, 0k+m) =
Sdiag(E, Im, 0m)S−1. We also have

diag(Ik+m, 0k+m) = ψ∗j∗ diag(Ik+m, 0k+m)

= ψ∗j∗
(
Sdiag(E, Im, 0m)S−1

)
= (ψ∗j∗S) diag(ψ∗j∗E, Im, 0m)(ψ∗j∗S)−1.

Note that (ψ∗j∗S)|A = j∗ψ∗j∗S = j∗S = S|A, so (S, ψ∗j∗S) is an ele-
ment of GL(2k + 2m,C(D(X, A))). The same reasoning shows that(

diag(E, Im, 0m), ψ∗j∗(diag(E, Im, 0m))
)

=(
diag(E, Im, 0m),diag(ψ∗j∗E, Im, 0m)

)
is an element of M(2k + 2m,C(D(X, A)). Thus

(S, ψ∗j∗S)
(
diag(E, Im, 0m),diag(ψ∗j∗E, Im, 0m)

)
(S, ψ∗j∗S)−1

=
(
Sdiag(E, Im, 0m)S−1, (ψ∗j∗S) diag(ψ∗j∗E, Im, 0m)(ψ∗j∗S)−1

)
=
(
Sdiag(E, Im, 0m)S−1, ψ∗j∗

(
Sdiag(E, Im, 0m)S−1

))
=
(
diag(Ik+m, 0k+m),diag(Ik+m, 0k+m)

)
,

and therefore [E, ψ∗j∗E] = [Ik, Ik] in K0(D(X, A)). But

ψ∗j∗E = ψ∗(E|A) = ψ∗ diag(Ik, 0k) = diag(Ik, 0k),

whence

[E,diag(Ik, 0k)] = [E, ψ∗j∗E] = [Ik, Ik]

in K0(D(X, A)). Therefore [E, diag(Ik, 0k)] − [Ik, Ik] = 0 in K0(X, A),
and so μ∗

1 is injective.
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Corollary 2.2.11 Let X be a compact Hausdorff space and take x0 in
X. Then

K0(X) ∼= K0(X, x0) ⊕ K0(x0) ∼= K0(X, x0) ⊕ Z.

Proof The sequence

0 �� K0(X, x0)
μ∗

1 �� K0(X)
j∗

�� K0({x0}) ��

ψ∗
�� 0

is split exact, and K0({x0}) ∼= Z by Example 2.1.2.

An important property of K0(X, A) is that it only depends, up to
isomorphism, on the complement of A in X. We begin with a definition.

Definition 2.2.12 For any compact pair (X, A), we define (X\A)+ to
be the topological space obtained by identifying all the points of A to a
single point ∞ and equipping the resulting set with the quotient topology.
We let q denote the quotient map from X to (X\A)+.

The reader can check that (X\A)+ is a compact Hausdorff space. As
we shall see in the next section, an alternate description of (X\A)+ is
as the one-point compactification of X\A.

Lemma 2.2.13 Let (X, A) be a compact pair and let n be a natural
number. The homomorphism

q∗ : M(n, C((X\A)+)) −→ M(n, C(X))

is injective, and its image is precisely the subset of matrices that are
constant on A.

Proof The map q∗ is applied entrywise to elements of M(n, C(X\A)+)),
so it suffices to prove the lemma for the case n = 1. If f is in C((X\A)+)
and q∗f = 0, then f itself is the zero function, whence q∗ is injective.
The definition of q implies that the image of q∗ is contained in the set
of functions on X that are constant on A. To see that q∗ maps onto
this set, suppose we have a function g in C(X) and a complex number
λ such that g(a) = λ for all a in A. Define ĝ : (X\A)+ −→ C as

ĝ(z) =

{
λ if z = ∞
g(z) if z ∈ X\A.

Then ĝ is continuous, and q∗ĝ = g.
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Theorem 2.2.14 For every compact pair (X, A), the homomorphism

q∗ : K0((X\A)+,∞) −→ K0(X, A)

is an isomorphism. Furthermore, this isomorphism is natural in the
following sense: suppose that φ : (X, A) −→ (Y, B) is a morphism of
compact pairs and define φ̃ : (X\A)+ −→ (Y \B)+ by the formula

φ̃(z) =

{
z if z ∈ X\A
∞ if z = ∞.

Then the diagram

K0((Y \B)+,∞)
eφ∗

��

q∗

��

K0((X\A)+,∞)

q∗

��
K0(Y, B)

φ∗
�� K0(X, A)

commutes.

Proof To show surjectivity, take [E, diag(Ik, 0k)] − [Ik, Ik] in K0(X, A).
Then E(a) = diag(Ik, 0k) for all a in A. By Lemma 2.2.13, we have
E = q∗Ẽ for some idempotent Ẽ in M(n, C((X\A)+), and so

q∗
(
[Ẽ, diag(Ik, 0k)] − [Ik, Ik]

)
= [q∗Ẽ, diag(Ik, 0k)] − [Ik, Ik]

= [E, diag(Ik, 0k)] − [Ik, Ik].

To show injectivity, take [F, diag(Ik, 0k)] − [Ik, Ik] in K0((X\A)+,∞),
and suppose that

q∗
(
[F, diag(Ik, 0k)] − [Ik, Ik]

)
= [q∗F, diag(Ik, 0k)] − [Ik, Ik] = 0

in K0(X, A). Then for some natural number m, there is an element
(S1,S2) in GL(n + 2m,C(D(X, A))) such that

S1 diag(q∗F, Im, 0m)S−1
1 = diag(Ik+m, 0k+m)

= S2 diag(Ik, 0k, Im, 0m)S−1
2 .

Thus

(S−1
2 S1) diag(q∗F, Im, 0m)(S−1

2 S1)−1 = diag(Ik, 0k, Im, 0m).

Because S−1
2 (a)S1(a) = In+2m for all a in A, Lemma 2.2.13 states that

there exists a unique element T in GL(n + 2m,C((X\A)+) such that
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q∗T = S−1
2 S1. The injectivity of q∗ implies

Tdiag(F, Im, 0m)T−1 = diag(Ik, 0k, Im, 0m),

and because (T, In+2m) is in GL(n + 2m,C(D((X\A)+,∞))), we have

(T, In+2m)(diag(F, Im, 0m),diag(Ik, 0k, Im, 0m))(T, In+2m)−1

= (diag(Ik, 0k, Im, 0m),diag(Ik, 0k, Im, 0m)).

Therefore

[F, diag(Ik, 0k)] + [Im, Im]

= [diag(F, Im, 0m),diag(Ik, 0k, Im, 0m)]

= [diag(Ik, 0k, Im, 0m),diag(Ik, 0k, Im, 0m)]

= [diag(Ik+m, 0k+m),diag(Ik+m, 0k+m)]

= [Ik, Ik] + [Im, Im]

by Lemma 1.7.1, and so [F, diag(Ik, 0k)]−[Ik, Ik] = 0 in K0((X\A)+,∞).
Finally, routine computations confirm that the diagram in the statement
of the theorem commutes.

Corollary 2.2.15 (Excision for K0) Let (X, A) be a compact pair and
let U be an open subspace of A. Then there exists a natural isomorphism

K0
(
X\U,A\U

) ∼= K0(X, A).

Proof Let

q1 : (X, A) −→
(
(X\A)+,∞

)
and

q2 : (X\U,A\U) −→
(
((X\U)\(A\U))+,∞

)
be the quotient maps described in Definition 2.2.12. By Theorem 2.2.14,
the maps q∗1 and q∗2 are isomorphisms. Then because (X\U)\(A\U) =
X\A, the composition q∗1(q∗2)−1 is well defined and is a natural isomor-
phism.

2.3 Invertibles and K-1

In this section we introduce a second K-theory group, this one con-
structed from invertible elements.
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Definition 2.3.1 Let X be a compact Hausdorff space and define

ĜL(C(X)) =
⋃
n∈N

GL(n, C(X)).

Define an equivalence relation ∼ on ĜL(C(X)) by decreeing that S ∼
diag(S, 1) for all natural numbers n and matrices S in GL(n, C(X)). We
define GL(C(X)) to be the set of equivalence classes of ∼. Set

ĜL(C(X))0 =
⋃
n∈N

GL(n, C(X))0,

and define GL(C(X))0 to be the set of equivalence classes of ∼ restricted
to ĜL(C(X))0.

To simplify notation, we will blur the distinction between elements of
GL(n, C(X)) and GL(n, C(X))0 and their respective images in the sets
GL(C(X)) and GL(C(X))0.

Proposition 2.3.2 Suppose that X is a compact Hausdorff space. Then
GL(C(X)) is a group under matrix multiplication, and GL(C(X))0 is a
normal subgroup of GL(C(X)).

Proof Take elements S and T in GL(C(X)) and choose a natural number
n large enough so that S and T can be represented by matrices in
GL(n, C(X)). Then diag(S, 1) diag(T, 1) = diag(ST, 1) in the group
GL(n+1, C(X)), and thus matrix multiplication is compatible with the
equivalence relation that defines GL(C(X)). The desired result then
follows from Proposition 1.3.10.

We can think of elements of GL(C(X)) as invertible countably infinite
matrices with entries in C(X), with all but finitely many of the entries on
the main diagonal equal to 1 and all but finitely many off-diagonal entries
equal to 0. The identity element I of the group is the infinite matrix
with 1s everywhere on the main diagonal and 0s off of it. In particular,
while GL(n, C(X)) is a subset of M(n, C(X)) for all n, GL(C(X)) is not
a subset of M(C(X)).

Definition 2.3.3 For each compact Hausdorff space X, define K-1(X)
to be the quotient group GL(C(X))/GL(C(X))0.

If S is an element of GL(C(X)), we denote its image in K-1(X) by [S].
We use multiplicative notation when working with K-1, so in these cases
we often denote the identity element by 1.
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The reader may wonder why this group is denoted K-1(X) instead
of K1(X). The reason for this is that K-theory is an example of a
cohomology theory, and the notational conventions for such a theory
dictate the −1 superscript; we shall discuss these issues in the final
section of the chapter. However, the antepenultimate section of the
chapter will show that we could have written K1(X) after all.

Example 2.3.4 Take S in GL(C(pt)) ∼= GL(C) and choose n large
enough so that S is an element of GL(n, C). Proposition 1.3.11 states
that S is in GL(n, C)0, whence [S] = 1 in K-1(pt). The choice of S was
arbitrary, and therefore K-1(pt) ∼= 1.

Example 2.3.5 Let X be the disjoint union of compact Hausdorff spaces
X1, X2, . . . , Xk. There is an obvious isomorphism

GL(C(X))/GL(C(X))0 ∼=
k⊕

i=1

GL(C(Xi))/ GL(C(Xi))0,

and therefore

K-1(X) ∼= K-1(X1) ⊕ K-1(X2) ⊕ · · · ⊕ K-1(Xk).

Proposition 2.3.6 Let X be compact Hausdorff, let n be a natural
number, and suppose that {St} is a homotopy in GL(n, C(X)). Then
[S0] = [S1] in K-1(X).

Proof The homotopy {StS
−1
1 } is a homotopy of invertibles from S0S

−1
1

to the identity, whence S0S
−1
1 is an element of GL(C(X))0. Therefore

1 = [S0S
−1
1 ] = [S0][S1]−1, and thus [S0] = [S1].

Corollary 2.3.7 Let X be a compact Hausdorff space and let n be a
natural number. Then [ST ] = [diag(S, T )] in K-1(X) for all S and T in
GL(n, C(X)).

Proof Follows immediately from Propositions 1.3.3 and 2.3.6.

Proposition 2.3.8 The assignment X �→ K-1(X) is a contravariant
functor from the category of compact Hausdorff spaces to the category of
abelian groups.
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Proof Suppose φ : X −→ Y is a continuous function between compact
Hausdorff spaces. Then as we noted in Chapter 1, the map φ induces an
algebra homomorphism φ∗ : C(Y ) −→ C(X). By applying this homo-
morphism entrywise, we get a group homomorphism φ∗ : GL(C(Y )) −→
GL(C(X)). Take an element S in GL(C(Y )) and choose n large enough
so that S ∈ GL(n, C(Y )). Suppose that S is in GL(n, C(Y ))0 and let
{St} be a homotopy in GL(n, C(Y ))0 from In = S0 to S = S1. Then
{φ∗St} is a homotopy in GL(n, C(X))0 from In to φ∗S, and thus φ∗S
is an element of GL(C(X))0. Therefore φ∗ descends to a group homo-
morphism of the quotient groups; i.e., a group homomorphism φ∗ from
K-1(Y ) to K-1(X). If id is the identity map on X, then clearly id∗ is the
identity on K-1(X), and if ψ : Y −→ Z is a continuous function between
compact spaces, we have (ψφ)∗ = φ∗ψ∗, as desired.

Proposition 2.3.9 Let X and Y be compact Hausdorff spaces.

(i) Suppose φ0 and φ1 are homotopic functions from X to Y . Then
φ∗

0 and φ∗
1 from K-1(Y ) to K-1(X) are equal homomorphisms.

(ii) If X and Y are homotopy equivalent, then K-1(X) ∼= K-1(Y ).

Proof Let {φt} be a homotopy from φ0 to φ1. Choose S in GL(C(X))
and a natural number n large enough so that S lives in GL(n, C(X)).
Then {φ∗

t (S)} is a homotopy in GL(n, C(X)) from φ∗
0(S) to φ∗

1(S), and
by Lemma 2.3.6, we have φ∗

0[S] = φ∗
1[S]. This proves part (i); part (ii)

follows from Proposition 2.3.8.

Corollary 2.3.10 Let X be a contractible compact Hausdorff space.
Then K-1(X) ∼= 1.

Proof Choose a point x0 in X so that there is a homotopy from the
identity map on X to the constant map on X whose range is {x0}.
Then K-1(X) ∼= K-1({x0}) ∼= 1 by Example 2.3.4 and Proposition 2.3.9.

Definition 2.3.11 Let (X, A) be a compact pair. The relative group
K-1(X, A) is the kernel of the homomorphism μ∗

2 : K-1(D(X, A)) −→
K-1(X).

Given an element (S1,S2) in GL(D(X, A)), we denote its image in
K-1(D(X, A)) as [S1,S2].
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Proposition 2.3.12 Let (X, A) be a compact pair. Then every element
of K-1(X, A) can be written in the form [S, I] for some S in GL(C(X))
that restricts to I on GL(C(A)).

Proof Suppose that [S1,S2] is in K-1(X, A). Then μ∗
2[S1,S2] = [S2] = 1,

and so by choosing a sufficiently large natural number n we can take S1

to be in GL(n, C(X)) and S2 to be in GL(n, C(X))0. Choose a homotopy
{Rt} in GL(n, C(X))0 from R0 = In to R1 = S−1

2 and set S = S−1
2 S1.

Then {(RtS1,RtS2)} is a homotopy in GL(n, C(D(X, A))) from (S1,S2)
to (S, In), whence [S, I] = [S1,S2] in K-1(X, A).

Proposition 2.3.13 Relative K-1 defines a contravariant functor from
the category of compact pairs to the category of abelian groups.

Proof The proof of this result is the same as that of Proposition 2.2.7,
but with K0 replaced with K-1 everywhere.

Theorem 2.3.14 Let (X, A) be a compact pair and let j : A −→ X be
the inclusion map. Then the sequence

K-1(X, A)
μ∗

1 �� K-1(X)
j∗

�� K-1(A)

is exact.

Proof Suppose [S, I] is in K-1(X, A). Then

j∗μ∗
1[S, I] = j∗[S] = [S|A] = 1.

Now suppose that [T] is in K-1(X) and that j∗[T] = [T|A] = 1 in K-1(A).
For n sufficiently large, we may view T as an element of GL(n, C(X))
and T|A as an element of GL(n, C(A))0. Proposition 1.3.16 implies that
there exists T̃ in GL(n, C(X))0 such that T̃ restricts to T|A on A. Then
[TT̃−1, I] is an element in K-1(X, A) and

μ∗
1[TT̃−1, I] = [TT̃−1] = [T][T̃−1] = [T].

Theorem 2.3.15 Let (X, A) be a compact pair, let j : A −→ X be the
inclusion map, and suppose that ψ : X −→ A is a continuous function
such that ψj is the identity map on A. Then there exists a split exact
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sequence

1 �� K-1(X, A)
μ∗

1 �� K-1(X)
j∗

�� K-1(A) ��

ψ∗
�� 1,

whence K-1(X) is isomorphic to K-1(A) ⊕ K-1(X, A).

Proof As in the proof of Theorem 2.2.10, the only nonobvious part of
the theorem is exactness at K-1(X, A). Take [S, I] in K-1(X, A), and
suppose that μ∗

1[S, I] = [S] = 1 in K-1(X). Then S is in GL(n, C(X))0
for some natural number n; choose a homotopy {St} in GL(n, C(X))0
from S0 = In to S1 = S. Then

(ψ∗j∗St)|A = j∗ψ∗j∗St = j∗St = St|A

for all 0 ≤ t ≤ 1, and thus (St, ψ
∗j∗St) is in GL(n, C(D(X, A))). Note

that ψ∗j∗S0 = ψ∗j∗In = In and ψ∗j∗S1 = ψ∗In = In. Therefore
{(St, ψ

∗j∗St)} is a homotopy in GL(n, C(D(X, A))) from (In, In) to
(S, In), and thus [S, I] is the identity element in K-1(X, A).

Corollary 2.3.16 Let X be a compact Hausdorff space and take x0 in
X. Then K-1(X) ∼= K-1(X, x0).

Proof The sequence

1 �� K-1(X, x0)
μ∗

1 �� K-1(X)
j∗

�� K-1({x0}) ��

ψ∗
�� 1

is split exact, and K1({x0}) is trivial by Example 2.3.4.

Theorem 2.3.17 Let (X, A) be a compact pair, and let q : (X, A) −→
((X\A)+,∞) be the quotient morphism. Then

q∗ : K-1((X\A)+,∞) −→ K-1(X, A)

is an isomorphism. Furthermore, suppose that φ : (X, A) −→ (Y,B) is
a morphism of compact pairs, and define φ̃ : (X\A)+ −→ (Y \B)+ by
the formula

φ̃(z) =

{
z if z ∈ X\A
∞ if z = ∞.
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Then the diagram

K-1((Y \B)+,∞)
eφ∗

��

q∗

��

K-1((X\A)+,∞)

q∗

��
K-1(Y, B)

φ∗
�� K-1(X, A)

commutes.

Proof Take [S, I] in K-1(X, A) and choose a natural number n large
enough so that S is in GL(n, C(X)). By Lemma 2.2.13, there exists Ŝ

in GL(n, C((X\A)+) such that q∗Ŝ = S. Therefore

q∗[Ŝ, I] = [q∗Ŝ, I] = [S, I],

and thus q∗ is a surjection.
To show that q∗ is an injection, suppose that [R, I] in K-1((X\A)+,∞)

and that q∗[R, I] = [q∗R, I] = 1 in K-1(X, A). For some natural number
n, there exists a homotopy {(St, S̃t)} in GL(n, C(D(X, A)))0 such that
(S0, S̃0) = (In, In) and (S1, S̃1) = (q∗R, In). Moreover, {(StS̃

−1
t , In)} is

also a homotopy in GL(n, C(D(X, A)))0 from (In, In) to (q∗R, In). By
Lemma 2.2.13, there exists for each t a unique T̃t in M(n, C((X\A)+))
with the property that q∗T̃t = StS̃

−1
t . The proof of Lemma 2.2.13 shows

that each Tt is invertible and that {Tt} varies continuously as a function
of t. Therefore {(T̃t, In)} is a homotopy in GL(n, C(D((X\A)+,∞)))
from (T̃0, In) = (In, In) to (T̃1, In) = (R, In), and thus [R, I] = 1 in
K-1((X\A)+,∞). Finally, a direct calculation shows that the diagram
in the statement of the theorem commutes.

Corollary 2.3.18 (Excision for K-1) Let (X, A) be a compact pair and
let U be an open subspace of A. Then there exists a natural isomorphism

K-1
(
X\U,A\U

) ∼= K-1(X, A).

Proof Let

q1 : (X, A) −→
(
(X\A)+,∞

)
and

q2 : (X\U,A\U) −→
(
((X\U)\(A\U))+,∞

)
be the quotient maps described in Definition 2.2.12. By Theorem 2.3.17,
the maps q∗1 and q∗2 are isomorphisms. Then because (X\U)\(A\U) =
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X\A, the composition q∗1(q∗2)−1 is well defined and is a natural isomor-
phism.

2.4 Connecting K0 and K-1

In this section we show how the short exact sequences in Theorems 2.2.9
and 2.3.14 can be combined via a connecting homomorphism to form
a longer exact sequence; as we will see, constructing the connecting
homomorphism and verifying its properties is a process that is quite
involved. Later in the chapter we will see that our two short exact
sequences can be connected in another way that is far less obvious.

Theorem 2.4.1 Let (X, A) be a compact pair. There is a natural
homomorphism ∂ from K-1(A) to K0(X, A) that makes the following
sequence exact:

K-1(X, A)
μ∗

1 �� K-1(X)
j∗

�� K-1(A) ∂ ��

K0(X, A)
μ∗

1 �� K0(X)
j∗

�� K0(A).

Proof The proof of this theorem is long and involved, so we break it
into pieces.

Definition of ∂:
Take S in GL(n, C(A)) and choose T in GL(2n, C(X)) with the prop-

erty that T|A = diag(S,S−1); Corollary 1.3.17 guarantees the existence
of such a T. Define

∂[S] =
[
Tdiag(In, 0n)T−1,diag(In, 0n)

]
− [In, In].

∂ is well defined:
Choose T̃ in GL(2n, C(X)) with the property that T̃ restricts to

diag(S,S−1) on A. Then T̃T−1|A = I2n, and thus (T̃T−1, I2n) is in
GL(2n, C(D(X, A))). We have

(T̃T−1, I2n)
(
Tdiag(In, 0n)T−1,diag(In, 0n)

)
(T̃T−1, I2n)−1

=
(
T̃diag(In, 0n)T̃−1,diag(In, 0n)

)
,

which implies that ∂[S] does not depend on our choice of T.
Second, we know from Lemma 1.7.1 that there exists an element U
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in GL(2(n + 1), C) such that diag(S, 1,S−1, 1) = Udiag(S,S−1, I2)U−1.
Then Udiag(T, I2)U−1 is an element of GL(2(n + 1), C(X)) with the
property that

(Udiag(T, I2)U−1)
∣∣ A = diag(S, 1,S−1, 1)

and

diag(In+1, 0n+1) =(
(Udiag(T, I2)U−1) diag(In+1, 0n+1)(Udiag(T, I2)U−1)−1

) ∣∣ A.

Employing Lemma 2.2.4, we have[
(Udiag(T, I2)U−1) diag(In+1, 0n+1)(Udiag(T, I2)U−1)−1,

diag(In+1, 0n+1)
]
− [In+1, In+1]

=
[
Udiag(T, I2) diag(In, 0n, 1, 0) diag(T, I2)−1U−1,

diag(In+1, 0n+1)
]
− [In+1, In+1]

=
[
diag(T, I2) diag(In, 0n, 1, 0) diag(T, I2)−1,

U−1 diag(In+1, 0n+1)U
]
− [In+1, In+1]

=
[
diag(T, I2) diag(In, 0n, 1, 0) diag(T, I2)−1,

diag(In, 0n, 1, 0)
]
− [In+1, In+1]

= [Tdiag(In, 0n)T−1,diag(In, 0n)] + [diag(1, 0),diag(1, 0)]

− [diag(In, 1),diag(In, 1)]

= [Tdiag(In, 0n)T−1,diag(In, 0n)] + [diag(0, 1),diag(0, 1)]

− [diag(In, 1),diag(In, 1)]

= [Tdiag(In, 0n)T−1,diag(In, 0n)] − [In, In],

and thus ∂[diag(S, 1)] = ∂[S]. Therefore ∂[S] does not depend on the
size of the matrix we use to represent [S].

Third, suppose that [S0] = [S1]. We suppose that n is sufficiently large
so that S0 and S1 are in the same connected component of GL(n, C(A)).
Choose a homotopy {St} in GL(n, C(A)) from S0 to S1 and define Ŝ

in GL(n, C(A × [0, 1])) by the formula Ŝ(a, t) = St(a). Use Corol-
lary 1.3.17 to choose T̂ in GL(2n, C(X × [0, 1])) with the property that
T̂ |(A × [0, 1]) = diag(Ŝ, Ŝ−1), and for each x in X and 0 ≤ t ≤ 1, set
Tt(x) = T̂ (x, t). Then {(Tt diag(In, 0n)T−1

t ,diag(In, 0n))} is a homo-
topy in GL(2n, C(D(X, A))), and therefore

∂[S0] =
[
T0 diag(In, 0n)T−1

0 ,diag(In, 0n)
]
− [In, In]

=
[
T1 diag(In, 0n)T−1

1 ,diag(In, 0n)
]
− [In, In] = ∂[S1].
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∂ is a group homomorphism:
Take [S1] and [S2] in K-1(A) and choose n large enough so that we

may view S1 and S2 as elements of GL(n, C(A)). For i = 1, 2, choose Ti

in GL(2n, C(X)) so that Ti|A = diag(Si,S
−1
i ). By Lemma 1.7.1, there

exists a matrix U in GL(4n, C) with the properties that

Udiag(S1,S
−1
1 ,S2,S

−1
2 )U−1 = diag(S1,S2,S

−1
1 ,S−1

2 )

Udiag(In, 0n, In, 0n)U−1 = diag(I2n, 02n).

Then[
(Udiag(T1,T2)U−1) diag(I2n, 02n)(Udiag(T1,T2)U−1)−1,

diag(I2n, 02n)
]

=
[
diag(T1,T2) diag(In, 0n, In, 0n) diag(T1,T2)−1,

U−1 diag(I2n, 02n)U
]

= [diag(T1,T2) diag(In, 0n, In, 0n) diag(T1,T2)−1,

diag(In, 0n, In, 0n)]

= [T1 diag(In, 0n)T−1
1 ,diag(In, 0n)]+

[T2 diag(In, 0n)T−1
2 ,diag(In, 0n)],

and Corollary 2.3.7 gives us

∂[S1S2] = ∂[diag(S1,S2)] = ∂[S1] + ∂[S2].

Exactness at K-1(A):
Take R in GL(n, C(X)). Then

∂j∗[R] = [R|A]

= [diag(R,R−1) diag(In, 0n) diag(R,R−1)−1,diag(In, 0n)] − [In, In]

= [diag(In, 0n),diag(In, 0n)] − [In, In] = 0.

Now suppose that

∂[S] = [T diag(In, 0n)T−1,diag(In, 0n)] − [In, In] = 0

in K0(X, A) for some S in GL(n, C(A)). From Proposition 2.1.5 and the
definition of D(X, A), there exist a natural number m and elements V1

and V2 in GL(2(n + m), C(X)) such that:

• V1 diag
(
Tdiag(In, 0n)T−1, Im, 0m

)
V−1

1 = diag(In+m, 0n+m);
• V2 diag(In, 0n, Im, 0m)V−1

2 = diag(In+m, 0n+m);
• V1(a) = V2(a) for all a in A.
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Lemma 1.7.1 gives us a matrix U in GL(2(n + m), C) with the property
that

Udiag(In+m, 0n+m)U−1 = diag(In, 0n, Im, 0m),

and thus

diag(In+m, 0n+m)

= V1 diag(T, I2m) diag(In, 0n, Im, 0m) diag(T, I2m)−1V−1
1

= V1 diag(T, I2m)Udiag(In+m, 0n+m)U−1 diag(T, I2m)−1V−1
1 .

We also know that

diag(In+m, 0n+m) = V2 diag(In, 0n, Im, 0m)V−1
2

= V2U diag(In+m, 0n+m)U−1V−1
2 .

Therefore

V1 diag(T, I2m)Udiag(In+m, 0n+m)U−1 diag(T, I2m)−1V−1
1 =

V2Udiag(In+m, 0n+m)U−1V−1
2 ,

and hence(
U−1V−1

2 V1 diag(T, I2m)U
)
diag(In+m, 0n+m) =

diag(In+m, 0n+m)
(
U−1V−1

2 V1 diag(T, I2m)U
)
.

By Proposition 1.3.18, there exist V11 and V22 in GL(n+m,C(X)) such
that

U−1V−1
2 V1 diag(T, I2m)U = diag(V11,V22).

For all a in A, we have

U−1V−1
2 (a)V1(a) diag(T(a), I2m)U = U−1 diag(S(a),S−1(a), I2m)U

= diag(S(a), Im,S−1(a), Im),

and so V11|A = diag(S, Im). Hence

j∗[V11] = [diag(S, Im)] = [S] [Im] = [S].
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Exactness at K0(X, A):
Take S in GL(n, C(A)) and choose T in GL(2n, C(X)) with T|A =

diag(S,S−1). Then

μ∗
1∂[S] = μ∗

1

(
[Tdiag(In, 0n)T−1,diag(In, 0n)] − [In, In]

)
= [T diag(In, 0n)T−1] − [In]

= [diag(In, 0n)] − [In]

= 0.

Now choose [E, diag(In, 0n)] − [In, In] in K0(X, A) and suppose that

μ∗
1

(
[E,diag(In, 0n)] − [In, In]

)
= [E] − [In] = 0

in K0(X). Thanks to Propositions 1.4.10 and 2.1.5, we know that there
exists a natural number l with the property that

diag(E, Il, 0l) ∼h diag(In+l, 0n+l).

Choose a homotopy {F(t)} of idempotents in M(2(n + l), C(X)) from
diag(In+l, 0n+l) to diag(E, Il, 0l); for notational convenience in the rest
of this proof, we will write our homotopies in this form instead of the
usual {Ft}. Set

M = sup
{∥∥2F(t) − I2(n+l)

∥∥
∞ : t ∈ [0, 1]

}
,

and choose points 0 = t0 < t1 < t2 < · · · < tK = 1 so that

‖F(tk−1) − F(tk)‖∞ <
1
M

for all 1 ≤ k ≤ K. For each k, define

Ṽk(t) = I2(n+l) − F(t) − F(tk−1) + 2F(t)F(tk−1).

By Lemma 1.4.8, the matrix Ṽk(t) is invertible when tk−1 ≤ t ≤ tk, and

Ṽk(tk)F(tk−1)Ṽ−1
k (tk) = F(tk).

Define

Ṽ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ṽ1(t) 0 ≤ t ≤ t1

Ṽ2(t)Ṽ1(t1) t1 ≤ t ≤ t2

Ṽ3(t)Ṽ2(t2)Ṽ1(t1) t2 ≤ t ≤ t3

· · · · · ·
ṼK(t)ṼK−1(tK−1) · · · Ṽ1(t1) tK−1 ≤ t ≤ 1.
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Note that

Ṽk(tk−1) = I2(n+l) − F(tk−1) − F(tk−1) + 2F(tk−1)F(tk−1) = I2(n+l)

for each 1 ≤ k ≤ K, which implies that Ṽ is well defined and continuous.
Set V = Ṽ(1). Then

V diag(In+l, 0n+l)V−1 = VF(t0)V−1 = F(t1) = diag(E, Il, 0l).

Choose U in GL(2(n + l), C) so that

U diag(In, 0n, Il, 0l)U−1 = diag(In+l, 0n+l).

Then

[E,diag(In, 0n)] − [In, In]

= [diag(E, Il, 0l),diag(In, 0n, Il, 0l] − [In+l, In+l]

= [V diag(In+l, 0n+l)V−1,U−1 diag(In+l, 0n+l)U] − [In+l, In+l]

= [(UV) diag(In+l, 0n+l)(UV)−1,diag(In+l, 0n+l)] − [In+l, In+l].

However, we are not done, because is it is not necessarily true that
(UV)|A = diag(S,S−1) for some S in GL(n + l, C(A)).

We need to modify UV in some fashion. Note that we can not only
take U to be an element of GL(2(n + l), C), but also an element of
GL(2(n+ l), C(X)) with each matrix entry constant. Because K-1(pt) is
trivial, there is a homotopy in GL(C(pt)) from U to I, and this homotopy
also lives in GL(C(X)), whence [U] = 1 in K-1(X). Our construction of
V shows that [V] = 1 in K-1(X), and thus [UV] = [U] [V] = [I] [I] = 1 in
K-1(X). Therefore [(UV)|A] = 1 in K-1(A) as well. We have(

(UV)|A
)
diag(In+l, 0n+l)

(
(UV)|A

)−1 = Udiag(In, 0n, Il, 0l)U−1

= diag(In+l, 0n+l),

so Proposition 1.3.18 implies that (UV)|A = diag(W11,W22) for some
W11 and W22 in GL(n + l, C(A)). Putting these two facts together, we
obtain

1 = 1−1 = [diag(W11,W22)]−1 = [W11W22]−1 = [W−1
22 W−1

11 ]

in K-1(A). Thus for a sufficiently large natural number N , the matrix
diag(W−1

22 W−1
11 , IN ) is in GL(n+l+N,C(A))0. By Proposition 1.3.16 we

know that diag(W−1
22 W−1

11 , IN ) is the restriction to A of an element W in
GL(n+l+N, C(X)). Use Lemma 1.7.1 to choose J in GL(2(n+l+N), C)
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such that

J diag(W11,W22, IN , IN )J−1 = diag(W11, IN ,W−1
11 , IN )

J diag(In+l, 0n+l, IN , 0N )J−1 = diag(In+l+N , 0n+l+N ),

and define

L = J diag(UV, IN , IN )J−1 diag(In+l+N ,W).

Then

L|A = J diag(W11,W22, IN , IN )J−1 diag(In+l+N ,W−1
22 W−1

11 , IN )

= diag(W11, IN ,W22, IN ) diag(In+l+N ,W−1
22 W−1

11 , IN )

= diag(W11, IN ,W−1
11 , IN ),

which implies that

[
Ldiag(In+l+N , 0n+l+N )L−1,diag(In+l+N , 0n+l+N )

]
is an element of K0(D(X, A)). The definition of L yields

Ldiag(In+l+N , 0n+l+N )L−1

= J diag(UV, IN , IN )J−1 diag(In+l+N ,W ) diag(In+l+N , 0n+l+N )×
diag(In+l+N ,W )−1J diag(UV, IN , IN )−1J−1

= J diag(UV, IN , IN )J−1 diag(In+l+N , 0n+l+N )J diag(UV, IN , IN )−1J−1

= J diag(UV, IN , IN ) diag(In+l, 0n+l, IN , 0N ) diag(UV, IN , IN )−1J−1

= J
(
diag
(
(UV) diag(In+l, 0n+l)(UV)−1, IN , 0N

))
J−1,

and Lemma 2.2.4 implies that

[
Ldiag(In+l+N , 0n+l+N )L−1,diag(In+l+N , 0n+l+N )

]
=
[
diag
(
(UV) diag(In+l, 0n+l)(UV)−1, IN , 0N

)
,

J−1 diag(In+l+N , 0n+l+N )J
]

=
[
diag
(
(UV) diag(In+l, 0n+l)(UV)−1, IN , 0N

)
,

diag(In+l, 0n+l, IN , 0N )
]

=
[
UV diag(In+l, 0n+l)(UV)−1,diag(In+l, 0n+l)

]
+ [IN , IN ].



76 K-theory

Therefore

∂[diag(W11, IN )]

=
[
Ldiag(In+l+N , 0n+l+N )L−1,diag(In+l+N , 0n+l+N )

]
− [In+l+N , In+l+N ]

=
[
(UV) diag(In+l, 0n+l)(UV)−1,diag(In+l, 0n+l)

]
+ [IN , IN ]

− [In+l, In+l] − [IN , IN ]

= [E, diag(In, 0n)] − [In, In].

∂ is a natural transformation:
Let φ : (X, A) −→ (Y,B) be a morphism of compact pairs and take

S in GL(n, C(B)). Corollary 1.3.17 states that we may choose T in
GL(2n, C(Y )) with the property that T|B = diag(S,S−1). Then

(φ∗T)(a) = T(φ(a)) = diag
(
S(φ(a)),S−1(φ(a))

)
= diag

(
(φ∗S)(a), (φ∗S−1)(a)

)
for all a in A, whence ∂[φ∗S] = φ∗(∂[S]).

2.5 Reduced K-theory

For every compact Hausdorff space X, the group K0(X) contains a sum-
mand isomorphic to Z; this is the subgroup of K0(X) generated by the
trivial bundles over X. Therefore, if we strip off this copy of Z, we are
left with the part of K0(X) that only detects the nontrivial (and hence
presumably more interesting) vector bundles over X. Reduced K-theory
is the way to make this idea precise.

Definition 2.5.1 Let x0 be a point in a compact Hausdorff space X.
The compact pair (X, x0) is called a pointed space, and x0 is called the
base point. A morphism from (X, x0) to a pointed space (Y, y0) is a
continuous function from X to Y such that φ(x0) = y0.

When the particular choice of basepoint in a pointed space (X, x0) is
not important or is clear from the context, we will write just X.

Definition 2.5.2 Let (X, x0) be a pointed space and let j denote the
inclusion of x0 into X. For p = 0,−1, the reduced group K̃p(X) is the
kernel of homomorphism j∗ : Kp(X) −→ Kp(x0).
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A pointed space is a special case of a compact pair; in this case, the
reduced and relative groups are very closely related.

Proposition 2.5.3 Let (X, x0) be a pointed space. Then for p = 0,−1,
there exists a natural isomorphism K̃p(X, x0) ∼= Kp(X, x0).

Proof Consider the commutative diagram

0 �� K̃p(X, x0) �� Kp(X)
j∗

��

=

��

Kp(x0)

=

��
0 �� Kp(X, x0) �� Kp(X)

j∗
�� Kp(x0).

The top row is exact by definition, and the exactness of the bottom
row is a consequence of Theorems 2.2.10 and 2.3.15. Proposition 1.8.9
then gives us an isomorphism K̃p(X, x0) ∼= Kp(X, x0) whose naturality
follows easily from the commutativity of the diagram.

Corollary 2.5.4 For every pointed space (X, x0), there exist isomor-
phisms

K0(X) ∼= K̃0(X, x0) ⊕ K0(x0) ∼= K̃0(X, x0) ⊕ Z

K-1(X) ∼= K̃-1(X, x0) ⊕ K-1(x0) ∼= K̃-1(X, x0).

Proof These isomorphisms are immediate consequences of Proposition
2.5.3 and Corollaries 2.2.11 and 2.3.16.

Corollary 2.5.5 For p = 0,−1, the assignment (X, x0) �→ K̃p(X, x0)
determines a contravariant functor from pointed spaces to abelian groups.

Proof The category of pointed spaces is a subcategory of the category of
compact pairs, so the corollary follows from Propositions 2.2.7, 2.3.13,
and 2.5.3.

Proposition 2.5.6 Let (X, x0) be a pointed space. Then every element
of K̃0(X, x0) can be written in the form [E] − [Ik], where E is an idem-
potent in M(n, C(X)) with the property that E(x0) = diag(In, 0n−k).

Proof If [E]− [Ik] is in K̃0(X, x0) ⊆ K0(X), then the rank of the vector
space E(x0) is k. We use elementary linear algebra to produce a matrix
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U in GL(n, C) such that UEU−1(x0) = diag(Ik, 0n−k); replacing E with
UEU−1 yields the desired result.

Theorem 2.5.7 Let (X, A) be a compact pair, fix a point a0 in A, and
let j : A −→ X be the inclusion map. Then the sequence

K-1(X, A)
μ∗

1 �� K̃-1(X, a0)
j∗

�� K̃-1(A, a0)
∂ ��

K0(X, A)
μ∗

1 �� K̃0(X, a0)
j∗

�� K̃0(A, a0)

is exact.

Proof Exactness at K̃-1(X, a0) and K̃-1(A, a0) follows immediately from
Theorem 2.4.1 and Corollary 2.5.4. In addition, Corollary 2.5.4 states
that K0(X) ∼= K̃0(X, a0)⊕K0(a0) and K0(A) ∼= K̃0(A, a0)⊕K0(a0), and
Theorem 2.4.1 gives us exactness at K0(X, A) and K̃0(X, a0).

2.6 K-theory of locally compact topological spaces

In this section we extend the definitions of K0(X) and K-1(X) to locally
compact topological spaces. The K-theory of such spaces is not only
useful in applications, but it will also show us how to define groups
K-n(X) for every natural number n. In fact, we will eventually allow
n to be any integer, but this development must wait until later in the
chapter.

Definition 2.6.1 A Hausdorff topological space X is locally compact
if every point of X has an open neighborhood whose closure in X is
compact. Let ∞X be a point not in X. The one-point compactification
X+ of X is the set X ∪ {∞X}, equipped with the following topology: a
subset of X+ is open if it is open in X or if it can be written X+\C for
some compact subset of X.

If the topological space X is clear from context, we usually write just
∞ instead of ∞X .

Every compact Hausdorf space X is locally compact Hausdorff; in this
case X+ is the disjoint union of X and {∞}. Open or closed subspaces
of a locally compact Hausdorff space are also locally compact. However,
not every subspace of a locally compact Hausdorff space is locally com-
pact; for example, the rational numbers Q do not form a locally compact
subspace of R.
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Definition 2.6.2 Let X and Y be locally compact Hausdorff spaces and
suppose φ : X −→ Y is continuous. We say φ is continuous at infinity
if φ is the restriction of a continuous function φ+ : X+ −→ Y +.

If X and Y are compact Hausdorff, then every continuous function φ

from X to Y is continuous at infinity; the points ∞x and ∞Y are isolated
from X and Y respectively, so we can simply decree that φ+(∞X) = ∞Y .

Definition 2.6.3 A continuous function φ : X −→ Y between topo-
logical spaces is proper if φ−1(D) is a compact subset of X for every
compact subset D of Y .

Proposition 2.6.4 Suppose φ : X −→ Y is a proper map between locally
compact Hausdorff spaces. Then φ is continuous at infinity.

Proof Extend φ to a function φ+ : X+ −→ Y + by setting φ+(∞X) =
∞Y . To see that φ+ is continuous, first suppose that V is open in Y .
Then (φ+)−1(V ) = φ−1(V ), which is open in X and hence open in X+.
Now suppose D is a compact subset of Y . Then

(φ+)−1(Y +\D) = (φ+)−1(Y +)\(φ+)−1(D) = X+\(φ+)−1(D),

which is open in X+. Therefore φ is continuous at infinity.

Not every function continuous at infinity is proper (Exercise 2.4).

Corollary 2.6.5 Suppose that X is locally compact Hausdorff and that A

is a closed subspace of X. Then the inclusion j : A −→ X is continuous
at infinity.

Proof For every compact subset C in X, the inverse image j−1(C) =
A ∩C is compact in A because A is closed in X. Thus j is proper.

In light of Definition 2.6.2 and Corollary 2.6.5, we may identify ∞A

with ∞X and consider A+ as a subspace of X+ whenever X is locally
compact and A is closed in X.

Because the collection of functions continuous at infinity is closed
under compositions, the class of locally compact Hausdorff spaces with
functions continuous at infinity as morphisms forms a category.

Proposition 2.6.6 The assignment X �→ (X+,∞) defines a covari-
ant functor from the category of locally compact Hausdorff spaces to the
category of pointed spaces.
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Proof If X and Y are locally compact Hausdorff and φ : X −→ Y is
continuous at infinity, then φ extends to a continuous function φ+ from
X+ to Y +, and φ+(∞X) = ∞Y . Obviously the identity map on X

extends to the identity map on X+. Finally, if Z is locally compact
Hausdorff and ψ : Y −→ Z is continuous at infinity, then (ψφ)+ =
ψ+φ+.

Definition 2.6.7 For p = 0,−1 and X locally compact Hausdorff, we
define Kp(X) = K̃p(X+).

If X is actually compact, then Examples 2.1.3 and 2.3.5 imply that
Kp(X+) ∼= Kp(X) ⊕ Kp({∞}), whence K̃p(X+) isomorphic to Kp(X).
Therefore our new definitions of K0(X) and K-1(X) agree with the old
ones when X is compact.

Proposition 2.6.8 For every compact pair (X, A), there exist natural
isomorphisms Kp(X, A) ∼= Kp(X\A) for p = 0,−1.

Proof By Theorems 2.2.14 and 2.3.17, we have natural isomorphisms

Kp(X, A) ∼= Kp
(
(X\A)+,∞

)
= K̃p
(
(X\A)+

)
= Kp(X\A).

Proposition 2.6.9 Let X be a locally compact Hausdorff space. Then
every element of K0(X) can be written in the form [E]− [Ik], where E is
an idempotent in M(n, C(X+)) whose value at ∞ is Ik.

Proof Follows immediately from Proposition 2.5.6 and Definition 2.6.7.

Note that K-1(X) ∼= K-1(X+) by Proposition 2.5.4, so the same ma-
trices that represent elements of K-1(X+) also represent elements of
K-1(X).

Proposition 2.6.10 Both K0 and K-1 are contravariant functors from
the category of locally compact Hausdorff spaces to the category of abelian
groups.

Proof Follows immediately from Corollary 2.5.5 and Proposition 2.6.6.
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Theorem 2.6.11 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X and let j : A −→ X be the inclusion map. Then
for p = 0,−1, there exists an exact sequence

Kp(X\A) �� Kp(X)
j∗

�� Kp(A).

Furthermore, if ψ : X −→ A is a function continuous at infinity and has
the property that ψj is the identity map on A, then there exists a split
exact sequence

0 �� Kp(X\A) �� Kp(X)
j∗

�� Kp(A) ��

ψ∗
�� 0,

whence Kp(X) is isomorphic to Kp(A) ⊕ Kp(X\A).

Proof We have the exact sequence

Kp(X+, A+)
μ∗

1 �� Kp(X+)
j∗

�� Kp(A+)

from Theorems 2.2.9 and 2.3.14. Because X+\A+ = X\A, Proposition
2.6.8 gives us the first exact sequence in the statement of the theorem. In
a similar fashion, the split exact sequence is a consequence of Theorems
2.2.10 and 2.3.15 applied to the compact pair (X+, A+).

The proof of Theorem 2.6.11 brings up an issue that we mention in
passing. Suppose that X is locally compact Hausdorff and that U is an
open subset of X. Then the inclusion of U into X induces homomor-
phisms from Kp(U) = Kp(X\(X\U)) into Kp(X) for p = 0,−1. Thus
the inclusion of an open subspace into a locally compact Hausdorff space
induces a group homomorphism that goes in the opposite direction from
the homomorphism induced by the inclusion of a closed subspace into a
locally compact Hausdorff space.

Theorem 2.6.12 If A is a closed subspace of a locally compact Hausdorff
space X and j : A −→ X denotes the inclusion map, then there exists
an exact sequence

K-1(X\A) �� K-1(X)
j∗

�� K-1(A) ∂ ��

K0(X\A) �� K0(X)
j∗

�� K0(A).

Furthermore, the homomorphism ∂ determines a natural transformation
from K-1 to K0.
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Proof Theorem 2.6.11 gives us exactness at K0(X) and K-1(X). To show
the sequence is exact at K-1(A) and K0(X\A), consider the diagram

K-1(X)
j∗

��

��

K-1(A) ��

��

K0(X\A) ��

��

K0(X)

��
K̃-1(X+)

j∗
�� K̃-1(A+)

∂ �� K0(X+, A+)
j∗

�� K̃0(A+).

The vertical maps are isomorphisms by Corollary 2.5.4, and thus we can
uniquely define a homomorphism ∂ from K-1(A) to K0(X\A) that makes
the middle square commute. To describe the connecting homomorphism
explicitly, take S in GL(n, C(A+)) and use Corollary 1.3.17 to find T in
GL(2n, C(X+)) whose restriction to A+ is diag(S,S−1). The matrix
Tdiag(In, 0n)T−1 has the constant value diag(In, 0n) when restricted to
A, and hence can be considered an element of M(2n, C((X\A)+)). Then

∂[S] = [Tdiag(In, 0n)T−1] − [In].

Theorem 2.5.7 states that the bottom row of the diagram is exact. This
fact, combined with the commutativity of the two outer squares, shows
that the top row is exact. Finally, the homomorphism ∂ is natural
because it is a composition of natural maps.

The extension of K-theory to locally compact Hausdorff spaces gives
us a perhaps unexpected relationship between K0 and K-1.

Theorem 2.6.13 For every locally compact Hausdorff space X, there is
a natural isomorphism K-1(X) ∼= K0(X × R).

Proof For each 0 ≤ t ≤ 1, define φt from (X × (0, 1])+ to itself by the
formulas

φt(x, s) = (x, (1 − t)s) for (x, s) in X × (0, 1]

φt(∞) = ∞.

Then {φt} is a homotopy from the identity map on (X × (0, 1])+ to
the constant function whose range is {∞}, and thus (X × (0, 1])+ is
contractible. Corollaries 2.1.8 and 2.3.10 and Definition 2.6.7 imply that
Kp(X × (0, 1]) is trivial for p = 0,−1.

Apply Theorem 2.6.12 to the inclusion of X × {1} into X × (0, 1] to
obtain an isomorphism K-1(X × {1}) ∼= K0(X × (0, 1)); the homeomor-
phisms X ×{1} ∼= X and (0, 1) ∼= R then yield the desired isomorphism.
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Moreover, this isomorphism is a composition of natural maps and is
therefore a natural transformation.

Theorem 2.6.13 allows us to extend the exact sequence in Theorem
2.4.1 infinitely to the left.

Definition 2.6.14 We define K-n(X) = K0(X × Rn) for every natural
number n and locally compact Hausdorff space X.

Proposition 2.6.15 For each natural number n, we have a contravari-
ant functor K-n from locally compact Hausdorff spaces to abelian groups.

Proof Follows directly from Proposition 2.6.10.

Theorem 2.6.16 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X and let j : A −→ X be the inclusion map.
Then for each natural number n, there exists a natural homomorphism
∂ : K-n-1(X) −→ K-n(X\A) that makes the infinite sequence

· · · �� K-2(X)
j∗

�� K-2(A) ∂ ��

K-1(X\A) �� K-1(X)
j∗

�� K-1(A) ∂ ��

K0(X\A) �� K0(X)
j∗

�� K0(A)

exact.

Proof For each natural number n > 1, apply Theorem 2.6.12 to the
inclusion of A × Rn into X × Rn.

2.7 Bott periodicity

Thanks to the results of the previous section, we now have an infinite
collection of contravariant K-functors from locally compact Hausdorff
spaces to abelian groups. However, as we shall see in this section, our
original functors K0 and K-1 are the only ones up to isomorphism. This
surprising result is the central theorem in K-theory, and is called the
Bott periodicity theorem.

Theorem (Bott periodicity) For every locally compact Hausdorff
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space X, there exists a natural isomorphism

β : K0(X) −→ K-2(X).

The Bott periodicity theorem is quite difficult to prove and involves
many steps, so we begin with an overview of the proof. We will first
establish the theorem for compact Hausdorff spaces; the extension to
locally compact Hausdorff spaces will then follow easily from homological
algebra. Second, instead of mapping directly into K-2(X) = K-1(X×R),
we will replace the noncompact Hausdorff space X×R with its one-point
compactification (X×R)+; these two topological spaces have isomorphic
K-1 groups due to the fact that K-1 of a point is trivial.

The difficult part of the proof is showing that β is a bijection. We
will accomplish this by showing that elements of K-1

(
(X ×R)+

)
can be

represented by invertible matrices with particularly simple entries. We
first use Fourier series to show that every element of K-1

(
(X ×R)+

)
can

be represented by a “polynomial” matrix, and we will reduce the degree
of the polynomial by enlarging the size of the matrix. Once we have an
element of K-1

(
(X × R)+

)
represented by a linear polynomial, we will

show that this polynomial can be written in a specific form that will
allow us to see why β is bijective. These reductions come at a price: we
will be working with extremely large matrices!

We begin by simplifying some of our notation.

Definition 2.7.1 Let S1 denote the unit circle in C. For every compact
Hausdorff space X, define S ′X to be the topological space obtained by
taking the product X × S1 and collapsing X × {1} to a point.

Note that S ′X is homeomorphic to (X × R)+.
We will use Lemma 2.2.13 to write matrices over S ′X as matrices over

X×S1 that are constant on X×{1}. We will use the variable z for points
on S1, and to simplify notation in many of the proofs that follow, we
will usually suppress the dependence on X when working with matrices
over X × S1 and S ′X.

The topological space S ′X is similar to, but not the same as, the
suspension of X (Exercise 2.10).

Proposition 2.7.2 Let X be a compact Hausdorff space. For each
natural number n and idempotent E in M(n, C(X)) set

β[E] = [In − E + Ez].
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Then β is a natural group homomorphism from K0(X) to K-1(S ′X).

Proof The matrix In − E + Ez is constant when z = 1 and is invertible
with inverse In−E+Ez−1. Therefore In−E+Ez determines an element
of K-1(S ′X). Because

β[(diag(E, 0))] = [In+1 − diag(E, 0) + diag(E, 0)z]

= [diag(In − E + Ez, 1)]

= [In − E + Ez],

we see that β[E] does not depend upon the size of matrix used to
represent E. Furthermore, if {Et} is a homotopy of idempotents in
M(n, C(X)), then {In − Et + Etz} is a homotopy of invertibles, whence
β[E] is well defined by Proposition 1.4.9.

To see that β is a group homomorphism, take idempotents E and F in
M(n, C(X)) and M(m,C(X)) respectively. Then Corollary 2.3.7 gives
us

β
(
[E] + [F]

)
= β[diag(E, F)]

= [In+m − diag(E, F) + diag(E, F)z]

= [In − E + Ez][Im − F + Fz]

= β[E]β[F].

Thus β is a monoid homomorphism, and if we set

β
(
[E] − [E′]

)
= β[E]
(
β[E′]
)−1

for each element [E]− [E′] in K0(C(X)), Theorem 1.6.7 implies that β is
a group homomorphism.

Finally, suppose Y is a compact Hausdorff space and that φ : Y −→ X

is continuous. Then

φ∗β[E] = βφ∗[E] = [In − φ∗E + (φ∗E)z]

for all natural numbers n and idempotents E in M(n, C(X)), whence β

is natural.

Representatives of elements of K-1(S ′X) can be thought of as loops
of invertible matrices whose entries are in C(X); i.e., by continuous
functions from S1 to GL(C(X)). Such functions can be approximated
by matrix-valued Fourier series.
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Definition 2.7.3 Let X be compact Hausdorff and let n be a natural
number. For each T in M(n, C(X × S1)) and each integer k, let

T̂k =
1
2π

∫ π

−π

T(μ)e−ikμ dμ

in M(n, C(X)) denote the kth Fourier coefficient of T.
For each natural number m, define the mth Cesàro mean of T to be

Cm =
1

m + 1

m∑
j=0

j∑
k=−j

T̂keikθ.

The point of working with Cesàro means is that while the partial sums
of the Fourier series of T may not converge uniformly to T, the Cesàro
means do.

Theorem 2.7.4 (Fejér) Let X be a compact Hausdorff space, let n be
a natural number, and take T in M(n, C(X × S1)). Then the Cesàro
means of T converge uniformly to T; i.e., limm→∞ ‖Cm − T‖∞ = 0.

Proof We begin by writing the Cesàro means of T in an alternate form.
Using the definition of Cm, a change of variable, and the periodicity of
T, we obtain

Cm =
1

m + 1

m∑
j=0

j∑
k=−j

T̂keikθ

=
1

m + 1

m∑
j=0

j∑
k=−j

1
2π

∫ π

−π

T(μ)eik(θ−μ) dμ

=
1

2π(m + 1)

m∑
j=0

j∑
k=−j

∫ θ+π

θ−π

T(θ − α)eikα dα

=
1

2π(m + 1)

m∑
j=0

j∑
k=−j

∫ π

−π

T(θ − α)eikα dα

=
1
2π

∫ π

−π

T(θ − α)

⎛⎝ m∑
j=0

j∑
k=−j

eikα

m + 1

⎞⎠ dα.

The sum in parentheses is denoted Km(α) and is called the Fejér
kernel.
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An involved, but elementary, calculation yields

Km(α) =

⎧⎪⎨⎪⎩
1

m + 1
sin2
(
α(m + 1)/2

)
sin2(α/2)

if sin(α/2) �= 0

m + 1 if sin(α/2) = 0.

Comparing the two expressions for the Fejér kernel, we see that it
satisfies

Km(α) ≥ 0 (1)

Km(−α) = Km(α) (2)

0 ≤ Km(α) ≤ m + 1 (3)

1
2π

∫ π

−π

Km(α) dα = 1 (4)

for all α and m. The graph of y = sin θ is concave down on the interval
(0, π/2) and thus lies above the line segment from (0, 0) to (π/2, 1); in
other words, we have the inequality sin θ > 2θ/π for all 0 < θ < π/2.
This gives us the additional property

Km(α) ≤ 1
m + 1

1
sin2(α/2)

≤ 1
m + 1

π2

α2
, 0 < |α| < π. (5)

Property (4) implies that

T(θ) =
1
2π

∫ π

−π

T(θ)Km(α) dα,

and thus

‖Cm(θ) − T(θ)‖∞ =
∥∥∥∥ 1

2π

∫ π

−π

(T(θ − α) − T(θ))Km(α) dα

∥∥∥∥
∞

≤ 1
2π

∫ π

−π

‖T(θ − α) − T(θ)‖∞ Km(α) dα;

the inequality follows from property (1).

Fix ε > 0. Because X × S1 is compact, the function T is uniformly
continuous, and so there exists a δ > 0 such that |α| < δ implies

‖T(θ − α) − T(θ)‖∞ <
ε

2
.
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Then

1
2π

∫ δ

−δ

‖T(θ − α) − T(θ)‖∞ Km(α) dα

<
ε

4π

∫ δ

−δ

Km(α) dα ≤ ε

4π

∫ π

−π

Km(α) dα =
ε

2
.

On the other hand, property (5) gives us

1
2π

∫ π

δ

‖T(θ − α) − T(θ)‖∞ Km(α) dα ≤ 1
π
‖T‖∞
∫ π

δ

Km(α) dα

<
1
π
‖T‖∞

π2

m + 1

∫ π

δ

1
α2

dα

=
π − δ

δ(m + 1)
‖T‖∞ .

Similarly, from property (2) we know

1
2π

∫ −δ

−π

‖T(θ − α) − T(θ)‖∞ Km(α) dα <
π − δ

δ(m + 1)
‖T‖∞ ,

and thus

‖Cm(θ) − T(θ)‖∞ <
ε

2
+

2(π − δ)
δ(m + 1)

‖T‖∞ .

Therefore for m sufficiently large we obtain ‖Cm − T‖∞ < ε, as desired.

Definition 2.7.5 Let X be a compact Hausdorff space and let n be a nat-
ural number. An element T of M(n, C(X×S1)) is called a Laurent poly-
nomial if there exist a natural number m and elements Ak in M(n, C(X))
for −m ≤ k ≤ m such that

T(z) =
m∑

k=−m

Akzk.

If either Am or A−m is not identically zero, we say T has degree m. If
T(z) =

∑m
k=0 Akzk, then T is a polynomial.

Definition 2.7.6 Let X be compact Hausdorff and let m and n be nat-
ural numbers. Define

Lm(n, C(S ′X)) = {L ∈ GL(n, C(S ′X)) : L is a Laurent polynomial

of degree at most m such that L(1) = In}
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Pm(n, C(S ′X)) = {P ∈ GL(n, C(S ′X)) : P is a polynomial

of degree at most m such that P(1) = In}

I(n, C(S ′X)) = {In − E + Ez : E is an idempotent in M(n, C(X))}.

Lemma 2.7.7 Let X be a compact Hausdorff space, let n be a natural
number, and suppose that T is in GL(n, C(S ′X)). Then for every ε > 0,
there exists a natural number m and a Laurent polynomial L of degree
at most m such that ‖T − L‖∞ < ε. In addition, if T(1) = In, then L

can be chosen to be in Lm(n, C(S ′X)).

Proof Fix ε > 0 and choose δ ≤ 1/
∥∥T−1
∥∥
∞. By Theorem 2.7.4, there

exists a natural number M with the property that ‖T − Cm‖∞ < δ for
all m ≥ M , and Proposition 1.3.5 states that Cm is invertible for all
such m.

Now suppose T(1) = In and define Lm(z) = Cm(z)Cm(1)−1T(1) for
m ≥ M . Then Lm is invertible and

‖T − Lm‖∞ =
∥∥T − CmCm(1)−1T(1)

∥∥
∞

≤ ‖T − Cm‖∞ +
∥∥Cm − CmCm(1)−1T(1)

∥∥
∞

≤ ‖T − Cm‖∞ + ‖Cm‖∞
∥∥In − Cm(1)−1T(1)

∥∥
∞

≤ δ+
(
‖T‖∞ + δ

) ∥∥In − Cm(1)−1T(1)
∥∥
∞ .

We may therefore choose δ sufficiently small and m sufficiently large so
that ‖T − Lm‖∞ < ε. Setting L = Lm gives us the desired element of
Lm(n, C(S ′X)).

Lemma 2.7.8 Let X be compact Hausdorff, let m and n be natural
numbers, and suppose that L0 and L1 in Lm(n, C(S ′X)) are homotopic
in GL(n, C(S ′X)). Then for some natural number M ≥ m, there exists
a homotopy in LM (n, C(S ′X)) from L0 to L1.

Proof Choose a homotopy in GL(n, C(S ′X)) from L0 to L1; we write
this homotopy as {H(t)} instead of the more usual {Ht}. Set

R = sup{
√

2 +
∥∥H(t)−1

∥∥
∞ : 0 ≤ t ≤ 1}

and choose points 0 = t0 < t1 < t2 < · · · < tK = 1 so that

‖H(tk) − H(tk−1)‖∞ <
1

3R3

for all 0 < k ≤ K. For each 0 < k < K, we use Lemma 2.7.7 to choose
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an integer m(k) ≥ m and an element L(tk) in Lm(k)(n, C(S ′X)) with the
property that

‖L(tk) − H(tk)‖∞ <
1

3R3
.

Each L(tk) is invertible by Proposition 1.3.5 and

‖L(tk) − L(tk−1)‖∞ ≤ ‖L(tk) − H(tk)‖∞ +

‖H(tk) − H(tk−1)‖∞ + ‖H(tk−1) − L(tk−1)‖∞ <
1

R3

for all 0 < k ≤ K. Next, Lemma 1.3.7 gives us∥∥L(tk)−1
∥∥
∞ ≤
∥∥L(tk)−1 + H(tk)−1

∥∥
∞ +
∥∥H(tk)−1

∥∥
∞

< 2R2 · 1
R

+ R

=
2 + R2

R
.

Because R >
√

2, we obtain the string of inequalities

‖L(tk) − L(tk−1)‖∞ <
1

R3
<

R

2 + R2
<

1
‖L(tk)−1‖∞

,

and Proposition 1.3.5 implies that for each 0 < k ≤ K, the straight line
homotopy from L(tk−1) to L(tk) consists of invertible elements. Con-
catenate these straight line homotopies to obtain a homotopy {Lt} of
invertible Laurent polynomials of degree at most M = max{m(k) : 0 ≤
k ≤ K} from L0 to L1. Finally, if we define L̃t(z) = Lt(z)L−1

t (1), then
{L̃t} is a homotopy in LM (n, C(S ′X)) from L0 to L1.

Proposition 2.7.9 Let X be compact Hausdorff, let n be a natural
number, and suppose T is an element of GL(n, C(S ′X)).

(i) There exist a natural number m and a Laurent polynomial L in
Lm(n, C(S ′X)) such that [L] = [T] in K-1(S ′X).

(ii) For some natural number M , there exist polynomials P and Q in
PM (n, C(S ′X)) such that [T] = [P][Q]−1 in K-1(S ′X).

Proof Thanks to Proposition 1.3.5 and Lemma 2.7.7, we may assume
that T is a Laurent polynomial. Define L(z) = T(z)T(1)−1. Then L

is in Lm(n, C(S ′X)) for some natural number m. The matrix T(1)−1

is a constant matrix, and Proposition 1.3.11 implies that there exists a
homotopy from T(1)−1 to In consisting of invertible matrices that do
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not depend on z. Therefore [L] = [T][T(1)−1] = [T], which establishes
(i).

To show (ii), choose a natural number M ≥ m so large that zM−mL

is a polynomial. Then zM−mL and zM−mIn are in PM (n, C(S ′X)), and
[T] = [L] = [zM−mL][zM−mIn]−1.

Proposition 2.7.10 Let X be a compact Hausdorff space. For each
pair of natural numbers m and n with m ≥ 2, there exists a continuous
function

ν : Pm(n, C(S ′X)) −→ P1((m + 1)n, C(S ′X))

such that [ν(P)] = [P] in K-1(S ′X) for all P in Pm(n, C(S ′X)).

Proof Write P =
∑m

k=0 Akzk, define

ν̃(P) =

⎛⎜⎜⎜⎜⎜⎝
A0 A1 A2 · · · Am−1 Am

−zIn In 0 · · · 0 0
0 −zIn In · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −zIn In

⎞⎟⎟⎟⎟⎟⎠ ,

and set ν(P)(z) = ν̃(P)(z)(ν̃(P)(1))−1. For 0 ≤ t ≤ 1, define

Rt(z) =

⎛⎜⎜⎜⎜⎜⎝
In −t

∑m
k=1 Akzk−1 −t

∑m
k=2 Akzk−2 · · · −tAm

0 In 0 · · · 0
0 0 In · · · 0
...

...
...

. . .
...

0 0 0 · · · In

⎞⎟⎟⎟⎟⎟⎠ .

This gives us a homotopy {(Rt(1))−1Rt(z)ν(P)} in Pm((m+1)n, C(S ′X))
from ν(P) to the matrix

Γ(z) =

⎛⎜⎜⎜⎜⎜⎝
P 0 0 · · · 0 0

−zIn In 0 · · · 0 0
0 −zIn In · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −zIn In

⎞⎟⎟⎟⎟⎟⎠ .

Define

Ht(z) =

{
R2t(−1)R2t(z)ν(P)(z) 0 ≤ t ≤ 1

2

Γ
(
(2 − 2t)z

)
1
2 ≤ t ≤ 1.
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Then {Ht} is a homotopy in Pm((m + 1)n, C(S ′X)) from ν(P) to the
matrix diag(P, Imn), whence [ν(P)] = [P] in K-1(S ′X).

Lemma 2.7.11 Let X be a Hausdorff space, let n be a natural number,
and suppose P is a polynomial in GL(n, C(X × S1)). Then the Fourier
series of P−1 converges uniformly to P−1.

Proof The inverse R of P is twice continuously differentiable as a function
of θ (in fact, infinitely differentiable) because P has this property. Let
Bk be the kth Fourier coefficient of R. For k �= 0, integrate by parts
twice to obtain

‖Bk‖∞ =
∥∥∥∥ −1

2πk2

∫ π

−π

R′′(θ)eikθ dθ

∥∥∥∥
∞

≤ 1
k2

‖R′′‖∞ .

By the Weierstrauss M -test, the partial sums of the Fourier series for
R form a Cauchy sequence and therefore converge uniformly to some
function. We do not immediately know that the partial sums converge to
R. However, Theorem 2.7.4 shows that the Cesàro means of R converge
uniformly to R, and therefore the partial sums converge to R as well.

Proposition 2.7.10 suggests that we look more closely at polynomials
of degree one.

Lemma 2.7.12 Let X be a compact Hausdorff space, let n be a natural
number, and suppose P = A0 +A1z is an element of P1(n, C(S ′X)). Let∑

k∈Z
Bkzk be the Fourier series of P−1. Then the following hold:

(i) A0Bk + A1Bk−1 = BkA0 + Bk−1A1 =

{
In if k = 0

0 if k �= 0;
(ii) Suppose that either k < 0 and l ≥ 0, or that l < 0 and k ≥ 0.

Then:

(a) BkAjBl = 0 for j = 0, 1
(b) BkBl = 0.

(iii) BkBl = BlBk for all integers k and l;
(iv) AjBk = BkAj for j = 0, 1 and all integers k;
(v) A0A1 = A1A0;
(vi) A0B0 is an idempotent.
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Proof Multiply the Fourier series of P and P−1 together to obtain

In = PP−1 = (A0 + A1z)

(∑
k∈Z

Bkzk

)
=
∑
k∈Z

(A0Bk + A1Bk−1) zk,

from which the first part of (i) immediately follows. Similarly, the equa-
tion P−1P = In yields the second part of (i).

We verify (ii)(a) for the case when j = 0, k < 0, and l ≥ 0; the other
cases are similar. From (i), we have

BkA0Bl = −Bk−1A1Bl = Bk−1A0Bl+1.

Iterating this process, we see that BkA0Bl = Bk−rA0Bl+r for all positive
integers r. Because the Fourier series for P−1 converges absolutely, both
Bk−r and Bl+r converge to 0 as r goes to ∞, and therefore BkA0Bl = 0.

To show (ii)(b), note that In = P(1) = A0 + A1. Thus from (ii)(a) we
obtain

BkBl = Bk(A0 + A1)Bl = BkA0Bl + BkA1Bl = 0 + 0 = 0.

In light of (ii)(b), we need only establish (iii) for the cases where
kl ≥ 0. Suppose that l < k ≤ 0. We repeatedly use (i) to produce the
equations

BkA0Bl = −BkA1Bl−1 = Bk+1A0Bl−1 = · · · = BlA0Bk

BkA1Bl = −Bk+1A0Bl = Bk+1A1Bl−1 = · · · = BlA1Bk.

Add these two equations to obtain

BkBl = Bk(A0 + A1)Bl = Bl(A0 + A1)Bk = BlBk.

The cases k < l ≤ 0, 0 ≤ k < l, and 0 ≤ l < k are similar.
To prove (iv), first take k ≤ 0. From (i) and the fact that A0+A1 = In,

we have

A0Bk − BkA0 = −A1Bk−1 + Bk−1A1

= −(In − A0)Bk−1 + Bk−1(In − A0)

= A0Bk−1 − Bk−1A0.

By iteration, we see that A0Bk−BkA0 = A0Bk−r−Bk−rA0 for all positive
integers r. Letting r go to infinity then shows that A0Bk − BkA0 = 0.
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The case where k > 0 is similar. As for A1, another application of (i)
yields

A1Bk − BkA1 = −A0Bk+1 + Bk+1A0 = 0

for all integers k.
The fact that A1 = In −A0 immediately implies (v). Finally, to show

that A0B0 is an idempotent, observe that

A0B0A0B0 = A0B0(In − A1B−1) = A0B0 − A0B0A1B−1 = A0B0

by (i) and (ii)(a).

Proposition 2.7.13 Let X be a compact Hausdorff space and let n be
a natural number. There exists a continuous function

ξ : P1(n, C(S ′X)) −→ I(n, C(S ′X))

such that:

(i) for every idempotent E in M(n, C(X)),

ξ(In − E + Ez) = In − E + Ez;

(ii) [ξ(P)] = [P] holds in K-1(S ′X) for every P in P1(n, C(S ′X)).

Proof Write P = A0 + A1z and P−1 =
∑

k∈Z
Bkzk, and set F = A0B0

and E = In − F. We define

ξ(P) = F + Ez.

The map ξ is continuous, because the Fourier coefficients of P and P−1

vary continuously. Part (i) of the proposition holds because the inverse
of In − E + Ez is In − E + Ez−1.

Verifying (ii) is harder. Define L1(z) = E + P(z)F and L2(z) = F +
P(z−1)Ez. Parts (iv) and (v) of Lemma 2.7.12 imply that P commutes
with F and E, and because EF = FE = 0, we obtain

L1(z)L2(z−1)(ξ(P))(z) = (E + P(z)F)
(
F + P(z)Ez−1

)
(F + Ez)

=
(
P(z)Ez−1 + P(z)F

)
(F + Ez)

= P(z)(F + E)

= P(z).

Furthermore, L1 and L2 are invertble, with L−1
1 (z) = E + P−1(z)F and

L−1
2 (z) = F + P−1(z−1)Ez−1. Therefore, to prove the proposition, it
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suffices to show that there exists a homotopy {Ht} in GL(n, C(S ′X))
from L1(z)L2(z−1) to In.

We construct our homotopy by extending L1 and L2 and their inverses
from functions on X×S1 to functions on the product of X and the closed
unit disk. For 0 < t ≤ 1 and z in S1, we have

L−1
1 (tz) = E + P−1(tz)F

= E +
∑
k∈Z

BkA0B0(tz)k

= E + B0F +
∞∑

k=1

BkA0B0(tz)k;

the last equality follows from part (ii)(a) of Lemma 2.7.12. Because
there are no negative powers of tz, our formula for L−1

1 (tz) extends to
t = 0, and L1(tz)L−1

1 (tz) = In for all 0 ≤ t ≤ 1 and z in S1. A similar
computation yields

L−1
2 (tz−1) = F + P−1(t−1z)Et−1z

= F +
∑
k∈Z

BkA1B−1(t−1z)k+1

= F + B−1E +
−2∑

k=−∞
BkA1B−1(t−1z)k+1

= F + B−1E +
∞∑

j=1

B−(j+1)A1B−1(tz−1)j .

Thus L2(tz−1) and L−1
2 (tz−1) are defined for all 0 ≤ t ≤ 1 and z in

S1, and L2(tz−1)L−1
2 (tz−1) = In. Define Ht(z) = L1(tz)L2(tz−1). Then

{Ht} is the desired homotopy.

We need one final lemma.

Lemma 2.7.14 Let X be compact Hausdorff and let n be a natural
number. Then the mapping In − E + Ez �→ E is a continuous function
from I(n, C(SX)) to idempotents in M(n, C(X)).

Proof The continuity of the map follows immediately from the equation

E =
1
2

(
In −
(
In − E + E(−1)

))
.
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Theorem 2.7.15 For every compact Hausdorff space X, the map

β : K0(X) −→ K-1(S ′X)

is a natural isomorphism of groups.

Proof We showed in Proposition 2.7.2 that β is a group homomorphism
and a natural transformation, and the surjectivity of β follows imme-
diately from Propositions 2.7.9, 2.7.10, and 2.7.13. To show that β is
injective, suppose that

β
(
[E] − [F]

)
= β[E]
(
β[F]
)−1 = 1.

Choose a natural number n large enough so that E and F can be taken to
be idempotents in M(n, C(X)). By applying Lemma 2.7.7 and increasing
n if necessary, we know there is a homotopy {Jt} in Lm(n, C(S ′X)) from
In − E + Ez to In − F + Fz. Let m be the largest natural number that
appears in any of the Jt, choose M so that −M is the most negative
power of z that appears in any of the Jt, and for 0 ≤ t ≤ 1 define
Pt = diag(zMJt, IMn). Then {Pt} is a homotopy in PM+m(n, C(S ′X))
from diag(zm(In − E + Ez), I(M−1)n) to diag(zm(In − F + Fz), I(M−1)n).
Repeated application of Proposition 1.3.3 gives us a homotopy {Rt} in
PM+m(n, C(S ′X)) from diag(In−E+Ez, I(M−1)nz) to diag(zm(In−E+
Ez), I(M−1)n).

Similarly, we can construct a homotopy {St} in PM+m(n, C(S ′X))
from diag(zm(In−F+Fz), I(M−1)n) to diag(In−F+Fz, I(M−1)n). Define

Ht =

⎧⎪⎪⎨⎪⎪⎩
R1−3t 0 ≤ t ≤ 1

3

P3t−1
1
3 ≤ t ≤ 2

3

S3t−2
2
3 ≤ t ≤ 1.

Then {ξν(Ht)} is a homotopy of idempotents from ξν(diag(In − E +
Ez, I(M−1)nz)) to ξν(diag(In − F + Fz, I(M−1)nz)).

We can explicitly compute both ends of this homotopy. Note that

diag(In−E+Ez, I(M−1)nz) = diag(In−E, 0(M−1)n)+diag(E, I(M−1)n)z.

Let Ã0 = diag(In − E, 0(M−1)n) and Ã1 = diag(E, I(M−1)n). To simplify
the notation, we drop the subscripts on identity matrices, and apply the



2.7 Bott periodicity 97

formula for ν̃ in Proposition 2.7.10 to obtain

ν̃(Ã0 + Ã1z) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ã0 Ã1 0 0 0 · · · 0 0
−Iz I 0 0 0 · · · 0 0
0 −Iz I 0 0 · · · 0 0
0 0 −Iz I 0 · · · 0 0
0 0 0 −Iz I · · · 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 · · · −Iz I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The equations Ã2
0 = Ã0, Ã

2
1 = Ã1, Ã0Ã1 = Ã1Ã0 = 0 and Ã0 + Ã1 = I

imply

(
ν̃(Ã0 + Ã1z)(1)

)−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I −Ã1 0 0 0 · · · 0 0
I Ã0 0 0 0 · · · 0 0
I Ã0 I 0 0 · · · 0 0
I Ã0 I I 0 · · · 0 0
I Ã0 I I I · · · 0 0
...

...
...

...
...

. . .
...

...
I Ã0 I I I · · · I I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let z̃ = z − 1. Then

ν(Ã0 + Ã1z) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0 0 0 · · · 0 0
−Iz̃ Ã0 + Ã1z 0 0 0 · · · 0 0
−Iz̃ −Ã0z̃ I 0 0 · · · 0 0
−Iz̃ −Ã0z̃ −Iz̃ I 0 · · · 0 0
−Iz̃ −Ã0z̃ −Iz̃ −Iz̃ I · · · 0 0

...
...

...
...

...
. . .

...
...

−Iz̃ −Ã0z̃ −Iz̃ −Iz̃ −Iz̃ · · · −Iz̃ I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

which has inverse⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0 · · · 0 0
(Ã0 + Ã1z

−1)z̃ Ã0 + Ã1z
−1 0 · · · 0 0

(Ã0 + Ã1z
−1)zz̃ Ã0z̃ I · · · 0 0

(Ã0 + Ã1z
−1)z2z̃ Ã0zz̃ Iz̃ · · · 0 0

(Ã0 + Ã1z
−1)z3z̃ Ã0z

2z̃ Izz̃ · · · 0 0
...

...
...

. . .
...

...
(Ã0 + Ã1z

−1)zm−1z̃ Ã0z
m−2z̃ Izm−3z̃ · · · Iz̃ I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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In the notation of Lemma 2.7.12, we have

A0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0 0 0 · · · 0 0
I Ã0 0 0 0 · · · 0 0
I Ã0 I 0 0 · · · 0 0
I Ã0 I I 0 · · · 0 0
I Ã0 I I I · · · 0 0
...

...
...

...
...

. . .
...

...
I Ã0 I I I · · · I I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and

B0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I 0 0 0 0 · · · 0 0
Ã1 − Ã0 Ã0 0 0 0 · · · 0 0
−Ã1 −Ã0 I 0 0 · · · 0 0

0 0 −I I 0 · · · 0 0
0 0 0 −I I · · · 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 · · · −I I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Thus

A0B0 = diag

((
IMn 0
Ã1 Ã0

)
, IMn(m−2)

)

= diag
((

IMn 0
diag(E, I(M−1)n) diag(In − E, 0(M−1)n)

)
, IMn(m−2)

)
.

A similar computation with F gives us

diag
((

IMn 0
diag(F, I(M−1)n) diag(In − F, 0(M−1)n)

)
, IMn(m−2)

)
at the other end of our homotopy of idempotents. Lemma 2.7.14 then
implies that

[
diag
((

IMn 0
diag(E, I(M−1)n) diag(In − E, 0(M−1)n)

)
, IMn(m−2)

)]
=[

diag
((

IMn 0
diag(F, I(M−1)n) diag(In − F, 0(M−1)n)

)
, IMn(m−2)

)]
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in K0(X), whence[(
IMn 0

diag(E, I(M−1)n) diag(In − E, 0(M−1)n)

)]
=[(

IMn 0
diag(F, I(M−1)n) diag(In − F, 0(M−1)n)

)]
.

Conjugate the left side of this equation by(
IMn diag(In − E, 0(M−1)n)

−diag(E, I(M−1)n) IMn

)
and the right side by(

IMn diag(In − F, 0(M−1)n)
−diag(F, I(M−1)n) IMn

)
to obtain[

diag
(
IMn, In − E, 0(M−1)n

)]
=
[
diag
(
IMn, In − F, 0(M−1)n

)]
.

Finally, using Lemma 1.7.3 and the definition of addition in K0(X), we
obtain

[IMn] + [In − E] + [0(M−1)n] = [IMn] + [In − F] + [0(M−1)n]

[In − E] = [In − F]

[In] − [E] = [In] − [F]

[E] = [F].

Corollary 2.7.16 For every locally compact Hausdorff space X, there
exists a natural isomorphism β : K0(X) −→ K-2(X).

Proof Consider the commutative diagram

0 �� K0(X) �� K0(X+) ��

β

��

K0({∞})

β

��

�� 0

0 �� K-2(X) �� K-2(X+) �� K-2({∞}) �� 0

that has exact rows. The inclusion of {∞} into X+ makes the top row
split exact by Theorem 2.6.11. Moreover, if we take each topological
space in the top row and form its Cartesian product with R2, Definition
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2.6.14 and Theorem 2.6.11 yield that the bottom row is also split exact.
The desired result is then a consequence of Proposition 1.8.9.

Corollary 2.7.17 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X, and let j denote the inclusion of A into X.
Then there exists an exact sequence

K0(X\A) �� K0(X)
j∗ �� K0(A)

∂

��
K-1(A)

∂

��

K-1(X)
j∗

�� K-1(X\A),��

and both connecting maps ∂ are natural.

Proof We know from Theorem 2.6.16 that the map ∂ : K-1(A) −→
K0(X, A) is natural and that the sequence is exact at the groups K-1(X),
K-1(A), K0(X\A), and K0(X). Exactness at K0(A) and K-1(X\A) and
the naturality of the other connecting map are immediate consequences
of Theorems 2.6.16 and 2.7.15.

Proposition 2.7.18 Let A be a closed subspace of a locally compact
Hausdorff space X and let ∂ : K0(A) −→ K-1(X\A) be the connecting
homomorphism in Corollary 2.7.17. Suppose that E is an idempotent in
M(n, C(A+)) such that E(∞) = diag(Ik, 0n−k). If B is an element (not
necessarily an idempotent) in M(n, C(X+)) whose restriction to A+ is
E, then

∂
(
[E] − [Ik]

)
= [exp(−2πiB)]

in K-1(X\A).

Proof We express ∂ : K0(A) −→ K-1(X\A) as a composition of maps.
The first comes from identifying (0, 1) with S1\{1} via the homeomor-
phism t �→ e2πit and applying the Bott periodicity isomorphism

β : K0(A) −→ K-1(A × (0, 1)).

The second homomorphism is the connecting map

∂′ : K-1(A × (0, 1)) −→ K0
(
(X\A) × (0, 1)

)
that arises when we apply Theorem 2.6.12 to the inclusion of A × (0, 1)
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into X × (0, 1). The third map is the isomorphism

σ : K-1(X\A) −→ K0
(
(X\A) × (0, 1)

)
that comes from Theorem 2.6.13 and the identification on R with (0, 1).
Then ∂ = σ−1∂′β; in other words, ∂ : K0(A) −→ K-1(X\A) is the
unique homomorphism that makes the square

K0(A) ∂ ��

β

��

K-1(X\A)

σ

��
K-1(A × (0, 1)) ∂′

�� K0
(
(X\A) × (0, 1)

)
commute.

We have

β
(
[E] − [Ik]

)
= [In − E + e2πitE] [(Ik − Ik + e2πitIk)−1]

= [In − E + e2πitE] [e−2πitIk].

For all 0 ≤ t ≤ 1, we obtain

exp(2πitE) = In +
∞∑

k=1

(2πit)k

k!
Ek

= In +
∞∑

k=1

(2πit)k

k!
E

= In − E +
∞∑

k=0

(2πit)k

k!
Ek

= In − E + e2πitE,

and thus

β
(
[E] − [Ik]

)
= [exp(2πitE)] [e−2πitIk]

= [exp(2πitE)] [diag(e−2πitIk, In−k)]

= [exp(2πitE) diag(e−2πitIk, In−k)].

Note that

exp(2πitE) diag(e−2πitIk, In−k) = In
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when t equals 0 or 1, and at ∞ we have

exp(2πitE) diag(e−2πitIk, In−k)

= exp(2πit diag(Ik, 0n−k)) diag(e−2πitIk, In−k)

= diag(e2πitIk, In−k) diag(e−2πitIk, In−k)

= In.

Therefore exp(2πitE) diag(e−2πitIk, In−k) determines an element of
GL(n, C(A+ × (0, 1)+)), and hence also an invertible matrix over the
one-point compactification of A× (0, 1), because (A× (0, 1))+ is homeo-
morphic to A+×(0, 1)+ with

(
{∞A}×(0, 1)

)
∪
(
A×{∞(0,1)}

)
collapsed to

a point. Use Corollary 1.3.17 to produce T in GL
(
2n, C((X × (0, 1))+)

)
with the property that

T|(A × (0, 1))+ =

diag
(
exp(2πitE) diag(e−2πitIk, In−k), exp(−2πitE) diag(e2πitIk, In−k)

)
.

Then ∂′β′([E] − [Ik]
)

= [Tdiag(In, 0n)T−1] − [In].
The next step is to choose an element B in M(n, C(X+)) whose

restriction to M(n, C(A+)) is E; we can find such an element by ap-
plying the Tietze extension theorem to each entry of E. When restricted
to A, the matrix exp(−2πiB) equals In, and therefore makes sense as an
element of GL(n, C((X\A)+)). View the matrix T that we constructed
in the previous paragraph as a matrix over X × [0, 1] that is constant on
the set X × {0, 1}, and define

T̃ = Tdiag(exp(−2πitB), exp(2πitB)).

When t = 0, the matrix T has the constant value I2n because it has that
value when restricted to A×{0}, and thus T̃|(X×{0}) = I2n. Moreover,
a simple computation shows that T̃|(A× (0, 1]) = I2n as well. Therefore
Theorem 2.6.13 gives us

σ[exp(−2πiB)] = [T̃diag(In, 0n)T̃−1] − [In]

= [Tdiag(In, 0n)T−1] − [In]

= ∂′β
(
[E] − [Ik]

)
,

as desired.

Corollary 2.7.19 For every compact pair (X, A), there exists an exact
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sequence

K0(X, A)
μ∗

1 �� K0(X)
j∗ �� K0(A)

∂

��
K-1(A)

∂

��

K-1(X)
j∗

�� K-1(X, A)
μ∗

1��

whose connecting homomorphisms ∂ are natural.

Proof The naturality of ∂ : K-1(A) −→ K0(X, A) and the exactness
of the sequence at K-1(A), K-1(X), K0(X, A), and K0(X) come from
Theorem 2.4.1, and remainder of the result follows from Theorem 2.3.17,
Theorem 2.6.11, and Corollary 2.7.17. Theorem 2.3.17 and Proposition
2.7.18 imply that in the notation of Proposition 2.7.18, the connecting
homomorphism ∂ : K0(A) −→ K-1(X, A) is given by the formula

∂
(
[E] − [Ik]

)
= [exp(−2πiB), In].

We close this section by noting that we can now define Kp for every
integer p.

Definition 2.7.20 Let p be any integer.

(i) For every locally compact Hausdorff space X, define

Kp(X) =

{
K0(X) if p is even

K-1(X) if p is odd.

(ii) For every compact pair (X, A), define

Kp(X, A) =

{
K0(X\A) if p is even

K-1(X\A) if p is odd.

2.8 Computation of some K groups

We are finally ready to compute the K-theory groups of some interesting
topological spaces.
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Example 2.8.1 (K-theory of Rn and Sn) For each natural number
n, Theorem 2.7.15 gives us

K0(Rn) ∼= K0((pt) × Rn) = K-n(pt) ∼=
{

Z if n is even

0 if n is odd.

This in turn yields

K-1(Rn) ∼= K0(Rn+1) ∼=
{

0 if n is even

Z if n is odd.

Combining these isomorphisms with Definition 2.7.20, we obtain

Kp(Rn) ∼=
{

Z if p + n is even

0 if p + n is odd

for all natural numbers n and integers p.
The n-sphere Sn is the one-point compactification of Rn. Thus

K̃0(Sn) = K̃0
(
(Rn)+
)

= K0(Rn),

and therefore

K0(Sn) ∼=
{

Z ⊕ Z if n is even

Z if n is odd.

Similarly, K̃-1(Sn) ∼= K-1(Rn), and therefore

K-1(Sn) ∼=
{

0 if n is even

Z if n is odd.

Because the group K0(S1) is isomorphic to Z, the trivial line bundle
Θ1(S1) is a generator. On the other hand, the topological space S ′(pt) is
homeomorphic to S1, so the group K-1(S1) is generated by

β[Θ1(S1)] = β[1] = [(1 − 1) + 1z] = [z].

If we represent R as S1\{1}, then [z] serves as a generator of K-1(R) as
well.

We can also write down generators for the groups K0(S2) and K0(R2).
We have the isomorphism K0(S2) ∼= K0(R2)⊕K0(pt); the trivial bundles
generate the second summand. To find a generator of K0(R2), apply
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Theorem 2.7.19 to the compact pair (B2, S1) to obtain the exact sequence

K0(B2, S1)
μ∗

1 �� K0(B2)
j∗ �� K0(S1)

∂

��
K-1(S1)

∂

��

K-1(B2)
j∗

�� K-1(B2, S1).
μ∗

1��

The disk B2 is contractible, so K0(B2) ∼= Z and the map j∗ from K0(B2)
to K0(S1) is an isomorphism. Thus μ∗

1 : K0(B2, S1) −→ K0(B2) is zero.
The contractibility of B2 yields that K-1(B2) is trivial and therefore the
connecting map ∂ : K-1(S1) −→ K0(B2, S1) is an isomorphism.

For each integer k, define

T =

(
zk −

√
1 − |z|2k√

1 − |z|2k z̄k

)
.

The matrix T is in GL(2, C(B2)) because det T = |z|2k + (1− |z|2k) = 1
for all z in B2. Furthermore, the restriction of T to S1 is diag(zk, z̄k) =
diag(zk, z−k). Theorem 2.4.1 gives us

∂[zk] =
[
Tdiag(1, 0)T−1,diag(1, 0)

]
− [1, 1]

=

[(
|z|2k zk

√
1 − |z|2k

z̄k
√

1 − |z|2k 1 − |z|2k

)
,

(
1 0
0 0

)]
− [1, 1],

and thus every element of K0(B2\S1) can be uniquely written in the
form [(

|z|2k zk
√

1 − |z|2k

z̄k
√

1 − |z|2k 1 − |z|2k

)]
− [1]

for some integer k. Now, the function φ(z) = z(1 + |z|2)−1/2 is a home-
omorphism from C ∼= R2 to B2\S1, and if we take k = 1 we obtain a
generator

b = φ∗
([(

|z|2 z
√

1 − |z|2
z̄
√

1 − |z|2 1 − |z|2
)]

− [1]
)

=
1

|z|2 + 1

[(
|z|2 z

z̄ 1

)]
− [1]

of K0(R2).
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Example 2.8.2 (K-theory of CP
1) Because CP

1 is homeomorphic
to S2, the previous example computes the K-theory of CP

1 up to iso-
morphism. To explicitly write down a nontrivial generator of K0(CP

n),
identify S2 with the one-point compactification of C. Then the map
ψ : CP

1 −→ S2 given by ψ([z1, z2]) = z1/z2 is a homeomorphism and

ψ∗(b) =
[

1
|z1|2 + |z2|2

(
|z1|2 z1z̄2

z̄1z2 |z2|2
)]

− [1]

in the notation of Example 2.8.1. Via the monoid isomorphism between
Idem(CP1) and Vect(CP

1), we can express ψ∗(b) as [H∗] − [1], where
[H∗] is the vector bundle we constructed in Example 1.5.10.

Definition 2.8.3 The wedge of pointed spaces (X, x0) and (Y, y0) is
the pointed space

X ∨ Y = (X × {y0}) ∪ ({x0} × Y ) ⊆ X × Y

endowed with the subspace topology and with (x0, y0) as basepoint.

Example 2.8.4 (K-theory of the figure eight) In this example we
compute the K-theory of the “figure eight” space S1 ∨ S1. Let j be the
inclusion of one of the copies of S1 into S1∨S1 and define a continuous
function ψ : S1 ∨ S1 −→ S1 by identifying the two copies of S1 to a
single circle. Then ψj is the identity map on S1. The topological space
(S1 ∨ S1)\S1 is homeomorphic to R, and hence Theorem 2.6.11 and
Example 2.8.1 yield

K0(S1 ∨ S1) ∼= K0(S1) ⊕ K0(R) ∼= Z

K-1(S1 ∨ S1) ∼= K-1(S1) ⊕ K-1(R) ∼= Z ⊕ Z.

The group K0(S1 ∨ S1) is generated by trivial bundles. For each pair of
integers (k, l), define f(k,l) on S1 ∨ S1 to be the function that is zk on
one circle and zl on the other circle. Then the map (k, l) �→ [f(k,l)] is
an isomorphism from Z ⊕ Z to K-1(S1 ∨ S1).

Example 2.8.5 (K-theory of the torus) Let j be the inclusion map
from S1 × {1} ∼= S1 into the torus S1 × S1 and let ψ be the projection
of S1 × S1 onto S1 × {1}. Then ψj is the identity. The complement of
S1 × {1} in S1 × S1 is homeomorphic to S1 × R, whence

K0(S1 × S1) ∼= K0(S1) ⊕ K0(S1 × R) ∼= K0(S1) ⊕ K-1(S1) ∼= Z ⊕ Z

K-1(S1 × S1) ∼= K-1(S1) ⊕ K-1(S1 × R) ∼= K-1(S1) ⊕ K-2(S1) ∼= Z ⊕ Z.
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Example 2.8.6 (K-theory of the real projective plane) The real
projective plane is the compact Hausdorff quotient space RP

2 constructed
by taking the closed unit disk B2 and identifying antipodal points on S1;
in other words, we identify z with −z when |z| = 1. Let q : B2 −→ RP

2

be the quotient map and let A = q(S1); we represent matrices over A

as matrices over S1 that are equal at antipodal points. Corollary 2.7.17
gives us the exact sequence

K0(RP
2\A) �� K0(RP

2)
j∗ �� K0(A)

∂

��
K-1(A)

∂

��

K-1(RP
2)

j∗
�� K-1(RP

2\A).��

The map φ : A −→ S1 given by φ(z) = z2 is well defined and is a
homeomorphism, so K0(A) and K-1(A) are both isomorphic to Z. The
complement of A in RP

2 is a homeomorphic to R2, so we also know that
K0(RP

2\A) is isomorphic to Z and that K-1(RP
2\A) is trivial.

To compute the K-theory of RP2, we examine the connecting homo-
morphism

∂ : K-1(A) −→ K0(RP
2\A).

Example 2.8.1 tells us that [z] is a generator K-1(S1), so q[z] = [z2]
is a generator of K-1(A). The matrix diag(z2, z−2) over A lifts to the
invertible matrix

T =
(

z2 −
√

1 − |z|4√
1 − |z|4 z̄2

)
over RP2, and Theorem 2.4.1 yields

∂[z2] =
[(

|z|4 z2
√

1 − |z|4
z̄2
√

1 − |z|4 1 − |z|4
)]

− [1].

From Example 2.8.1, we see that ∂[z] is two times a generator of the
group K0(RP2\A). Therefore K0(RP2) ∼= Z⊕Z2 and K-1(RP2) is trivial.

Example 2.8.6 shows that it is possible for K-theory groups to have
torsion.

2.9 Cohomology theories and K-theory

K-theory is an example of a cohomology theory :
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Definition 2.9.1 A cohomology theory with coefficients in Z is a doubly
infinite sequence H∗ = {Hp}p∈Z of contravariant functors from the cat-
egory of compact pairs to the category of abelian groups such that the
Eilenberg–Steenrod axioms hold:

• Homotopy axiom: If {ft} is a homotopy of morphisms from one
compact pair to another, then Hp(f0) = Hp(f1) for all p.

• Exactness axiom: For any compact pair (X, A), the inclusion of
A into X induces a long exact sequence

· · · ∂ �� Hp(X, A) �� Hp(X) ��

Hp(A) ∂ �� Hp+1(X, A) �� · · ·

with natural connecting maps.
• Excision axiom: Given a compact pair (X, A) and open subset U

of X whose closure is in the interior of A, the inclusion mor-
phism from (X\U,A\U) to (X, A) induces an isomorphism from
Hp(X, A) to Hp(X\U,A\U) for all p.

If a cohomology theory satisfies

• Dimension axiom:

Hp(pt) ∼=
{

Z if p = 0

0 if p �= 0
,

we say that H∗ is an ordinary cohomology theory; otherwise H∗ is called
an extraordinary cohomology theory.

We have shown in this chapter that K-theory is an extraordinary
cohomology theory. All ordinary cohomology theories agree, up to iso-
morphism, on a large subcategory of the category of compact pairs;
this subcategory covers most topological spaces of interest. In contrast,
K-theory is only one of many extraordinary cohomology theories. We
will explore the connection between K-theory and ordinary cohomology
theories in Chapter 4.

2.10 Notes

The original definition of K-theory for topological spaces goes back to
Atiyah and Hirzebruch [4]. Our definition for K-theory of compact pairs
largely comes from [15]; the reader can find alternate definitions in [12]
and [3]. There are many proofs of Bott periodicity in the literature; ours
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contains elements of the proofs in [12] and [16], which are in turn are vari-
ations on Atiyah’s original proof in [3]. For more information about co-
homology theories and the Eilenberg–Steenrod axioms, the reader should
consult [8].

Exercises

2.1 Compute the K-theory groups of

(a)
⊕

(b) the wedge of n copies of S1

(c) S1 ∨ S1 ∨ S2

(d) Rn\{0}
(e) the closed Möbius band; i.e., the quotient space obtained

by taking [0, 1]× [0, 1] and identifying (1, t) with (0, 1− t)
for all 0 ≤ t ≤ 1

(f) the open Möbius band; i.e., the closed Möbius band with
its boundary removed

(g) the Klein bottle

2.2 Write the 3-sphere S3 as the subspace

S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1}

of C2. For each natural number n, let L(n) denote the quotient
space constructed by identifying (z, w) and (e2πi/nz, e2πki/nw)
for each point (z, w) in S3. Show that K0(L(n)) ∼= Z ⊕ Zp

and that K-1(L(n)) ∼= Z. The spaces L(n) are examples of lens
spaces.

2.3 Let (X, A) be a compact pair. A continuous function r : X −→
A is a retract if r(a) = a for every a in A.

(a) Prove that there does not exist a retract from the closed
unit disk B2 to the unit circle S1.

(b) Prove the Brouwer fixed point theorem: Every continuous
function φ : B2 −→ B2 has a fixed point; i.e., a point x

in B2 such that φ(x) = x.
Hint: Assume that φ has no fixed point, and for each x

in B2, define r(x) to be the intersection point of S1 and
the ray that starts at x and contains φ(x).

2.4 Give an example of a function that is continuous at infinity but
not proper.
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2.5 Suppose that (X, A) and (A,Z) are compact pairs. Prove that
there exists a six-term exact sequence

K0(X, A) �� K0(X, Z) �� K0(A,Z)

∂

��
K-1(A,Z)

∂

��

K-1(X, Z)�� K-1(X, A),��

and write down formulas for the two connecting maps.
2.6 Prove that K0(X × S1) ∼= K0(X) ⊕ K-1(X) ∼= K-1(X × S1) for

every compact Hausdorff space X.
2.7 Let X be a compact Hausdorff space. The cone on X is the

topological space formed by taking the product space X × [0, 1]
and identifying X × {1} to a point. Prove that K̃0(X) and
K̃-1(X) are always trivial.

2.8 The smash product of compact pointed spaces X and Y is the
pointed space X ∧ Y obtained by taking X × Y and collapsing
X ∨Y to a point; the basepoint is the image of X ∨Y in X ∧Y .
Prove that for p = 0,−1, there exist isomorphisms

K̃p(X × Y ) ∼= K̃p(X ∧ Y ) ⊕ K̃p(X) ⊕ K̃p(Y ).

2.9 For each compact pointed space (X, x0), define the reduced sus-
pension S̃X of X to be S1∧X, and for n > 1, inductively define
S̃nX to be S̃

(
S̃n−1X

)
.

(a) Prove that S̃n defines a covariant functor from the cate-
gory of pointed spaces to itself for each n ≥ 1.

(b) For each natural number n, define K̃-n(X) to be the ker-
nel of the homomorphism from K-n(X) to K-n(x0). Prove
that there is an isomorphism K̃-n(X) ∼= K̃0

(
S̃nX
)
.

2.10 For each compact Hausdorff space X, define the unreduced sus-
pension SX of X to be the quotient space obtained by forming
the product X × [0, 1], identifying X × {0} to one point, and
identifying X × {1} to a second point. For n > 1, inductively
define SnX as S

(
Sn−1X

)
. Prove that K-n(SnX) ∼= K0(S̃nX) for

every natural number n.
2.11 For each compact pair (X, A) and integer n, show that the rel-

ative group K-n(X, A) in Definition 2.7.20 can be alternately
defined as the kernel of the homomorphism

μ∗
2 : K-n(D(X, A)) −→ K-n(X).
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Additional structure

In this chapter we will discuss various aspects of K-theory. Some of these
results have to do with additional algebraic structures, while others are
facts that we will need in Chapter 4.

3.1 Mayer–Vietoris

The Mayer–Vietoris exact sequence relates the K-theory of a compact
Hausdorff space X to the K-theory of two closed subspaces of X. In ad-
dition to being a useful computational tool, the Mayer-Vietoris sequence
will play an important role later in the chapter. The existence of the
exact sequence is a consequence of the following homological algebra
fact.

Lemma 3.1.1 Suppose

G1
φ1 ��

α1

��

G2
φ2 ��

α2

��

G3
φ3 ��

α3

��

G4
φ4 ��

α4

��

G5
φ5 ��

α5

��

G6

α6

��
H1

ψ1 �� H2
ψ2 �� H3

ψ3 �� H4
ψ4 �� H5

ψ5 �� H6

is a diagram of abelian groups that is commutative and has exact rows.
Further suppose that α1 and α4 are isomorphisms. Then the sequence

G2

(α2,φ2) �� H2 ⊕ G3
−ψ2+α3 �� H3

φ4α−1
4 ψ3 �� G5

(α5,φ5) �� H5 ⊕ G6

is exact.

Proof Take g2 in G2. Then α3φ2(g2) = ψ2α2(g2) and so −ψ2α2(g2) +
α3φ2(g2) = 0 in H3. Thus the kernel of −ψ2 + α3 contains the image of

111
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(α2, φ2). To show the reverse containment, take (h2, g3) in H2 ⊕G3 and
suppose that −ψ2(h2) + α3(g3) = 0. Then

α4φ3(g3) = ψ3α3(g3) = ψ3ψ2(h2) = 0

in H4, and φ3(g3) = 0 in G4 because α4 is an isomorphism. Thus there
exists an element g̃2 in G2 such that φ2(g̃2) = g3. Because

ψ2α2(g̃2) = α3φ2(g̃2) = α3(g3) = ψ2(h2),

we see that α2(g̃2)−h2 is in the kernel of ψ2. Choose h1 in H1 with the
property that ψ1(h1) = α2(g̃2) − h2, let g1 = α−1

1 (h1), and consider the
element g̃2 − φ1(g1) in G2. Then

φ2(g̃2 − φ1(g1)) = φ2(g̃2) − φ2φ1(g1) = φ2(g̃2) = g3

and

α2(g̃2 − φ1(g1)) = α2(g̃2) − α2φ1(g1) = α2(g̃2) − ψ1α1(g1)

= α2(g̃2) − ψ1(h1) = α2(g̃2) − (α2(g̃2) − h2) = h2,

whence our sequence is exact at H2 ⊕ G3.
To show exactness at H3, take (h2, g3) in H2 ⊕ G3. Then

φ4α
−1
4 ψ3(−ψ2(h2) + α3(g3)) =

− φ4α
−1
4 ψ3ψ2(h2) + φ4α

−1
4 ψ3α3(g3) = 0 + φ4φ3(g3) = 0.

Now suppose that φ4α
−1
4 ψ3(h3) = 0 in G5. Then α−1

4 ψ3(h3) = φ3(g̃3)
for some g̃3 in G3, and

ψ3α3(g̃3) = α4φ3(g̃3) = α4α
−1
4 ψ3(h3) = ψ3(h3).

Thus α3(g̃3)−h3 is in the kernel of ψ3 and therefore in the image of ψ2.
Choose h̃2 in H2 with ψ2(h̃2) = α3(g̃3) − h3. Then

−ψ2(h̃2) + α3(g̃3) = −(α3(g̃3) − h3) + α3(g̃3) = h3.

Finally, we show exactness at G5. Take h3 in H3, and note that(
α5φ4α

−1
4 ψ3(h3), φ5φ4α

−1
4 ψ3(h3)

)
=
(
ψ4α4α

−1
4 ψ3(h3), 0

)
= (0, 0).

Going the other way, suppose (α5(g5), φ5(g5)) = 0 in H5⊕G6 for some
g5 in G5. Then φ4(g4) = g5 for some g4 in G4, and

ψ4α4(g4) = α5φ4(g4) = α5(g5) = 0.
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Thus we may choose h̃3 in H3 with the property that ψ3(h̃3) = α4(g4),
whence

φ4α
−1
4 ψ3(h̃3) = φ4α

−1
4 α4(g4) = φ4(g4) = g5,

as desired.

Theorem 3.1.2 (Mayer–Vietoris) Suppose that X is locally compact
Hausdorff and that A1 and A2 are closed subspaces of X whose union is
X. Then there exists an exact sequence

K0(X) ��

��

K0(A1) ⊕ K0(A2) �� K0(A1 ∩ A2)

��
K-1(A1 ∩ A2) K-1(A1) ⊕ K-1(A2)�� K-1(X).��

Proof For p = 0,−1, consider the commutative diagram

Kp(X\A2) ��

��

Kp(A1\(A1 ∩ A2))

��
Kp(X) ��

��

Kp(A1)

��
Kp(A2) ��

��

Kp(A1 ∩ A2)

��
K-(p+1)(X\A2) ��

��

K-(p+1)(A1\(A1 ∩ A2))

��
K-(p+1)(X) ��

��

K-(p+1)(A1)

��
K-(p+1)(A2) �� K-(p+1)(A1 ∩ A2)

whose horizontal homomorphisms are induced by inclusion maps. The
columns of the diagram are exact by Corollary 2.7.17, and because
A1\A1 ∩ A2 = X\A2, the theorem immediately follows from Lemma
3.1.1.



114 Additional structure

3.2 Tensor products

Given a compact Hausdorff space X, the addition on K0(X) comes from
the internal Whitney sum of vector bundles. We can also define a mul-
tiplication on vector bundles called tensor product ; we will show that
tensor product makes K0(X) into a commutative ring with unit. We
begin by looking at the tensor product of modules.

Definition 3.2.1 Let R be a ring with unit. A (left) R-module is an
abelian group M equipped with an action of R on M; i.e., a function
R × M −→ M, denoted by juxtaposition or a dot, such that for all r

and r′ in R and a and a′ in M:

(i) r(a + a′) = ra + ra′;

(ii) (r + r′)a = ra + r′a;

(iii) r(r′a) = (rr′)a;

(iv) 1a = a.

A map φ : M −→ M′ is an R-module homomorphism if φ is a group
homomorphism with the additional property that φ(ra) = rφ(a) for all r

in R and a in M. If there exists a finite subset {a1, a2, . . . , an} of M
with the feature that every element a of M can be written (not necessarily
uniquely!) in the form a = r1a1+r2a2+· · ·+rnan for some r1, r2, . . . , rn

in R, we say that M is finitely generated. Finally, if M is isomorphic
to Rn for some natural number n, we say that M is a free R-module of
rank n.

Example 3.2.2 Every abelian group is a Z-module and an abelian group
is a free Z-module if and only if it is a free abelian group; i.e., isomorphic
to a direct sum of copies of Z.

Example 3.2.3 Let F be a field. An F-module is a vector space over F,
and thus every F-module is free.

Example 3.2.4 Let R be any ring and suppose a1, a2, . . . , am are objects
that are not in R. The free module generated by a1, a2, . . . , am is the
set of formal sums

{r1a1 + r2a2 + · · · + rmam : r1, r2, . . . , rm ∈ R}
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with addition and the action of R defined by the formulas

(r1a1 + r2a2 + · · · + rmam) + (r′1a1 + r′2a2 + · · · + r′mam) =

(r1 + r′1)a1 + (r2 + r′2)a2 + · · · + (rm + r′m)am

r′(r1a1 + r2a2 + · · · + rmam) = r′r1a1 + r′r2a2 + · · · + r′rmam.

Definition 3.2.5 Let R be a commutative ring with unit and suppose
that M and N are R-modules. The tensor product of M and N (over
R) is the R-module M⊗N generated by simple tensors

{a ⊗ b : a ∈ M, b ∈ N}

subject to the relations

(a + a′) ⊗ b = a ⊗ b + a′ ⊗ b

a ⊗ (b + b′) = a ⊗ b + a ⊗ b′

r(a ⊗ b) = (ra) ⊗ b = a ⊗ (rb)

for all a and a′ in M, all b and b′ in N , and all r in R.

We could also define the tensor product of modules over a noncom-
mutative ring, but we will not need this. In fact, the only module tensor
products we will use in this book are tensor products of abelian groups
(Z-modules) and tensor products of vector spaces (C-modules).

Example 3.2.6 Let G be an abelian group. For each natural number k,
there is a Z-module isomorphism

G ⊗ Zk ∼=
k⊕

i=1

G.

We can produce such an isomorphism in the following way: for each
1 ≤ i ≤ k, let δi be the element of Zn that is 1 is the ith position and is
0 elsewhere. Then every element of G ⊗ Zn can be uniquely written in
the form

∑k
i=1 gi ⊗ δi, and this is mapped to the k-tuple (g1, g2, . . . , gk).

Tensor products with Zk have an important property that does not
generally hold when tensoring with other abelian groups.

Proposition 3.2.7 Suppose that

G1
φ1 �� G2

φ2 �� · · · φn−1 �� Gn
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is an exact sequence of abelian groups. Then for every natural number
n, the sequence

G1 ⊗ Zk
φ1⊗id �� G2 ⊗ Zk

φ2⊗id �� · · · φn−1⊗id �� Gk ⊗ Zk

is also exact.

Proof Using the isomorphism described in Example 3.2.6, the sequence
in question becomes

k⊕
i=1

G1
⊕φ1 ��

k⊕
i=1

G2
⊕φ2 �� · · · ⊕φn−1 ��

k⊕
i=1

Gn,

which is exact.

Example 3.2.8 Let V and W be vector spaces. The tensor product
V ⊗ W (over C) is also a vector space. If {ei : 1 ≤ i ≤ m} and {fj :
1 ≤ j ≤ n} are bases for V and W respectively, then {ei ⊗ fj : 1 ≤ i ≤
m, 1 ≤ j ≤ n} is a vector space basis for V ⊗W.

Proposition 3.2.9 Let V and W be inner product spaces. Then there
is a unique inner product on V ⊗W for which

〈v ⊗ w, v′ ⊗ w′〉 = 〈v, v′〉 〈w,w′〉

for all simple tensors v ⊗ w and v′ ⊗ w′.

Proof Choose orthonormal bases {ei : 1 ≤ i ≤ m} and {fj : 1 ≤ j ≤ n}
for V and W respectively. Then {ei ⊗ fj : 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a
vector space basis for V ⊗W. Define an inner product on V ⊗W by the
formula 〈∑

i,j

αijei ⊗ fj ,
∑
i,j

βijei ⊗ fj

〉
=
∑
i,j

αijβij .

This inner product satisfies the desired equation when applied to simple
tensors and is unique because every element of V⊗W is a complex linear
combination of simple tensors.

Definition 3.2.10 Let V, V ′, W and W ′ be vector spaces, and suppose
that φ : V −→ V ′ and ψ : W −→ W ′ are linear maps. We define

φ ⊗ ψ : V ⊗W −→ V ′ ⊗W ′
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by setting

(φ ⊗ ψ)(v ⊗ w) = φ(v) ⊗ ψ(w)

on simple tensors and extending linearly.

By its very definition φ ⊗ ψ is linear, and an easy check shows that
φ ⊗ ψ is well defined.

We can also write the tensor product of linear transformations in terms
of matrices. Choose an ordered basis {e1, e2, . . . , em} of V and let A be
the matrix of φ with respect to this basis. Similarly, let B be the matrix
representation of ψ with respect to an ordered basis {f1, f2, . . . , fn} of
W. Then

{e1 ⊗ f1, e1 ⊗ f1, . . . , e1 ⊗ fn, e2 ⊗ f1, . . . , em ⊗ fn−1, em ⊗ fn}

is an ordered basis for V ⊗W. The matrix for A⊗B with respect to this
basis is the mn-by-mn matrix obtained by taking each entry of A and
multiplying by the matrix for B. For example, if

A =
(

a11 a12

a21 a22

)
and B =

⎛⎝b11 b12 b13

b21 b22 b23

b31 b32 b33

⎞⎠ ,

then

A ⊗ B =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a11b11 a11b12 a11b13 a12b11 a12b12 a12b13

a11b21 a11b22 a11b23 a12b21 a12b22 a12b23

a11b31 a11b32 a11b33 a12b31 a12b32 a12b33

a21b11 a21b12 a21b13 a22b11 a22b12 a22b13

a21b21 a21b22 a21b23 a22b21 a22b22 a22b23

a21b31 a21b32 a21b33 a22b31 a22b32 a22b33

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

The tensor product of matrices is sometimes called the Kronecker
product.

Definition 3.2.11 Let X and Y be compact Hausdorff spaces, let m

and n be natural numbers, and let A and B be elements of M(m,C(X))
and M(n, C(Y )) respectively. The external tensor product A � B is the
matrix in M(mn, C(X × Y )) defined by the formula

(A � B)(x, y) = A(x) ⊗ B(y)

for all x in X and y in Y .
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Proposition 3.2.12 Suppose X and Y are compact Hausdorff spaces.
For all natural numbers m and n:

(i) If E in M(m,C(X)) and F in M(n, C(Y )) are idempotents, then
E � F is an idempotent in M(mn, C(X × Y )).

(ii) If S is in GL(m,C(X)) and T is in GL(n, C(Y )), then S � T is
in GL(mn, C(X × Y )).

Proof Compute.

Proposition 3.2.13 Let X and Y be compact Hausdorff spaces. Then
external tensor product defines a map from Idem(C(X)) × Idem(C(Y ))
to Idem(C(X × Y )).

Proof Suppose E in M(m,C(X)) and F in M(n, C(Y )) are idempotents.
Then

diag(E, 0k) � diag(F, 0l) = diag(E � F, E � 0l, 0k � F, 0k � 0l)

= diag(E � F, 0kl, 0kl, 0kl)

for any two natural numbers k and l. Therefore [E�F] in Idem(C(X×Y ))
is independent of the sizes of matrices used to represent E and F in
Idem(C(X)) and Idem(C(Y )). Next, choose S in GL(m,C(X)) and T

in GL(n, C(Y )). Definition 3.2.10 implies that

(SES−1) � (TFT−1) = (S � T)(E � F)(S−1 � T−1)

= (S � T)(E � F)(S � T)−1,

and thus [E�F] does not depend on the similarity classes of E or F.

Construction 3.2.14 Let V and W be vector bundles over compact
Hausdorff spaces X and Y respectively, and write V = Ran E and W =
Ran F for idempotents E over X and F over Y . The external tensor
product of V and W is the vector bundle V �W = Ran(E�F) over X×Y .
If V and W are Hermitian vector bundles, we define a Hermitian metric
on V �W by employing the inner product formula from Proposition 3.2.9
on each fiber.

Propositions 1.7.6 and 3.2.13 guarantee that V �W is well defined up
to isomorphism. For each point (x, y) in X × Y , the fiber (V � W )(x,y)

is the vector space Vx ⊗ Wy.
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Construction 3.2.15 Let V and W be vector bundles over the same
compact Hausdorff space X and let Δ : X −→ X × X be the diagonal
map. The internal tensor product of V and W is the vector bundle
V ⊗ W = Δ∗(V � W ). As in Construction 3.2.14, Hermitian metrics
on V and W determine a Hermitian metric on V ⊗ W .

3.3 Multiplicative structures

Proposition 3.3.1 Let X and Y be compact Hausdorff spaces. The
external tensor product determines a group homomorphism

K0(X) ⊗ K0(Y ) −→ K0(X × Y ).

Proof Given elements [V ] − [V ′] and [W ] − [W ′] of K0(X) and K0(Y )
respectively, we define the product on simple tensors to be(
[V ]− [V ′]

)
�
(
[W ]− [W ′]

)
= [V �W ]− [V �W ′]− [V ′ �W ]+ [V ′ �W ′]

and then extend by the distributive law.
Suppose that [V ]− [V ′] = [Ṽ ]− [Ṽ ′] in K0(X). Definition 1.6.6 states

that

V ⊕ Ṽ ′ ⊕ V ′′ ∼= Ṽ ⊕ V ′ ⊕ V ′′

for some vector bundle V ′′ over X. External product distributes across
internal Whitney sum, whence

(V � W ) ⊕ (Ṽ ′ � W ) ⊕ (V ′′ � W ) ∼= (Ṽ � W ) ⊕ (V ′ � W ) ⊕ (V ′′ � W ).

Therefore

[V � W ] − [V ′ � W ] = [Ṽ � W ] − [Ṽ ′ � W ],

and replacing W with W̃ yields

[V � W̃ ] − [V ′ � W̃ ] = [Ṽ � W̃ ] − [Ṽ ′ � W̃ ].

Therefore the formula for the product does not depend on the choice of
representative in K0(X). A similar argument shows that the product
is independent of our choice of representative in K0(Y ). Finally, an
easy check shows that the defining relations of the tensor product are
respected, so the homomorphism is well defined.

If X and Y are the same space, we can say more.
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Theorem 3.3.2 Let X be compact Hausdorff. Then K0(X) is a com-
mutative ring with unit under internal tensor product.

Proof The tensor product of vector spaces is commutative and associa-
tive and distributes across internal Whitney sum. Propositions 3.2.13
and 3.3.1 then imply that K0(X) is a commutative ring with [Θ1(X)] as
the multiplicative identity.

Proposition 3.3.3 The assignment X �→ K0(X) determines a con-
travariant functor K0 from the category of compact Hausdorff spaces to
the category of commutative rings with unital ring homomorphisms as
the morphisms.

Proof We know from Proposition 2.1.6 that K0 is a functor into the
category of abelian groups. Let X and Y be compact Hausdorff spaces
and suppose that φ : X −→ Y is continuous. Then a computation shows
that φ∗ : M(n, C(Y )) −→ M(n, C(X)) is a unital ring homomorphism
for every natural number n, whence the desired result follows.

Example 3.3.4 Let X be any compact Hausdorff space with the prop-
erty that K0(X) ∼= Z as groups. For all natural numbers k and l, the
definition of tensor product immediately yields [Ik]⊗ [Il] = Ikl, and thus
K0(X) and Z are isomorphic rings.

To compute the ring structure of K0(X) in some more interesting
cases, we extend the definition of multiplication in K0 to locally compact
Hausdorff spaces. First we record a result we will need later and that is
interesting in its own right.

Proposition 3.3.5 For every compact Hausdorff space X, the subset
of K0(X) consisting of isomorphism classes of line bundles forms an
abelian group under internal tensor product.

Proof The only nonobvious point to check is the existence of multiplica-
tive inverses. For each line bundle V , let V ∗ denote its dual bundle, and
define γ : V ∗ ⊗ V −→ Θ1(X) by setting γ(φ ⊗ v) = φ(v) and extending
linearly. Then γ is a bundle isomorphism from V ∗ ⊗ V to Θ1(X).
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Theorem 3.3.6 For every pair X, Y of locally compact Hausdorff
spaces, there exists a unique group homomorphism

K0(X) ⊗ K0(Y ) −→ K0(X × Y )

with the following property: let iX and iY be the inclusions of K0(X)
and K0(Y ) into K0(X+) and K0(Y +) respectively, and let ι be the homo-
morphism in K-theory induced by the inclusion of the open subspace
X × Y into the compact Hausdorff space X+ × Y +. Then the diagram

K0(X) ⊗ K0(Y ) ��

iX⊗iY

��

K0(X × Y )

ι

��
K0(X+) ⊗ K0(Y +) m �� K0(X+ × Y +)

commutes.

Proof The image of the map iX × iY contains all points of X+ × Y +

except for those of the form (x,∞Y ) for some x in X+ or (∞X , y) for
some y in Y +. Thus the complement of (iX × iY )(X×Y ) in X+×Y + is
a subspace homeomorphic to X+ ∨ Y +; the basepoint ∞ of X+ ∨ Y + is
(∞X ,∞Y ). If j denotes the inclusion of X+ ∨ Y + into X+ × Y +, then
Corollary 2.7.17 yields the exact sequence

K-1(X+ × Y +)
j∗

�� K-1(X+ ∨ Y +) ∂ ��

K0(X × Y ) �� K0(X+ × Y +)
j∗

�� K0(X+ ∨ Y +).

Suppose that S is an element of GL(n, C(X+ ∨Y +)) for some natural
number n. Let SX+ and SY + be the restrictions of S to GL(n, C(X+))
and GL(n, C(Y +)) respectively and define S̃ in GL(n, C(X+ × Y +)) by
the formula

S̃(x, y) = SX+(x)SX+(∞)SY +(y)

for all (x, y) in X+ × Y +. Then S̃ restricts to S and therefore the
homomorphism j∗ : K-1(X+×Y +) −→ K-1(X+∨Y +) is surjective. Thus
the connecting map ∂ is zero and we obtain the short exact sequence

0 �� K0(X × Y ) �� K0(X+ × Y +)
j∗

�� K0(X+ ∨ Y +).

Let ψY : X+ ∨ Y + −→ Y + be the function that collapses all of X to
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the basepoint of X+ ∨ Y + and similarly define ψX : X+ ∨ Y + −→ X+.
Theorem 2.2.10 gives us an isomorphism

μ∗
1 + ψ∗

Y : K0(X+ ∨ Y +, Y +) ⊕ K0(Y +) −→ K0(X+ ∨ Y +)

that maps the subgroup of K0(Y +) generated by trivial bundles to the
subgroup of K0(X+∨Y +) generated by trivial bundles. We also have an
isomorphism q∗ : K̃0(X+) −→ K0(X+ ∨ Y +, Y +) from Theorem 2.2.14
and Proposition 2.5.3, and these combine to give us the isomorphism

ψ∗
X + ψ∗

Y : K̃0(X+) ⊕ K̃0(Y +) −→ K̃0(X+ ∨ Y +).

If jX and jY denote the inclusions of X+ and Y + respectively into
X+∨Y +, then (j∗X ⊕j∗Y )(ψ∗

X +ψ∗
Y ) is the identity on K̃0(X+)⊕K̃0(Y +)

and hence

j∗X ⊕ j∗Y : K̃0(X+ ∨ Y +) −→ K̃0(X+) ⊕ K̃0(Y +)

is also an isomorphism.
Take elements [E]−[Ik] and [F]−[Il] in K0(X) = K̃0(X+) and K0(Y ) =

K̃0(Y +) respectively; we may assume by Proposition 2.5.6 that E(∞X) =
Ik and that F(∞Y ) = Il. Then ([E]−[Ik])�([F]−[Il]) is in K0(X+×Y +)
and j∗
(
([E] − [Ik]) � ([F] − [Il])

)
is an element of K̃0(X+ ∨ Y +), and

j∗X
(
j∗
(
([E] − [Ik]) � ([F] − [Il])

))
= ([E|X+] − [Ik]) � ([Il] − [Il]) = 0

j∗Y
(
j∗
(
([E] − [Ik]) � ([F] − [Il])

))
= ([Ik] − [Ik]) � ([F|Y +] − [Il]) = 0.

Therefore the image of ([E]− [Ik]) � ([F]− [Il]) in K0(X+ ∨ Y +) is zero,
whence ([E]−[Ik])�([F]−[Il]) is an element of K0(X×Y ), as desired. The
diagram in the statement of the proposition commutes by construction
and uniqueness of the homomorphism follows from the injectivity of ι.

Corollary 3.3.7 Let (X, A) and (Y, B) be compact pairs. Then there
exists a unique group homomorphism

K0(X, A) ⊗ K0(Y, B) −→ K0
(
X × Y, (X × B) ∪ (A × Y )

)
such that the diagram

K0(X, A) × K0(Y, B) ��

μ∗
1⊗μ∗

1

��

K0
(
X × Y, (X × B) ∪ (A × Y )

)
μ∗

1

��
K0(X) × K0(Y ) � �� K0(X × Y )
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commutes.

Proof The existence and uniqueness of the desired homomorphism follow
immediately from Theorem 2.2.14, Proposition 2.5.3, Theorem 3.3.6, and
the homeomorphism

(X × Y )\
(
(X × B) ∪ (A × Y )

) ∼= (X\A) × (Y \B).

An easy check verifies the commutativity of the diagram.

Corollary 3.3.8 Let X be compact Hausdorff and suppose that A and
A′ are closed subspaces of X. Then there exists a unique group homo-
morphism

K0(X, A) ⊗ K0(X, A′) −→ K0(X, A ∪ A′)

that makes the diagram

K0(X, A) ⊗ K0(Y, A′) ��

μ∗
1⊗μ∗

1

��

K0(X, A ∪ A′)

μ∗
1

��
K0(X) ⊗ K0(X)

⊗ �� K0(X)

commute.

Proof Take X = Y in Corollary 3.3.7 and compose external multiplica-
tion with the diagonal map

Δ : (X, A ∪ A′) −→
(
X × X, (X ∪ A′) ∪ (A ∪ X)

)
.

Before leaving this section, we use external multiplication to define
some isomorphisms that are closely related to the Bott periodicity iso-
morphism.

Proposition 3.3.9 For every compact Hausdorff space X, external mul-
tiplication by

b̃ =
[(

|z|2 z
√

1 − |z|2
z̄
√

1 − |z|2 1 − |z|2
)

,diag(1, 0)
]
− [1, 1]

in K0(B2, S1) defines an isomorphism K0(X) ∼= K0(X × B2, X × S1).
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Proof If E is an idempotent in M(n, C(X)), then the Bott periodicity
isomorphism maps [E] to [In −E+Ez] in K-1(S ′X) ∼= K-1(X × (S1\{1}).

Let j be the inclusion of X into X × B2 as X × {1} and let ψ :
X×B2 −→ X be the projection map onto the first factor. Then ψj is the
identity on X, and the contractibility of B2 implies that jψ is homotopic
to the identity map on X × B2. Therefore j∗ : Kp(X × B2) −→ Kp(X)
is an isomorphism for p = 0,−1, and Theorems 2.2.10 and 2.3.15 imply
that the K-theory of X × (B2\{1}) is trivial. Thus an application of
Corollary 2.7.19 to the compact pair

(
X×(B2\{1}), X×(S1\{1})

)
yields

an isomorphism

∂ : K-1
(
X × (S1\{1})

)
−→ K0

(
X × (B2\{1}), X × (S1\{1})

)
.

The matrix

T =
(

In − E + Ez −E
√

1 − |z|2
E
√

1 − |z|2 In − E + Ez

)

in GL
(
2n, C(X×(B2\{1}))

)
restricts to diag(In−E+Ez, In−E+Ez−1)

on X × (S1\{1}), and the formula for the connecting map ∂ in Theorem
2.6.16 gives us

∂[In− E + Ez] = [Tdiag(In, 0n)T−1,diag(In, 0n)] − [In, In]

=
[(

In − E + E|z|2 Ez
√

1 − |z|2
Ez̄
√

1 − |z|2 E(1 − |z|2)

)
,diag(In, 0n)

]
− [In, In].

By Corollary 2.2.15, there exists a group isomorphism

K0
(
X × (B2\{1}), X × (S1\{1}

) ∼= K0
(
X × B2, X × S1)

)
,

and the expression for ∂[In −E+Ez] does not change under this isomor-
phism. Therefore the map

[E] �→
[(

In − E + E|z|2 Ez
√

1 − |z|2
Ez̄
√

1 − |z|2 E(1 − |z|2)

)
,diag(In, 0n)

]
− [In, In]

defines a isomorphism from K0(X) to K0(X×B2, X×S1). On the other
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hand, from Lemma 1.7.3 we have

[E] � b̃ =
[(

E|z|2 Ez
√

1 − |z|2
Ez̄
√

1 − |z|2 E(1 − |z|2)

)
,diag(In, 0n)

]
− [E,E]

=
[(

E|z|2 Ez
√

1 − |z|2
Ez̄
√

1 − |z|2 E(1 − |z|2)

)
,diag(In, 0n)

]
+

[diag(In − E, 0n),diag(In − E, 0n)] −
(
[E,E] + [In − E, In − E]

)
=
[(

In − E + E|z|2 Ez
√

1 − |z|2
Ez̄
√

1 − |z|2 E(1 − |z|2)

)
,diag(In, 0n)

]
− [In, In],

whence the proposition follows.

Corollary 3.3.10 Let (X, A) be a compact pair and let b̃ be the element
of K0(B2, S1) defined in Proposition 3.3.9. Then external multiplication
by b̃ defines an isomorphism

K0(X, A) ∼= K0
(
X × B2, (X × S1) ∪ (A × B2)

)
.

Proof Consider the commutative diagram

0

��

0

��
K0(X, A)

��

K0
(
X × B2, (X × S1) ∪ (A × B2)

)
��

K0
(
(X\A)+

) �b̃ ��

��

K0
(
(X\A)+ × B2, (X\A)+ × S1

)
��

K0({∞}) �b̃ �� K0
(
{∞} × B2, {∞} × S1

)
.

The first column is exact by Theorem 2.2.14 and Proposition 2.5.3. Note
that the homomorphism

j∗ : K0
(
(X\A)+ × (B2\S1)

)
−→ K0

(
{∞} × (B2\S1)

)
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induced by inclusion has a splitting. Therefore Theorem 2.6.11 and the
isomorphisms

K0
(
(X\A) × (B2\S1)

) ∼= K0
(
X × B2, (X × S1) ∪ (A × B2)

)
K0
(
(X\A)+ × (B2\S1)

) ∼= K0
(
(X\A)+ × B2, (X\A)+ × S1

)
K0
(
{∞} × (B2\S1)

) ∼= K0
(
{∞} × B2, {∞} × S1

)
from Theorem 2.2.14 imply that the second column is exact as well. The
corollary then follows from Proposition 1.8.9.

Corollary 3.3.11 Let b be the element of K0(R2) from Example 2.8.1.
Then for every locally compact Hausdorff space X, external multiplica-
tion by b defines an isomorphism from K0(X) to K0(X × R2).

Proof If we identify K0(B2, S1) with K0(B2\S1), then the isomorphism
φ∗ from Example 2.8.1 maps b̃ to b. Therefore the corollary for X com-
pact follows directly from Proposition 3.3.9. If X is locally compact but
not compact, Proposition 1.8.9 and the commutativity of the diagram

0 �� K0(X) �� K0(X+) ��

�b

��

K0({∞})

�b

��
0 �� K0(X × R2) �� K0(X+ × R2) �� K0({∞} × R2)

yield the desired result.

Corollary 3.3.12 For every natural number n, the group K0(R2n) is
generated by the element bn.

Proof Take X to be a point in Corollary 3.3.11 and induct on n.

We now compute a nontrivial example of the ring structure on K0.

Example 3.3.13 We can use Corollary 3.3.8 to compute the ring struc-
ture of K0(Sn) when n is even (Example 3.3.4 tells us that K0(Sn) ∼= Z

when n is odd). Write n = 2m, and for each closed subset A of S2m, let
κ(A) be the kernel of the homomorphism K0(S2m) −→ K0(A) induced
by inclusion. If we denote the product defined in Corollary 3.3.8 by a
dot, then that corollary implies that κ(A) ·κ(B) ⊆ κ(A∪B) for any two
closed subsets A and B of S2m.

View S2m as the one-point compactification of R2m. Example 2.8.1
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and Corollary 3.3.12 imply that K0(S2m) is generated as a group by
[Θ1(S2m)] and bm. We know from Example 3.3.4 that [Θ1(S2m)] gen-
erates a subring of K0(S2m) isomorphic to Z. To determine the rest
of the ring structure of K0(S2m), let N and S be the closed northern
and southern hemispheres of S2m. Both N and S are contractible, and
Corollary 2.1.8 implies that K0(N) and K0(S) are each generated by
trivial bundles. Thus the element bm of K0(S2m) restricts to elements
of both κ(N) and κ(S). But

κ(N) · κ(S) ⊆ κ(N ∪ S) = κ(S2m) = 0,

whence bm · bm = 0.
To give a succinct description of the ring K0(S2m), let Z[t] denote the

ring of polynomials in the indeterminate t that have integer coefficients,
and let 〈t2 − 1〉 be the ideal of Z[t] generated by t2 − 1. Then we have a
ring isomorphism

K0(S2m) ∼=
Z[t]

〈t2 − 1〉 .

We end this section by showing how the external tensor product can
be used to compute the K-theory groups of a product space, at least
when the spaces are sufficiently nice.

Definition 3.3.14 Let X be a locally compact Hausdorff space. A col-
lection A of subsets of X is called a closed adapted cover if it has the
following properties:

(i) each set in A is closed;
(ii) the union of the sets in A is X;
(iii) the intersection of any finite number of sets in A is either empty

or the product of a compact contractible space with some finite
number of copies of R.

We say that X is of finite type if X admits a closed adapted cover.

Obviously Rn is of finite type for every natural number n. Compact
smooth manifolds (see Chapter 4) are of finite type, and the product of
spaces of finite type is also of finite type.

Proposition 3.3.15 (Künneth theorem) Let X be a locally com-
pact Hausdorff space of finite type and suppose Y is any locally compact
Hausdorff space such that K0(Y ) and K-1(Y ) are free abelian groups.
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Then there exist natural group isomorphisms

K0(X × Y ) ∼= (K0(X) ⊗ K0(Y )) ⊕ (K-1(X) ⊗ K-1(Y ))

K-1(X × Y ) ∼= (K0(X) ⊗ K-1(Y )) ⊕ (K0(X) ⊗ K-1(Y )).

Proof We prove the first isomorphism; the second isomorphism follows
immediately from the first one and Theorem 2.6.13. Let γ0 : K0(X) ⊗
K0(Y ) −→ K0(X × Y ) be the external multiplication map, and define
γ−1 : K-1(X) ⊗ K-1(Y ) −→ K0(X × Y ) to be the composition

K-1(X) ⊗ K-1(Y ) ∼= K0(X × R) ⊗ K0(Y × R) −→
K0(X × R × Y × R) −→ K0(X × Y × R2) ∼= K0(X × Y );

the first isomorphism comes from Theorem 2.6.13, the second map is γ0

applied to X×R and Y ×R, the next isomorphism is the one induced by
swapping the last two factors, and the final isomorphism is the inverse
of external multiplication by the element b from Corollary 3.3.11. We
will prove that γ0 ⊕ γ−1 is an isomorphism by using induction on the
number of sets in a closed adapted cover of X.

Suppose that X = Z × R2k for some compact contractible space Z

and some natural number k, and let Y be any locally compact Hausdorff
space. The contractibility of Z implies that we have isomorphisms
K0(Z × R2k) ∼= K0(R2k) and K0(Z × R2k × Y ) ∼= K0(R2k × Y ), and
k applications of Corollary 3.3.11 yield that γ0 is an isomorphism. On
the other hand, Example 2.8.1 and Theorem 2.6.13 give us

K-1(Z × R2k) ∼= K0(Z × R2k+1) ∼= K0(R2k+1) = 0,

whence γ−1 is the zero map. Therefore γ0 ⊕ γ−1 is an isomorphism.

Now suppose that the theorem is true for n. Choose a closed adapted
cover A = {A1, A2, . . . , An, An+1} of X and set A = A2∪A3∪· · ·∪An∪
An+1. Proposition 3.2.7 and Theorems 2.6.13, 2.7.15, and 3.1.2 imply
that we have an exact sequence

(
K0(A1) ⊕ K0(A)

)
⊗ K0(Y ) �� K0(A1 ∩ A) ⊗ K0(Y ) ��

K0(X) ⊗ K0(Y ) ∂ ��
(
K0(A1 × R) ⊕ K0(A × R)

)
⊗ K0(Y )

�� K0
(
(A1 ∩ A) × R

)
⊗ K0(Y ).
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Similarly, the sequence(
K-1(A1) ⊕ K-1(A)

)
⊗ K-1(Y ) �� K-1(A1 ∩ A) ⊗ K-1(Y ) ��

K-1(X) ⊗ K-1(Y ) ∂ ��
(
K-1(A1 × R) ⊕ K-1(A × R)

)
⊗ K-1(Y )

�� K-1
(
(A1 ∩ A) × R

)
⊗ K-1(Y )

is exact. For each closed subspace Ã of X, set

K#(Ã) ⊗ K#(Y ) = (K0(Ã) ⊗ K0(Y )) ⊕ (K-1(Ã) ⊗ K-1(Y )).

Then Theorem 3.1.2 and the exactness of the two sequences above imply
that the diagram⎡⎣

(
K#(A1) ⊕ K#(A)

)
⊗

K#(Y )

⎤⎦ γ0⊕γ−1 ��

��

⎡⎣K0(A1 × Y )
⊕

K0(A × Y )

⎤⎦

��
K#(A1 ∩ A) ⊗ K#(Y )

γ0⊕γ−1 ��

��

K0
(
(A1 ∩ A) × Y

)
��

K#(X) ⊗ K#(Y )
γ0⊕γ−1 ��

��

K0(X × Y )

��⎡⎣
(
K#(A1 × R) ⊕ K#(A × R)

)
⊗

K#(Y )

⎤⎦ γ0⊕γ−1 ��

��

⎡⎣K0(A1 × R × Y )
⊕

K0(A × R × Y )

⎤⎦

��
K#(A1 ∩ A) ⊗ K#(Y )

γ0⊕γ−1 ��

��

K0
(
(A1 ∩ A) × Y

)
��

K#(X) ⊗ K#(Y )
γ0⊕γ−1 �� K0(X × Y )

has exact columns, and the commutativy of the diagram is due to the
naturality of all the maps involved. The desired result follows from
Proposition 1.8.10 and the principle of mathematical induction.
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3.4 An alternate picture of relative K0

In this section we consider another way to define the relative version of
K0. This alternate picture is especially helpful when considering prod-
ucts and will play a crucial role in our proof of the Thom isomorphism
theorem later in the chapter.

Definition 3.4.1 For every compact pair (X, A), define the set

V(X, A) = {(V, W, σ) : V and W are vector bundles over X

and σ is a bundle isomorphism from V |A to W |A}.

Triples (V, W, σ) and (Ṽ , W̃ , σ̃) in V(X, A) are isomorphic if there exist
bundle isomorphisms ν : V −→ Ṽ and ω : W −→ W̃ with the property
that the diagram

V |A σ ��

ν|A
��

W |A

ω|A
��

Ṽ |A eσ �� W̃ |A

commutes. In this case, we say that ν and ω implement the isomorphism.

Definition 3.4.2 For every compact pair (X, A), let Vect(X, A) denote
the set of isomorphism classes of elements of V(X, A). The isomorphism
class of (V, W, σ) in Vect(X, A) is denoted [V, W, σ].

Proposition 3.4.3 Let (X, A) be a compact pair. Then Vect(X, A) is
an abelian monoid.

Proof Given elements [V1,W1, σ1] and [V2,W2, σ2] in Vect(X, A), define

[V1,W1, σ1] + [V2,W2, σ2] = [V1 ⊕ V2,W1 ⊕ W2, σ1 ⊕ σ2].

Suppose that the triples (V1,W1, σ1) and (V2,W2, σ2) are isomorphic
to (Ṽ1, W̃1, σ̃1) and (Ṽ2, W̃2, σ̃2) respectively. Then for i = 1, 2, there
exist bundle isomorphisms νi : Vi −→ Ṽi and ωi : Wi −→ W̃i with the
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property that the diagram

Vi|A
σi ��

ν|A
��

Wi|A

ω|A
��

Ṽi|A
eσi �� W̃i|A

commutes. Then ν1 ⊕ ν2 and ω1 ⊕ ω2 are bundle isomorphisms that
make the diagram

(V1 ⊕ V2)|A
σ1⊕σ2 ��

(ν1⊕ν2)|A

��

(W1 ⊕ W2)|A

(ω1⊕ω2)|A

��
(Ṽ1 ⊕ Ṽ2)|A

eσ1⊕eσ2 �� (W̃1 ⊕ W̃2)|A

commute, and therefore the addition of elements of Vect(X, A) does not
depend upon the choice of representative for each isomorphism class.
The class [0, 0, id] is the additive identity in Vect(X, A), and addition
is commutative and associative because the internal Whitney sum of
vector bundles has these properties up to isomorphism.

The reader might surmise that we next take the Grothendieck com-
pletion of Vect(X, A), but that does not give us the abelian group we
want. Instead, we proceed in a different way.

Definition 3.4.4 Let (X, A) be a compact pair. We declare an element
of Vect(X, A) to be trivial if it can be written in the form [V, V, id], where
V is a vector bundle over X and id is the identity map on V |A. The set
of trivial elements of Vect(X, A) form a submonoid denoted Triv(X, A).

Lemma 3.4.5 Let (X, A) be a compact pair, let V be a vector bundle
over X, and suppose σ : V |A −→ V |A is homotopic through bundle
isomorphisms to the identity map on V |A. Then there exists an element
[W, W, id] of Triv(X, A) with the property that [V, V, σ] + [W,W, id] is
trivial.

Proof Imbed V into a trivial bundle Θn(X), choose a Hermitian metric
on Θn(X), and let V ⊥ be the orthogonal complement bundle of V in
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Θn(X). Then

[V, V, σ] + [V ⊥, V ⊥, id] = [V ⊕ V ⊥, V ⊕ V ⊥, σ ⊕ id],

and σ⊕ id can be homotoped through bundle isomorphisms to the iden-
tity map on (V ⊕V ⊥)|A. Identify V ⊕V ⊥ with Θn(X) and let σ̃ be the
bundle isomorphism on Θn(A) = Θn(X)|A that corresponds to σ⊕id. If
we choose a basis for Cn, then σ̃ determines a matrix S̃ in GL(n, C(A))0.
By Proposition 1.3.16 there exists a matrix Ŝ in GL(n, C(X))0 such that
Ŝ|A = S̃, and Ŝ determines a bundle isomorphism σ̂ from Θn(X) to itself.
This gives us the commutative diagram

Θn(A) eσ ��

bσ|A
��

Θn(A)

id

��
Θn(A) id �� Θn(A),

and therefore [Θn(X),Θn(X), σ̂] = [V ⊕ V ⊥, V ⊕ V ⊥, σ ⊕ id] is in
Triv(X, A).

Definition 3.4.6 Let (X, A) be a compact pair. For any two elements
[V1,W1, σ1] and [V2,W2, σ2] of Vect(X, A), define

offdiag(σ1, σ2) =
(

0 σ2

σ1 0

)
.

Lemma 3.4.7 Let (X, A) be a compact pair and suppose that [V1,W1, σ1]
and [V2,W2, σ2] are elements of Vect(X, A). Then

[V1,W1, σ1] + [V2,W2, σ2] = [V1 ⊕ V2,W2 ⊕ W1, offdiag(σ1,−σ2)].

Proof From the definition of addition on Vect(X, A), we have

[V1,W1, σ1] + [V2,W2, σ2] = [V1 ⊕ V2,W1 ⊕ W2, σ1 ⊕ σ2].

Define γ : W1 ⊕ W2 −→ W2 ⊕ W1 as γ(w1, w2) = (−w2, w1). The map
γ is a bundle isomorphism, and the diagram

(V1 ⊕ V2)|A
σ1⊕σ2 ��

id

��

(W1 ⊕ W2)|A

γ|A

��
(V1 ⊕ V2)|A �� (W2 ⊕ W1)|A
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commutes, where offdiag(σ1,−σ2) is the bottom arrow in the diagram.
Therefore

(V1 ⊕ V1,W1 ⊕ W2, σ1 ⊕ σ2) ∼= (V1 ⊕ V2,W2 ⊕ W1, offdiag(σ1,−σ2)).

Lemma 3.4.8 Let (X, A) be a compact pair, let V and W be vector
bundles over X, and suppose that σ : V |A −→ W |A is a bundle isomor-
phism. Then the matrix offdiag(σ,−σ−1) is homotopic through bundle
isomorphisms on (V ⊕ W )|A to the identity map.

Proof The product(
id −tσ−1

0 id

)(
id 0
tσ id

)(
id −tσ−1

0 id

)
produces such a homotopy.

Proposition 3.4.9 For every compact pair (X, A), the quotient monoid
Vect(X, A)/ Triv(X, A) is an abelian group, and [W, V, σ−1] is the in-
verse of [V, W, σ] for every element [V, W, σ] of Vect(X, A)/ Triv(X, A).

Proof Because elements of a monoid do not necessarily have inverses,
we must be careful in defining the quotient monoid. In our case, ele-
ments [V1,W1, σ1] and [V2,W2, σ2] of Vect(X, A) are in the same coset
of Triv(X, A) if and only if there exist vector bundles V ′ and W ′ over
X such that

[V1,W1, σ1] + [V ′, V ′, id] = [V2,W2, σ2] + [W ′,W ′, id].

Take [V, W, σ] in Vect(X, A). Lemma 3.4.7 implies that

[V, W, σ] + [W, V, σ−1] = [V ⊕ W, V ⊕ W, offdiag(σ,−σ−1)].

Lemmas 3.4.5 and 3.4.8 imply that we can add an element of Triv(X, A)
to [V, W, σ] + [W, V, σ−1] and obtain an element of Triv(X, A), which
yields the proposition.

Definition 3.4.10 For each compact pair (X, A), set

L(X, A) = Vect(X, A)/ Triv(X, A).

We will abuse notation and let [V, W, σ] denote both an element of
Vect(X, A) and the coset it defines in K0(X, A).
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Proposition 3.4.11 Let (X, A) be a compact pair, let [V, W, σ0] and
[V, W, σ1] be elements of L(X, A), and suppose that σ0 and σ1 are homo-
topic through bundle isomorphisms from V |A to W |A. Then [V, W, σ0] =
[V, W, σ1] in L(X, A).

Proof From Lemma 3.4.7 and Proposition 3.4.9, we have

[V, W, σ0] − [V, W, σ1] = [V, W, σ0] + [W, V, σ−1
1 ]

= [V ⊕ W, V ⊕ W, offdiag(−σ−1
1 , σ0)].

Choose a homotopy {σt} of bundle isomorphisms from σ0 to σ1. Then
offdiag(−σ−1

1 , σt) is a homotopy of bundle isomorphisms. Concatenate
this homotopy with the one from Lemma 3.4.8; the result then follows
from Lemma 3.4.5 and the definition of L(X, A).

Proposition 3.4.12 Let (X, A) be a compact pair. Then every element
of L(X, A) can be written in the form [V, Θn(X), σ] for some vector
bundle V and some natural number n.

Proof Suppose X has components X1, X2, . . . , Xl, and suppose for each
1 ≤ k ≤ l, we have an element [Vk,Θnk(Xk), σk] of L(Xk, A ∩ Xk).
Choose n to be larger than any of the nks. Then

[Vk,Θnk(Xk), σk] =

[Vk,Θnk(Xk), σk] + [Θn−nk(Xk),Θn−nk(Xk), id |(A ∩ Xk)]

= [Vk ⊕ Θn−nk(Xk),Θn(Xk)σ ⊕ id |(A ∩ Xk)].

for each 1 ≤ k ≤ l. Collectively these elements determine an element of
L(X, A). Therefore we may assume for the rest of the proof that X is
connected.

Take [V, W, σ] in L(X, A). Imbed W into a trivial bundle Θn(X),
equip Θn(X) with a Hermitian metric, and let W⊥ be the orthogonal
complement of W in Θn(X). Then

[V, W, σ] = [V, W, σ] + [W⊥,W⊥, id]

= [V ⊕ W⊥,W ⊕ W⊥, σ ⊕ id],

and the desired result follows by identifying W ⊕W⊥ with Θn(X).

Proposition 3.4.13 The assignment (X, A) �→ L(X, A) is a contravari-
ant functor from the category of compact pairs to the category of abelian
groups.
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Proof Suppose that φ : (Y, B) −→ (X, A) is a morphism of com-
pact pairs and let [V, W, σ] be an element of L(X, A). Define φ∗σ :
(φ∗V )|A −→ (φ∗W )|A by the formula (φ∗σ)(a, v) = (φ(a), σ(v)). Then
[φ∗V, φ∗W, φ∗σ] is an element of Vect(Y, B).

Suppose that (V, W, σ) is isomorphic to (V ′,W ′, σ′). Then there exist
isomorphisms ν : V −→ V ′ and ω : W −→ W ′ that make the diagram

(φ∗V )|B φ∗σ ��

(φ∗ν)|B

��

(φ∗W )|B

(φ∗ω)|B

��
(φ∗V ′)|B φ∗σ′

�� (φ∗W ′)|B

commute. Thus φ∗ determines a well defined map from Vect(X, A) to
Vect(Y, B). The fact that φ∗ distributes across internal Whitney sum im-
plies that φ∗ is a monoid homomorphism and that φ∗ maps Triv(X, A)
to Triv(Y, B). Therefore φ∗ : L(X, A) −→ L(Y,B) is a group homo-
morphism, and the reader can easily verify that the axioms of a con-
travariant functor are satisfied.

Lemma 3.4.14 For every pointed space (X, x0), there exists a natural
isomorphism from L(X, x0) to K̃0(X, x0).

Proof Let j denote the inclusion of x0 into X. We begin by constructing
a homomorphism ψ that makes the sequence

0 �� L(X, x0)
ψ �� K0(X)

j∗
�� K0(x0)

exact. Define ψ by the formula ψ[V, W, σ] = [V ]− [W ]. If (V1,W1, σ1) is
isomorphic to (V2,W2, σ2), then there exist isomorphisms ν and ω from
V1 to V2 and W1 to W2 respectively, and thus

ψ[V1,W1, σ1] = [V1] − [W1] = [V2] − [W2] = ψ[V2,W2, σ1].

We have ψ[V, V, id] = 0 for every vector bundle V over X, and thus ψ is
well defined. The definition of ψ immediately implies that it is a group
homomorphism and that j∗ψ = 0. On the other hand, suppose that
j∗([V ] − [W ]) = 0 in K0(x0). The fibers of V and W over the point
x0 must have the same dimension, and therefore there exists a bundle
isomorphism σ from V |{x0} to W |{x0}. Thus ψ[V, W, σ] = [V ] − [W ],
and hence our sequence is exact at K0(X).
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To show exactness at L(X, x0), suppose that

ψ[V, W, σ] = [V ] − [W ] = 0

in K0(X). Then there exists a vector bundle Ṽ and an isomorphism
γ : V ⊕ Ṽ −→ W ⊕ Ṽ . By imbedding V ⊕ Ṽ in a trivial bundle and
replacing Ṽ by Ṽ ⊕ (V ⊕ Ṽ )⊥, we may assume that V ⊕ Ṽ and W ⊕ Ṽ

are trivial bundles of some rank n. Fix isomorphisms V ⊕ Ṽ ∼= Θn(X)
and W ⊕ Ṽ ∼= Θn(X); then γ determines an element in GL(n, C(X)).
We have the isomorphism

σ ⊕ id : (V ⊕ Ṽ )|{x0} −→ (W ⊕ Ṽ )|{x0},

and hence an isomorphism

α0 = (γ|{x0})(σ ⊕ id)−1 : (W ⊕ Ṽ )|{x0} −→ (W ⊕ Ṽ )|{x0}.

Restrict the isomorphism W ⊕ Ṽ ∼= Θn(X) to {x0} and write α0 as an
element of GL(n, C). Proposition 1.3.11 states that α0 is an element of
GL(n, C)0, and Proposition 1.3.16 allows us to extend α0 to an element
of GL(n, C(X)), which in turn gives us a bundle isomorphism α from
W ⊕ Ṽ to W ⊕ Ṽ . We have the commutative diagram

(V ⊕ Ṽ )|{x0}
σ⊕id ��

γ|{x0}

��

(W ⊕ Ṽ )|{x0}

α|{x0}

��
(W ⊕ Ṽ )|{x0}

id �� (W ⊕ Ṽ )|{x0},

and therefore

[V, W, σ] = [V, W, σ] + [Ṽ , Ṽ , id] =

[V ⊕ Ṽ , W ⊕ Ṽ , σ ⊕ id] = [W ⊕ Ṽ , W ⊕ Ṽ id] = 0

in L(X, x0).
We also have a commutative diagram

0 �� L(X, x0)
ψ �� K0(X)

j∗
��

=

��

K0(x0)

=

��
0 �� K0(X, x0)

μ∗
1 �� K0(X)

j∗
�� K0(x0)

with exact rows, and Proposition 1.8.9 implies that the assignment



3.4 An alternate picture of relative K0 137

[V, W, σ] �→ [V ]−[W ] is well defined and is an isomorphism from L(X, x0)
to K0(X, x0). Finally, this isomorphism is natural because the other
maps in the diagram are natural.

Theorem 3.4.15 There exists a natural isomorphism χ : L(X, A) −→
K0(X, A) for every compact pair (X, A).

Proof Let [V, W, σ] be an element of L(X, A) and form the clutched
bundle V ∪σ W over D(X, A). Let ψ : D(X, A) −→ X be the map that
identifies the two copies of X in D(X, A). Then the short exact sequence

0 �� K0(X, A) ι �� K0(D(X, A))
μ∗

1 �� K0(X) ��

ψ∗
		 0

that defines K0(X, A) is split exact, and we use Proposition 1.8.7 to
define

χ[V, W, σ] = [V ∪σ W ] − ψ∗μ∗
1[V ∪σ W ]

for every element [V, W, σ] of L(X, A).
Suppose that (V, W, σ) ∼= (Ṽ , W̃ , σ̃) and choose isomorphisms ν :

V −→ Ṽ and ω : W −→ W̃ so that the diagram

V |A σ ��

ν|A

��

W |A

ω|A

��
Ṽ |A eσ �� W̃ |A

commutes. Then ν and ω define a bundle ismorphism

ν ∪σ ω : V ∪σ W −→ Ṽ ∪
eσ W̃

with inverse ν−1 ∪σ ω−1. Thus [V ∪σ W ] = [Ṽ ∪
eσ W̃ ] in K0(D(X, A)),

and so χ does not depend on the isomorphism class of (V, W, σ). Second,
for each vector bundle V over X we see that ψ∗V = V ∪id V , whence
χ[V, V, id] = 0. Therefore χ is well defined. Furthermore, let [V, W, σ]
and [Ṽ , W̃ , σ̃] be arbitrary elements of L(X, A). Then(

V ⊕ Ṽ
)
∪σ⊕eσ

(
W ⊕ W̃

) ∼= (V ∪σ Ṽ
)
⊕
(
W ∪σ W̃

)
,

which implies that χ is a homomorphism.
Suppose that φ : (Y,B) −→ (X, A) is a morphism of compact pairs

and take [V, W, σ] in L(X, A). From the definitions of pullback and
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clutching we find that φ∗(V ∪σ W ) is isomorphic to (φ∗V ) ∪σφ (φ∗W ),
which implies that the diagram

L(X, A)
χ ��

φ∗

��

K0(X, A)

φ∗

��
L(Y,B)

χ �� K0(Y, B)

commutes, and therefore χ is a natural transformation.

Let q : (X, A) −→ ((X\A)+,∞) be the quotient morphism. Using
Proposition 2.5.3 to identify the reduced group K̃0((X\A)+,∞) with
the relative group K0((X\A)+,∞), we obtain a commutative diagram

L((X\A)+,∞)
χ ��

q∗

��

K0((X\A)+,∞)

q∗

��
L(X, A)

χ �� K0(X, A).

The homomorphisms on the top and right of the diagram are isomor-
phisms, and therefore χq∗ is also an isomorphism, whence χ is surjective.
To show that χ is injective, suppose that χ[V, W, σ] = 0 in K0(X, A).
Then [V ∪σ W ] = ψ∗μ∗

1[V ∪σ W ] in K0(D(X, A)), and therefore there
exists a vector bundle Ŵ over D(X, A) such that

(V ∪σ W ) ⊕ Ŵ ∼= (V ∪id V ) ⊕ Ŵ .

Distributing Ŵ , we have a bundle isomorphism

γ :
(
V ⊕ Ŵ

)
∪σ⊕id

(
W ⊕ Ŵ

)
−→
(
V ⊕ Ŵ

)
∪id⊕ id

(
V ⊕ Ŵ

)
.

Let γ1 and γ2 be the restrictions of γ to the two copies of X in D(X, A).
The compatibility of γ with the clutching maps implies that the diagram

(V ⊕ Ŵ )|A
σ⊕id ��

γ1|A

��

(W ⊕ Ŵ )|A

γ2|A

��
(V ⊕ Ŵ )|A

σ⊕id �� (V ⊕ Ŵ )|A
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commutes. Therefore

[V ⊕ Ŵ , W ⊕ Ŵ , σ ⊕ id] = [V ⊕ Ŵ , V ⊕ Ŵ , id⊕ id]

[V, W, σ] + [Ŵ , Ŵ , id] = [V, V, σ] + [Ŵ , Ŵ , id]

[V, W, σ] = [V, V, id],

and so [V, W, σ] = 0 in K0(X, A), as desired.

In light of Theorem 3.4.15, we will use the notation K0(X, A) for both
our original K0(X, A) and also for L(X, A); the reader should be able to
tell from the context which picture of relative K-theory we are using.

We record a special case of Theorem 3.4.15 that we will need later in
the chapter.

Proposition 3.4.16 Let b̃ be the element of K0(B2, S1) constructed in
Proposition 3.3.9. Then χ[Θ1(B2),Θ1(B2), z] = b̃.

Proof We maintain the notation of Theorem 3.4.15. Every vector bundle
over B2 is trivial, which implies that

χ[Θ1(B2),Θ1(B2), z] = [Θ1(B2) ∪z Θ1(B2)] − ψ∗μ∗
1[Θ

1(B2) ∪z Θ1(B2)]

= [Θ1(B2) ∪z Θ1(B2)] − [1, 1].

Take one copy of B2 to be the closed unit disk in C and take a second
copy of B2 to be (homeomorphic to) the complement of the open unit
disk in the one-point compactification C+ of C. Then Θ1(B2)∪z Θ1(B2)
is a vector bundle over C+ ∼= D(B2, S1). Extend(

|z|2 z
√

1 − |z|2
z̄
√

1 − |z|2 1 − |z|2
)

to an idempotent E over all of C+ by setting it equal to diag(1, 0) outside
of the unit disk. Inside the unit disk, the range of E at a point z is the
span of the vector (z,

√
1 − |z|2), and the definition of clutching then

implies that

Ran E ∼= Θ1(B2) ∪z Θ1(B2),

which yields the desired result.

Theorem 3.4.17 Let (X, A) and (Y, B) be compact pairs and suppose
that [V0, V1, α] and [W0,W1, β] are elements of L(X, A) and L(Y, B)
respectively. Choose bundle homomorphisms α̃ and β̃ so that α̃|A = α
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and β̃|B = β, equip the vector bundles V0, V1, W0, and W1 with Hermi-
tian metrics, and let α̃∗ : V1 −→ V0 and β̃∗ : W1 −→ W0 be the adjoint
maps. Define

γ =

(
α̃ � I −I � β̃∗

I � β̃ α̃∗ � I

)
.

Then

[V0, V1, α] � [W0,W1, β] =[
(V0 � W0) ⊕ (V1 � W1), (V1 � W0) ⊕ (V0 � W1), γ

]
is a formula for the external product

L(X, A) ⊗ L(Y, B) −→ L
(
X × Y, (X × B) ∪ (A × Y )

)
.

Proof Proposition 1.5.19 guarantees the existence of α̃ and β̃. To show
that γ is an isomorphism when restricted to (X×B)∪(A×Y ), first note
that if (x, y) is a point in X × Y and that γ(x,y)γ

∗
(x,y) is an isomorphism

from (V1)x � (W0)y to itself, then γ(x,y) is surjective. Moreover, because
(V1)x � (W0)y is finite-dimensional, the vector space homomorphism
γ(x,y) is an isomorphism. Because

γ(x,y)γ
∗
(x,y) =

(
α̃xα̃∗

x � I + I � β̃∗
y β̃y 0

0 α̃∗
xα̃x � I + I � β̃yβ̃∗

y

)
,

we see that γ(x,y) is an isomorphism precisely when α̃xα̃∗
x � I + I � β̃∗

y β̃y

and α̃∗
xα̃x � I + I � β̃yβ̃∗

y are both isomorphisms.
Suppose that (α̃xα̃∗

x � I + I � β̃∗
y β̃)ω = 0 for some ω in (V1)x � (W0)y.

Then

0 = 〈(α̃xα̃∗
x � I + I � β̃∗

y β̃)ω, ω〉
= 〈(α̃xα̃∗

x � I)ω, ω〉 + 〈(I � β̃∗
y β̃)ω, ω〉

= 〈(α̃∗
x � I)ω, (α̃∗

x � I)ω〉 + 〈(I � β̃y)ω, (I � β̃y)ω〉.

Both summands are nonnegative and Definition 1.1.1 implies that both
(α̃∗

x � I)ω and (I � β̃y)ω are zero. The homomorphism I � β̃y is an
isomorphism when y is in B, and Proposition 1.1.9 implies that (α̃∗

x � I)
is an isomorphism when x is in A. Therefore α̃xα̃∗

x � I + I � β̃∗
y β̃y is

an isomorphism when restricted to (X × B) ∪ (A × Y ), and a similar
argument shows that the same is true of α̃∗

xα̃x � I + I � β̃yβ̃∗
y . Hence[

(V0 � W0) ⊕ (V1 � W1), (V1 � W0) ⊕ (V0 � W1), γ
]
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is an element of L
(
X × Y, (X × B) ∪ (A × Y )

)
, and the uniquess of the

external product completes the proof.

3.5 The exterior algebra

To prove many of the main results of this chaper, we need a vector bundle
construction called the exterior product. As with the tensor product, we
begin with vector spaces.

Definition 3.5.1 Let V be a vector space, define
⊗0 V = C, and for

each positive integer k, define
⊗k V to be the tensor product of k copies

of V. The tensor algebra of V is the set

T (V) =
∞⊕

k=0

(⊗
kV
)

.

The tensor algebra is an algebra with unit; the scalar multiplication and
addition come from the corresponding operations on each

⊗k V, tensor
product serves as the multiplication, and 1 is the multiplicative identity.

We are primarily interested not in T (V), but a quotient algebra of it.

Definition 3.5.2 Let V be a vector space and let J (V) be the ideal in
T (V) generated by all simple tensors of the form v ⊗ v; i.e.,

J (V) = {τ ⊗ v ⊗ v ⊗ μ : τ, μ ∈ T (V), v ∈ V}.

The exterior algebra of V is the quotient algebra∧
(V) = T (V)/J (V).

The binary operation ∧ in
∧

(V) is called the exterior product or wedge
product. For each nonnegative integer k, we let

∧k(V) be the image of⊗k V in
∧

(V) and say that elements of
∧k(V) have degree k. We also

set ∧even(V) =
⊕

k even

∧k(V)

∧odd(V) =
⊕
k odd

∧k(V).

Finally, for each simple tensor v1 ⊗ v2 ⊗ · · · ⊗ vk, we denote its image
in
∧

(V) by v1 ∧ v2 ∧ · · · ∧ vk and call such an element a simple wedge.
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Proposition 3.5.3 Let V be a vector space. For all complex numbers λ

and elements ω, ω̃, ζ and ζ̃ in
∧

(V):

(i) (ω + ω̃) ∧ ζ = ω ∧ ζ + ω̃ ∧ ζ;
(ii) ω ∧ (ζ + ζ̃) = ω ∧ ζ + ω ∧ ζ̃;
(iii) (λω) ∧ ζ = ω ∧ (λζ) = λ(ω ∧ ζ).

In addition, simple wedges v1 ∧ v2 ∧ · · · ∧ vk equal zero if v1, v2, . . . , vk

are not distinct, or, more generally, when v1, v2, . . . , vk are linearly
dependent.

Proof Apply Definitions 3.2.5 and 3.5.2.

Note that Proposition 3.5.3 implies that
∧n(V) = 0 whenever n is

greater than the rank of V.

Proposition 3.5.4 Let V be a vector space, let k and l be nonnegative
integers, and suppose that ω and ζ are in

∧k(V) and
∧l(V) respectively.

Then ζ ∧ ω = (−1)klω ∧ ζ.

Proof Using Proposition 3.5.3 and induction, we need only show that
w ∧ v = −v ∧ w for all v and w in V, which follows from the equations

0 = (v + w) ∧ (v + w)

= v ∧ v + v ∧ w + w ∧ v + w ∧ w

= v ∧ w + w ∧ v.

Proposition 3.5.5 Suppose that {e1, e2, . . . , en} is a basis for a vector
space V. Then for each 1 < k ≤ n, the set

{ei1 ∧ ei2 ∧ · · · ∧ eik
: i1 < i2 < · · · < ik}

is a basis for the vector space
∧k(V), and therefore has dimension

(
n
k

)
.

Proof Write elements of V in terms of the basis, and observe that
n∑

i=1

αiei ⊗
n∑

i=1

αiei =
n∑

i=1

α2
i ei ⊗ ei +

∑
i<j

αiαj(ei ⊗ ej + ej ⊗ ei).

Elements of J (V) are linear combinations of quantities of the form that
appear on the right-hand side of this equation, which implies that if
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i,j=1 βi,jei ⊗ ej is in J (V), we must have βi,j = βj,i for all i and j. In

particular, ei ⊗ ej is not in J (V) when i �= j.
For k > 2, let Sk denote the symmetric group. For each σ in Sk,

let sign(σ) denotes its sign; i.e., we take sign(σ) to be 1 if σ is an odd
permutation and 0 if σ is even. Then a computation shows that if∑

1≤i1,i2,...,ik≤n

βi1,i2,...,ik
ei1 ⊗ ei2 ⊗ · · · ⊗ eik

is in J (V), then ∑
σ∈Sk

(−1)sign(σ)βiσ(1),iσ(2),...,iσ(k) = 0

for all k-tuples (i1, i2, . . . , ik). Thus ei1 ⊗ ei2 ⊗ · · · ⊗ eik
is not in J (V)

whenever i1, i2, . . . , ik are distinct, and therefore the elements of the
exterior algebra that appear in the statement of the proposition are
all nonzero. Clearly such elements span

∧k(V); to show that they are
linearly independent, suppose that∑

i1<i2<···<ik

αi1,i2,...,ik
ei1 ∧ ei2 ∧ · · · ∧ eik

= 0.

Fix a k-tuple (i1, i2, . . . , ik) of distinct elements and let eik+1 , . . . , ein
be

the remaining basis elements of V. By taking the exterior product with
eik+1 ∧ · · · ∧ ein

on both sides of the above equation, we see that all the
terms except the one we have singled out vanish, and Proposition 3.5.4
gives us

±αi1,i2,...,ik
e1 ∧ e2 ∧ · · · ∧ en = 0,

whence αi1,i2,...,ik
= 0. Our choice of k-tuple with distinct elements was

arbitrary, and thus we have linear independence. Finally, we see that
the dimension for

∧k(V) equals the number of ways to choose k objects
out of n with a prescribed order; i.e., the number of combinations of n

objects taken k at a time.

The next result shows that the exterior algebra behaves nicely with
respect to direct sums.

Proposition 3.5.6 Let V and W be vector spaces. For each natural
number n, there exists an isomorphism∧n(V ⊕W) ∼=

⊕
k+l=n

∧k(V) ⊗
∧l(W).



144 Additional structure

Proof Let {e1, e2, . . . , em} and {f1, f2, . . . , fn} be bases for V and W
respectively. Then the set

{(e1, 0), (e2, 0), . . . , (em, 0), (0, f1), . . . , (0, fm)}

is a basis for V ⊕W, and we define

τ
(
(ei1 , ei2 , . . . , eik

) ⊗ (fj1 , fj2 , . . . , fjl
)
)

=

(ei1 , 0) ∧ (ei2 , 0) ∧ · · · ∧ (eik
, 0) ∧ (0, fj1) ∧ (0, fj2) ∧ · · · ∧ (0, fjl

)

for all k-tuples (ei1 , ei2 , . . . , eik
) and l-tuples (fj1 , fj2 , . . . , fjl

) with k +
l = n. We can extend τ by linearity, and Example 3.2.8 implies that τ

is an isomorphism. Furthermore, by writing everything out in terms of
the bases, we find that

τ
(
(v1, v2, . . . , vk) ⊗ (w1, w2, . . . , wl)

)
=

(v1, 0) ∧ (v2, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w1) ∧ (0, w2) ∧ · · · ∧ (0, wl)

for all k-tuples (v1, v2, . . . , vk) and l-tuples (w1, w2, . . . , wl) of elements
for V and W respectively, which shows that our isomorphism does not
depend on the choice of bases.

We next put an inner product on the exterior algebra.

Proposition 3.5.7 Let V be an inner product space. There exists a
unique inner product on

∧
(V) with the following property: given simple

tensors v1 ∧ v2 ∧ · · · ∧ vk and w1 ∧ w2 ∧ · · · ∧ wl in
∧

(V), let {〈vi, wj〉}
denote the k by l matrix whose (i, j) entry is 〈vi, wj〉. Then

〈v1 ∧ v2 ∧ · · · ∧ vk, w1 ∧ w2 ∧ · · · ∧ wl〉 =

{
0 if k �= l

det{〈vi, wj〉} if k = l.

Proof Take {1} to be an orthonormal basis for C =
∧0(V), fix an

orthonormal basis {e1, e2, . . . , em} of V =
∧1(V), and declare the basis

defined in Proposition 3.5.5 to be orthonormal for each 1 < k ≤ m. We
then obtain an inner product on all of

∧
(V) by decreeing that the vector

subspaces
∧k(V) are pairwise orthogonal.

The inner product of any two of the orthonormal basis elements of∧
(V) satisfies the desired formula. To show the formula holds in general,

write each element of
∧

(V) as a linear combination of the orthonormal
basis, use Propositions 3.5.3 and 3.5.4 to decompose the inner products
of arbitrary elements of

∧
(V) into linear combinations of inner products
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of the orthonormal basis elements, and repeatedly invoke the following
two properties of the determinant:

(i) the interchange of any two rows of a matrix changes the determi-
nant by a factor of −1;

(ii)

det

⎛⎜⎜⎜⎝
λa11 + λ′a′

11 λa12 + λ′a′
12 · · · λa1n + λ′a′

1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

⎞⎟⎟⎟⎠ =

λ det

⎛⎜⎜⎜⎝
a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

⎞⎟⎟⎟⎠+ λ′ det

⎛⎜⎜⎜⎝
a′
11 a′

12 · · · a′
1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

⎞⎟⎟⎟⎠ .

The inner product we have constructed is unique because we can write
every element of

∧
(V) as a unique linear combination of our orthonormal

basis.

We next extend the idea of exterior product to vector bundles.

Definition 3.5.8 Suppose that V and W are vector spaces and that
φ : V −→ W is a linear transformation. Then φ extends to a linear map
on
∧

(V) by declaring

φ(v1 ∧ v2 ∧ · · · ∧ vk) = φ(v1) ∧ φ(v2) ∧ · · · ∧ φ(vk)

for all simple tensors and extending φ linearly to all of
∧

(V).

Construction 3.5.9 Let V be a vector bundle over a compact Hausdorff
space X, use Proposition 1.7.9 to imbed V into a trivial bundle Θn(X),
and apply Corollary 1.7.13 to write V = RanE and for some idempotent
E : Θn(X) −→ V in M(n, C(X)). For each integer k, apply the rule in
Definition 3.5.8 to obtain an idempotent∧k(E) :

∧k(Θn(X)) −→
∧k(V );

observe that∧k(SES−1) =
∧k(S)
∧k(E)
∧k(S−1) =

∧k(S)
∧k(E)
(∧k(S)

)−1

for every invertible S. Take the standard basis {e1, e2, . . . , en, en+1} of
Cn+1, use Proposition 3.5.5 to obtain a basis for

∧k(Cn+1), and view
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these basis elements as elements of
∧k(Θn+1(X)) that are constant in

X. The idempotent∧k(diag(E, 0)
)

:
∧k(Θn+1(X)) −→

∧k(V )

kills basis elements of
∧k(Θn+1(X)) that end in en+1, and therefore

Lemma 1.7.1 gives us an invertible matrix U with complex entries such
that ∧k(diag(E, 0)

)
= U diag

(∧k(E), 0
)
U−1.

We define
∧k(V ) to be the vector bundle Ran

∧k(E); Proposition 1.7.6
implies that

∧k(V ) is well defined up to isomorphism. We then set

∧
(V ) =

∞⊕
k=0

∧k(V ),

which makes sense because only a finite number of the vector bundles∧k(V ) are nonzero. We define
∧even(V ) and

∧odd(V ) in a similar
fashion. Finally, if V is a Hermitian vector bundle, we make

∧
(V ) into

a Hermitian vector bundle by applying the inner product in Proposition
3.5.7 to each fiber.

We use the exterior product to define an object we will need in sub-
sequent sections.

Definition 3.5.10 Let X be compact Hausdorff and let K0(X)[[t]] de-
note the ring of power series in t with elements of K0(X) as coefficients.
For each vector bundle V over X, define

∧
t(V ) =

∞∑
k=0

[∧k(V )
]
tk.

The power series
∧

t(V ) is in fact a polynomial because
∧k(V ) is trivial

for k sufficiently large. As the next propostion shows, these power series
are particularly well behaved with respect to internal Whitney sum.

Proposition 3.5.11 Let V and W be vector spaces over a compact
Hausdorff space. Then

∧
t(V ⊕ W ) =

∧
t(V ) ⊗

∧
t(W ).

Proof Proposition 3.5.6 and Construction 3.5.9 imply that∧n(V ⊕ W ) ∼=
⊕

k+l=n

∧k(V ) ⊗
∧l(W )
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for every nonnegative integer n; the proposition follows by multipying
out
∧

t(V ) ⊗
∧

t(W ).

3.6 Thom isomorphism theorem

Suppose that V is a vector bundle over a compact Hausdorff space X.
Then V is a locally compact Hausdorff space, and we might hope that the
K-theory of V is somehow related to the K-theory of X. For example,
if V = Θn(X) for some natural number n, then V is homeomorphic to
X × R2n, and the Bott periodicity theorem and Theorem 2.6.13 imply
that there are natural group isomorphisms Kp(V ) ∼= Kp(X) for p =
0,−1. In fact, as we shall show in this chapter, the groups Kp(V ) and
Kp(X) are isomorphic even when V is not trivial. The point of this
section is to prove this result, known as the Thom isomorphism theorem.

Definition 3.6.1 Let V be a Hermitian vector bundle over a compact
Hausdorff space X. We say that V is equipped with a fiberwise norm if:

(i) there exists a continuous function ‖·‖ from V to [0,∞) whose
restriction to each fiber of V is a norm;

(ii) there exist constants c and C such that

c ‖v‖in ≤ ‖v‖ ≤ C ‖v‖in

for all v in V .

Example 3.6.2 If V is a Hermitian vector bundle over any compact
Hausdorff space, then obviously the Hermitian metric defines a fiberwise
norm on V .

Example 3.6.3 Let V and W be vector bundles over the same com-
pact Hausdorff space, and suppose that V and W are each equipped with
fiberwise norms ‖·‖V and ‖·‖W respectively. Then the function ‖·‖ on
V ⊕ W defined by

‖(v, w)‖ = sup{‖v‖V , ‖w‖W }

is a fiberwise norm on V ⊕ W ; we can take c = 1 and C =
√

2.

There are many other examples, but we shall only need these two.

Definition 3.6.4 Let V be a vector bundle over a compact Hausdorff
space and suppose that V is equipped with a fiberwise norm ‖·‖. The
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ball bundle B(V ) and the sphere bundle S(V ) of V with respect to ‖·‖
are the sets

B(V ) = {v ∈ V : ‖v‖ ≤ 1}
S(V ) = {v ∈ V : ‖v‖ = 1}.

Definition 3.6.5 Let V be a vector bundle over a compact Hausdorff
space X, let π be the projection map of V onto X, and suppose that V

is equipped with a fiberwise norm. We construct a map

K0(X) ⊗ K0(B(V ), S(V )) −→ K0(B(V ), S(V ))

in the following way: define the compact pair morphism

p : (B(V ), S(V )) −→ (X × B(V ), X × S(V ))

by the formula p(v) = (π(v), v). Then compose the external multiplica-
tion map

K0(X) ⊗ K0(B(V ), S(V )) −→ K0(X × B(V ), X × S(V ))

with the homomorphism

p∗ : K0(X × B(V ), X × S(V )) −→ K0(B(V ), S(V )).

The function in Definition 3.6.5 makes K0(B(V ), S(V )) into a K0(X)-
module.

There is a related construction involving K-1(X) and K-1(V ); first we
need some preliminary results.

Lemma 3.6.6 Let V be a vector bundle over a compact Hausdorff space
and suppose that V is equipped with a fiberwise norm. Then B(V )\S(V )
is homeomorphic to V .

Proof The map φ : B(V )\S(V ) −→ V defined as φ(v) = (1 − ‖v‖)−1v

is a homeomorphism.

Lemma 3.6.7 Let V be a vector bundle over a compact Hausdorff space
X and suppose that V is equipped with a fiberwise norm. Then there
exists a natural isomorphism

K-1(B(V ), S(V )) ∼= K0
(
B(V ) × S1, (B(V ) × {1}) ∪ (S(V ) × S1)

)
.
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Proof We have homeomorphisms

(B(V ) × S1)\
(
B(V ) × {1}) ∪ (S(V ) × S1)

) ∼=
(B(V )\S(V )) × (S1\{1}) ∼= V × R;

the second homeomorphism comes from Lemma 3.6.6. The result then
follows from Theorem 2.2.14.

Definition 3.6.8 Let V be a vector bundle over a compact Hausdorff
space X, let π be the projection map of V onto X, and suppose that V

is equipped with a fiberwise norm. We construct a map

K-1(X) ⊗ K0(B(V ), S(V )) −→ K-1(B(V ), S(V ))

in the following way: Theorems 2.3.17 and 2.6.13 yield an isomorphism
K-1(X) ∼= K0(X×S1, X×{1}). Apply external multiplication to produce
a map

K0(X × S1, X × {1}) ⊗ K0(B(V ), S(V )) −→
K0
(
X × S1 × B(V ), (X × {1} × B(V )) ∪ (X × S1 × S(V ))

)
.

Identify X ×S1 ×B(V ) with X ×B(V )×S1 via the obvious homeomor-
phism, let p be as in Definition 3.6.5, and compose with

(p×id)∗ : K0
(
X×B(V )×S1, (X×B(V )×{1})∪(X×S(V )×S1)

)
−→

K0
(
B(V ) × S1, (B(V ) × {1} ∪ (S(V ) × S1)

)
to obtain a function

K0(X × S1, X × {1}) ⊗ K0(B(V ), S(V )) −→
K0
(
B(V ) × S1, (B(V ) × {1}) ∪ (S(V ) × S1)

)
.

Finally, use Lemma 3.6.7 to make the identification

K0
(
B(V ) × S1, (B(V ) × {1}) ∪ (S(V ) × S1)

) ∼= K-1(B(V ), S(V )).

Suppose that π : V −→ X is the projection map of a vector bundle.
For each nonnegative integer k, we let ∧kπ denote the projection of the
vector bundle

∧k(V ) to X, and we use Construction 1.5.12 to pull back∧k(V ) to the vector bundle

π∗(∧k(V )
)

= {(v, ω) ∈ V ×
∧k(V ) : π(v) = (∧kπ)(ω)}

over V . This vector bundle is naturally isomorphic to
∧k(π∗V ), and for

the sake of notational parsimony, we will use this latter notation for the
bundle.
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Lemma 3.6.9 Let X be a compact Hausdorff space, suppose that V is a
Hermitian vector bundle over X, and let k be a natural number. Define
ε :
∧k(π∗V ) −→

∧k+1(π∗V ) by setting ε(v, ω) = (v, v ∧ ω) for all v in
V and ω in

∧k(π∗V ). For each element v of V that appears in a wedge
product, let v̂ indicate omission of v. Then

ε∗(v, v1 ∧ · · · ∧ vk) =

⎛⎝v,
k+1∑
j=1

(−1)j+1 〈vj , v1〉 v1 ∧ · · · ∧ v̂j ∧ · · · ∧ vk+1

⎞⎠
for all simple wedges in

∧k(V )v.

Proof For all simple wedges in
∧k(V )v and

∧k+1(V )v, we have〈
ε(v, v1 ∧ · · · ∧ vk), v′1 ∧ · · · ∧ v′k+1

〉
=
〈
v ∧ v1 ∧ · · · ∧ vk, v′

1 ∧ · · · ∧ v′k+1

〉
.

Let A denote the matrix whose (1, j) entry is
〈
v, v′

j

〉
for 1 ≤ j ≤ k+1 and

whose (i, j) entry is {
〈
vi−1, v

′
j

〉
} when 1 < i ≤ k + 1 and 1 ≤ j ≤ k + 1.

Next, let A1,j be the matrix obtained from A by removing the first
row and the jth column. Then Definition 1.1.1, Proposition 3.5.7, and
properties of the determinant give us〈

ε(v, v1 ∧ · · · ∧ vk+1), v′1 ∧ · · · ∧ v′k+1

〉
= det A

=
k+1∑
j=1

(−1)j+1
〈
v, v′j
〉
det(A1,m)

=
k+1∑
j=1

(−1)j+1
〈
v, v′j
〉 〈

v ∧ v1 ∧ · · · ∧ vk+1, v
′
1 ∧ · · · ∧ v̂′

j ∧ · · · ∧ v′k+1

〉

=

〈
v1 ∧ · · · ∧ vk+1,

k+1∑
j=1

(−1)j+1
〈
v′

j , v
〉
v′1 ∧ · · · ∧ v̂′

j ∧ · · · ∧ v′k+1

〉
,

from which the desired formula follows.

Proposition 3.6.10 Let V and W be vector bundles over a compact
Hausdorff space X. There exists a natural bundle isomorphism∧n (

π∗
V ⊕W (V ⊕ W )

) ∼= ⊕
k+l=n

∧k(π∗
V V ) �

∧l(π∗
W W )

for every nonnegative integer n. Via this isomorphism, the map

ε :
∧n(π∗

V ⊕W (V ⊕ W )) −→
∧n+1(π∗

V ⊕W (V ⊕ W ))
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takes the form

ε :
∧k(π∗

V V ) �
∧l(π∗

W W ) −→(∧k+1(π∗
V V ) �

∧l(π∗
W W )
)
⊕
(∧k(π∗

V V ) �
∧l+1(π∗

W W )
)

for all k and l summing to n, and

εV ⊕W = εV � 1 + (−1)k � εW .

In addition, suppose that V and W are Hermitian bundles and endow
V ⊕ W with the product Hermitian metric; i.e, 〈(v1, w1), (v2, w2)〉 =
〈v1, v2〉 + 〈w1, w2〉. Then

ε∗V ⊕W = ε∗V � 1 + (−1)k � ε∗W .

Proof By applying Proposition 3.5.6, we obtain a bijection

τ :
⊕

k+l=n

∧k(π∗
V V ) �

∧l(π∗
W W ) −→

∧n (
π∗

V ⊕W (V ⊕ W )
)

that maps fibers to fibers. Local triviality of vector bundles and the
formula for τ in Proposition 3.5.6 imply that τ is continuous, and so τ

is a bundle isomorphism by Lemma 1.7.8.
To verify the alleged formula for ε, we only need to check it on simple

wedges. Take (v, v1 ∧ · · · ∧ vk) and (w,w1 ∧ · · · ∧ wl) in
∧k(π∗

V V ) and∧l(π∗
W W ) respectively. Then

εV ⊕W τ
(
(v, v1 ∧ · · · ∧ vk) ⊗ (w,w1 ∧ · · · ∧ wl)

)
= εV ⊕W

(
(v, w), (v1, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w1) ∧ · · · ∧ (0, wl)

)
=
(
(v, w), (v, w) ∧ (v1, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w1) ∧ · · · ∧ (0, wl)

)
=
(
(v, w), ((v, 0)+(0, w))∧ (v1, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w1) ∧ · · · ∧ (0, wl)

)
=
(
(v, w), (v, 0) ∧ (v1, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w1) ∧ · · · ∧ (0, wl)

)
+ (−1)k

(
(v, w), (v1, 0) ∧ · · · ∧ (vk, 0) ∧ (0, w) ∧ (0, w1) ∧ · · · ∧ (0, wl)

)
,

whence εV ⊕W = εV �1+(−1)k � εW . An easy computation shows that
the desired formula for ε∗V ⊕W holds as well.

Proposition 3.6.11 Let V be a Hermitian vector bundle over a compact
Hausdorff space X and equip V with any fiberwise norm. Then

(
∧even(π∗V ),

∧odd(π∗V ), ε + ε∗)

determines an element UV of K0(B(V ), S(V )).
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Proof The vector bundles above are restricted to B(V ), but we omit
that dependence in order to simplify the notation. Local triviality and
our formulas for ε and ε∗ imply that both maps are continuous. To
show that ε + ε∗ is a bundle isomorphism, it suffices to show that its
square is a bundle isomorphism. Proposition 3.5.4 and the definition of
ε immediately give us ε2 = 0, and thus (ε∗)2 = 0 by Proposition 1.1.9.
Therefore (ε + ε∗)2 = εε∗ + ε∗ε. A straightforward computation then
yields

(ε∗ε + εε∗)(v, v1 ∧ v2 ∧ · · · ∧ vk+1) = (v, 〈v1, v1〉 v2 ∧ v3 ∧ · · · ∧ vk+1) .

The vector v is not zero and hence (ε + ε∗)2 is the identity map times a
strictly positive function on S(V ), implying the conclusion of the propo-
sition.

Definition 3.6.12 The element UV constructed in Proposition 3.6.11
is called the Thom class of V .

Lemma 3.6.6 and the following result justify calling UV the Thom
class of V and not the Thom class of (B(V ), S(V )).

Proposition 3.6.13 Let V be a vector bundle over a compact Hausdorff
space X. For k = 0, 1, let Vk denote V equipped with a Hermitian
structure 〈·, ·〉k and a fiberwise norm ‖·‖k Then there exists an morphism
ι from (B(V0), S(V0)) to (B(V1), S(V1)) with the properties that

ι∗ : K0(B(V1), S(V1)) −→ K0(B(V0), S(V0))

is an isomorphism and that ι∗(UV1) = UV0 in K0(B(V0), S(V0)).

Proof We first consider the case where the Hermitian structure changes
but the fiberwise norm does not, and second the case where the fiberwise
norm changes but the Hermitian structure remains fixed; the general
result follows easily from these two special cases.

In the first case, we have B(V0) = B(V1) and S(V0) = S(V1), so we
can take ι to be the identity map. For each 0 ≤ t ≤ 1, define a Hermitian
metric on V by the formula

〈v, v′〉t = (1 − t) 〈v, v′〉0 + t 〈v, v′〉1 .

The map ε in the definition of the Thom class does not depend on the
Hermitian structure, while ε∗ varies continuously in t. Thus UV0 = UV1

by Proposition 3.4.11.
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In the second case, ε + ε∗ does not change, but the ball and sphere
bundles of V do. Define ι : (B(V0), S(V0)) −→ (B(V1), S(V1)) by the
formula

ι(v) =

{‖v‖0
‖v‖1

v v �= 0

0 v = 0.

The definition of fiberwise norm implies that ι is continuous. Moreover,
if we define ι′ by reversing the roles of (B(V0), S(V0)) and (B(V1), S(V1))
in the definition of ι, then the compositions ι′ι and ιι′ are the identity
maps on B(V0) and B(V1) respectively, whence ι∗ is an isomorphism.
Finally, an easy check shows that ι∗(UV1) = UV0 .

Proposition 3.6.14 Let V and W be Hermitian vector bundles over
a compact Hausdorff space X, each endowed with the fiberwise norm
coming from the Hermitian structure. Endow V ⊕ W with the fiberwise
norm

‖(v, w)‖ = sup{‖v‖in , ‖w‖in}.

Then

B(V ⊕ W ) = B(V ) × B(W )

S(V ⊕ W ) =
(
B(V ) × S(W )

)
∪
(
S(V ) × B(W )

)
and UV ⊕W = UV � UW .

Proof The facts about B(V ⊕ W ) and S(V ⊕ W ) follow directly from
the definitions of the fiberwise norms; Theorem 3.4.17 and Proposition
3.6.10 imply the last equality.

In the lemma and theorem that follow, we denote the operations
defined in Definitions 3.6.5 and 3.6.8 by a dot.

Lemma 3.6.15 For every compact Hausdorff space X and every natural
number n, the map

( ) · UΘn(X) : Kp(X) −→ Kp
(
B(Θn(X)), S(Θn(X))

)
is an isomorphism for p = 0,−1.

Proof We proceed by induction on n; to simplify notation we shorten
Θn(X) to just Θn. Proposition 3.6.13 implies that our choice of fiberwise
norm on each Θn is not important; for n = 1, we choose the fiberwise
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norm that comes from the standard Hermitian metric on Θ1, and thus
B(Θ1) = B2 and S(Θ1) = S1. For n > 1, we choose the product
fiberwise norm.

To minimize confusion, we denote Θ1 by V and let π be the projection
map to X. Because π∗V is a line bundle, we have∧even(π∗V ) =

∧0(π∗V ) = Θ1(B(V ))

and ∧odd(π∗V ) =
∧1(π∗V ) = π∗V.

In this case ε(v, z) = vz for every v in B(V ) and z in C, while ε∗ is
identically 0. Thus

[W ] · UV =
[
p∗(W � Θ1(B(V ))), p∗(W � π∗V ), p∗(I � ε)

]
for every bundle W over X. Because V is a trivial line bundle, the space
B(V )) is homeomorphic to X × B2, and

p∗(W � π∗V )(x,b) =

{(
x, b,
∑

i

wi ⊗ (x, b, vi)

)
: wi ∈ W, vi ∈ V

}
for each point (x, b) in X × B2. We also have

(W ⊗ π∗V )(x,b) =

{∑
i

wi ⊗ (x, b, vi) : wi ∈ W, vi ∈ V

}
,

and hence

p∗(W � π∗V ) ∼= W � π∗V.

A similar argument yields

p∗(W � Θ1(B(V ))) ∼= W � Θ1(B(V )).

Therefore, using the notation of Proposition 3.3.9, we obtain

[W ] · UV =
[
p∗(W � Θ1(B(V ))), p∗(W � π∗V ), p∗(I � ε)

]
=
[
W � Θ1(B(V )),W � π∗V, id�ε

]
= [W ] � b̃.

Proposition 3.3.9 then implies that the map defined as

x �→ x · UΘ1(X)

for all x in K0(X) determines an isomorphism

K0(X) ∼= K0
(
B(Θ1), S(Θ1)

)
.
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Similarly, take [W0,W1, σ] in K0(X×S1, X×{1}), let σ̃ be an extension
of σ to a bundle homomorphism from W0 to W1, and define a matrix

γ =
(

σ̃ � I 0
I � ε σ̃∗ � I

)
.

Then Theorem 3.4.17 yields

[W0,W1, σ] · UV

=
(
(W0 � Θ1(B(V )) ⊕ (W1 � π∗V ),(W1 � Θ1(B(V )) ⊕ (W0 � π∗V ), γ

)
= [W0,W1, σ] � b̃,

and therefore we have an isomorphism K-1(X) ∼= K-1
(
B(Θ1), S(Θ1)

)
as

well.

Now suppose the lemma is true for Θn. Proposition 3.6.14 implies
that the diagram

K0(X)
·UΘn+1 ��

·UΘn

��

K0
(
B(Θn+1), S(Θn+1)

)

∼=

��

K0
(
B(Θn), S(Θn)

)
�b̃



��������������������

K0
(
B(Θn) × B2, (B(Θn) × S1) ∪ (S(Θn) × B2)

)
is commutative, and thus K0(X) ∼= K0

(
B(Θn+1), S(Θn+1)

)
.

Finally, define groups

G1 = K0
(
B(Θn) × S1 × B2,

(B(Θn) × S1 × S1) ∪ (B(Θn) × {1} × B2) ∪ (S(Θn) × S1 × B2)
)

G2 = K0
(
B(Θn) × B2 × S1,

(B(Θn) × S1 × S1) ∪ (B(Θn) × B2 × B2) ∪ (S(Θn) × B2 × S1)
)
.

Let γ : B(Θn) × B2 × S1 −→ B(Θn) × S1 × B2 be the map that swaps
the second and third factors. Then γ∗ : G1 −→ G2 is an isomorphism,
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and the diagram

K-1(X)
·UΘn+1 ��

·UΘn

��

K-1
(
B(Θn+1), S(Θn+1)

)
∼=

��
K-1
(
B(Θn), S(Θn)

)
�b̃

��

G2

G1

γ∗
�������������������������

commutes by Definition 3.6.8 and Proposition 3.6.14. Therefore the
Thom class of Θn+1 determines a group isomorphism from K-1(X) to
K-1
(
B(Θn+1), S(Θn+1)

)
.

Theorem 3.6.16 (Thom isomorphism theorem) If V is a vector
bundle over a compact Hausdorff space X, then the Thom class UV of
V defines group isomorphisms Kp(X) ∼= Kp(B(V ), S(V )) for p = 0,−1.

Proof Suppose we have a finite collection A of closed subsets of X whose
union is X and such that V is trivial when restricted to each set in A. We
prove the theorem by induction on the number of sets in A. If A consists
of only one set, i.e., X, then the desired result follows immediately from
Lemma 3.6.15. Now suppose the theorem is true when A has n sets,
and consider the commutative diagram

Kp(A1) ⊕ Kp(A)
·(UV |A1⊕UV |A)

��

��

Kp(B(V ), S(V ))

��
Kp(A1 ∩ A)

·UV |A1∩A ��

��

Kp(B(V |A1 ∩ A), S(V |A1 ∩ A))

��
Kp(X)

·UV ��

��

Kp(B(V ), S(V ))

��
K-(p+1)(A1) ⊕ K-(p+1)(A)

·(UV |A1⊕UV |A)
��

��

K-(p+1)(B(V ), S(V ))

��
K-(p+1)(A1 ∩ A)

·UV |A1∩A �� K-(p+1)(B(V |A1 ∩ A), S(V |A1 ∩ A)),
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where A = {A1, A2, . . . , An, An+1} and A = A2 ∪A3 ∪ · · · ∪An ∪An+1.
The first column is exact by Theorem 3.1.2. Moreover, Lemma 3.6.6
provides a homeomorphism B(V |Ã)\S(V |Ã) ∼= V |Ã for every closed
subset Ã of X, so Theorem 3.1.2 also tells us that the second column
is exact. Each of the horizontal maps except the middle one is an iso-
morphism, either by the inductive hypothesis or Lemma 3.6.15, and the
naturality of all the relevant maps implies that the diagram commutes.
The theorem then is a consequence of Proposition 1.8.10.

3.7 The splitting principle

The splitting principle states, roughly speaking, that we can assume in
many applications of K-theory that every vector bundle is an internal
Whitney sum of line bundles. In proving the splitting principle, we will
obtain along the way some computations of the K0 groups of the complex
projective spaces CP

n for all natural numbers n.
In Example 1.5.10 we defined the tautological line bundle over complex

projective space CP
n. We now generalize that construction.

Definition 3.7.1 Let V be a vector bundle over a compact Hausdorff
space X. For each point x in X, identify x with the zero element in
Vx; this defines an imbedding of X into V . Identify v with λv for every
complex number λ. The resulting quotient of V \X is denoted P(V ) and
is called the projective bundle associated to V .

For each element � of P(V ), there is some x in X such that � can be
viewed a line in Vx that passes through the origin; i.e., a one-dimensional
vector subspace of Vx.

Note that P(V ) is not a vector bundle.

Definition 3.7.2 Let V be a vector bundle over a compact Hausdorff
space X and let p : P(V ) −→ X be the continuous function determined
by the projection from V to X. The dual Hopf bundle associated to V

is the subbundle

H∗
V = {(�, v) ∈ P(V ) ⊕ V : � contains v}

of the vector bundle p∗(V ) over P(V ).

Definition 3.7.3 Let V be a vector bundle over a compact Hausdorff
space X. The Hopf bundle HV associated to V is the vector bundle
(H∗

V )∗ over P(V ).
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When the vector bundle V is clear from the context, we will write HV

as just H.

Proposition 3.7.4 Let n be a natural number, suppose that V is a rank
n vector bundle over a compact Hausdorff space X, and let H denote the
Hopf bundle associated to V . Then in K0(P(V )) we have the equation

n∑
k=0

(−1)k
[∧k(p∗V )

]
⊗ [H]k = 0.

Proof Let p : P(V ) −→ X be as in Definition 3.7.2 and use Proposition
1.7.15 to construct a vector bundle W such that W ⊕H∗ is (isomorphic
to) p∗V . From Proposition 3.5.11 and the fact that H∗ is a line bundle
we obtain∧

t[(p
∗V )] =

∧
t([W ]) ⊗

∧
t([H

∗]) =
∧

t([W ]) ⊗
(
[Θ1(X)] + [H∗]t

)
.

If we evaluate this last factor at t = −[H], Proposition 3.3.5 gives us

[Θ1(X)] −
(
[H] ⊗ [H∗]

)
= [Θ1(X)] − [Θ1(X)] = 0,

and therefore

0 =
∧

−[H][(p
∗V )] =

n∑
k=0

(−1)k
[∧k(p∗V )

]
⊗ [H]k.

Lemma 3.7.5 Let X and Y be compact Hausdorff spaces and suppose
that φ : Y −→ X is continuous. Choose elements y1,y2, . . . ,yn of
K0(Y ), let G be the free abelian group generated by these elements, and
let φ : G −→ K0(Y ) be the quotient homomorphism. Suppose that each
point x in X has a neighborhood U with the feature that for each closed
subspace A′ of U , with j : φ−1(A′) −→ Y denoting inclusion, the homo-
morphism Φ′ : G ⊗ Kp(A′) −→ Kp(φ−1(A′)) defined by the formula

Φ′
(∑

i

gi ⊗ ai

)
=
∑

i

j∗ρ(g1) ⊗
(
φ|φ−1(A′)

)∗(ai)

is an isomorphism for p = 0,−1. Then for every closed subspace A of
X, the map Φ′ determines an isomorphism Φ from G ⊗ Kp(X, A) to
Kp(Y, φ−1(A)). In particular, there exists an isomorphism

Φ : G ⊗ Kp(X) −→ Kp(Y ).
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Proof For every compact pair (X, A), we have a diagram

0 �� G ⊗ Kp(X, A) ��

��

G ⊗ Kp(D(X, A)) ��

Φ′

��

G ⊗ Kp(X)

Φ′

��
0 �� Kp(Y, φ−1(A)) �� Kp(D(Y, φ−1(A))) �� Kp(Y )

for p = 0,−1. Theorem 2.2.10, Theorem 2.3.15, Proposition 3.2.7, and
Definition 2.2.2 imply that the rows are exact, and then Proposition
1.8.9 gives us Φ as the leftmost map in the diagram.

Let x1 and x2 be distinct points in X and choose neighborhoods U1

and U2 of x1 and x2 respectively that satisfy the hypotheses of the
lemma. Let U = U1 ∪U2, suppose that A is a closed subspace of U , and
set

B = U1 ∪ A

A1 = A ∩ U1

A2 = B ∩ U2.

From Theorem 2.7.17 and the fact that U\B =
(
(U\A)\(B\A)

)
we

obtain the six-term exact sequence

K0(U\B) �� K0(U\A) �� K0(B\A)

��
K-1(U\B)

��

K-1(U\A)�� K-1(U\B).��

But U\B = U2\A2 and B\A = U1\A1, so Proposition 2.6.8 implies
that the sequence

K0(U2, A2) �� K0(U,A) �� K0(U1, A1)

��
K-1(U1, A1)

��

K-1(U,A)�� K-1(U2, A2)��

is exact. We get a second exact sequence by taking by taking the inverse
image under φ of each of the spaces that appear in the above exact
sequence. Proposition 3.2.7 then implies that for p = 0,−1, we have a
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diagram

G ⊗ K-(p+1)(U1, A1)
Φ ��

��

K-(p+1)(φ−1(U1), φ−1(A1))

��
G ⊗ Kp(U2, A2)

Φ ��

��

Kp(φ−1(U2), φ−1(A2))

��
G ⊗ Kp(U,A)

Φ ��

��

Kp(φ−1(U), φ−1(A))

��
G ⊗ Kp(U1, A1)

Φ ��

��

Kp(φ−1(U1))

��
G ⊗ K-(p+1)(U2, A2)

Φ �� K-(p+1)(φ−1(U2))

with exact columns. Straightforward computation shows the diagram
commutes, and thus Proposition 1.8.10 implies that

Φ : G ⊗ Kp(U,A) −→ Kp(φ−1(U), φ−1(A))

is an isomorphism for p = 0,−1. The general result follows by math-
ematical induction on the number of sets in a finite open cover of X.

Proposition 3.7.6 Let V be a line bundle over a compact Hausdorff
space X and let H be the Hopf bundle associated to V ⊕ Θ1(X). Then
K0
(
P(V ⊕ Θ1(X))

)
is a free K0(X)-module on the generators [H] and

[Θ1(P(V ⊕ Θ1(X)))]. Furthermore, we have the equation(
[H] · [V ] − [Θ1(P(V ⊕ Θ1(X)))]

)
⊗
(
[H] − [Θ1(P(V ⊕ Θ1(X)))]

)
= 0.

Proof To simplify notation in this proof, we write Y = P(V ⊕ Θ1(X)).
Let p : Y −→ X be the projection map. We make K0(Y ) into a

K0(X)-module by applying p∗ to elements of K0(X) and then performing
internal multiplication with elements of K0(Y ).

Let U be an open subspace of X such that V |U is trivial. Then

P(V |U ⊕ Θ1(U)) ∼= P(Θ1(U) ⊕ Θ1(U)) ∼= U × CP
1,
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and Proposition 3.3.15 gives us

K0(U × CP
1) ∼=
(
K0(U) ⊗ K0(CP

1)
)
⊕
(
K-1(U) ⊗ K-1(CP

1)
)

= K0(U) ⊗ K0(CP
1).

Example 2.8.2 implies that K0(CP
1) is generated by [Θ1(CP

1)] and the
dual Hopf bundle over CP

1, and because tensor product with [H] is a
bijection, we see that K0(CP

1) is alternately generated by [Θ1(CP
1) and

[H]. Therefore Proposition 3.3.15 implies that K0(U×CP
1) is generated

by the trivial bundle and the Hopf bundle over U × CP
1.

Now consider the trivial bundle Θ1(Y ). Because H restricts to the
Hopf bundle over P(U ⊕ Θ1(U)) for every open subspace U of X, the
hypothesis of Lemma 3.7.5 are satisfied. Thus if G is the free abelian
group generated by [Θ1(Y )] and [H], we have an isomorphism

G ⊗ K0(X) ∼= K0(Y ).

In other words, every element of K0(Y ) can be uniquely written as a
linear combination of [Θ1(Y )] and [H] with coefficients from K0(X).
This proves the first statement of the proposition.

To establish the second statement, note that because H and V are
line bundles, Proposition 3.5.11 implies that∧2(

p∗(V ⊕ Θ1(X))
) ∼= ∧1(p∗V ) ⊗

∧1(Θ1(Y )) ∼= p∗V ⊗ Θ1(Y ) ∼= p∗V.

Thus Proposition 3.7.4 yields

0 = [Θ1(Y )] − [p∗(V ⊕ Θ1(X))] ⊗ [H] + [p∗V ] ⊗ [H]2

= [Θ1(Y )] −
(
([p∗V ] + [Θ1(Y )]

)
⊗ [H] + [p∗V ] ⊗ [H]2

=
(
[H] ⊗ [p∗V ] − [Θ1(Y )]

)
⊗
(
[H] − [Θ1(Y )]

)
=
(
[H] · [V ] − [Θ1(Y )]

)
⊗
(
[H] − [Θ1(Y )]

)
.

Proposition 3.7.7 Let n be a natural number and let H be the Hopf
bundle over P(Θn+1(pt)) ∼= CP

n. Then K0(CP
n) is a free abelian group

on generators [Θ1(CP
n)], [H], [H]2, . . . , [H]n. Furthermore, we have the

equation (
[H] − [Θ1(CP

n)]
)n+1 = 0.

Proof Apply Proposition 3.7.4 to the vector bundle Θn+1(pt) and use
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Proposition 3.5.5 to obtain the string of equalities

0 =
n+1∑
k=1

(−1)k[
∧k(p∗Θn+1(pt))] ⊗ [H]k

=
n+1∑
k=1

(−1)k[
∧k(Θn+1(CP

n))] ⊗ [H]k

=
n+1∑
k=1

(−1)k

(
n + 1

k

)
[Θ1(CP

n)] ⊗ [H]k

=
n+1∑
k=1

(−1)k

(
n + 1

k

)
[Θ1(CP

n)]n+1−k ⊗ [H]k

=
(
[Θ1(CP

n)] − [H]
)n+1

=
(
[H] − [Θ1(CP

n)]
)n+1

.

To establish the first part of the theorem, we proceed by induction.
For n = 1, the result is a consequence of Proposition 3.7.6. Now suppose
the result is true for an arbitrary n. To avoid confusion, we will denote
the Hopf bundle of CP

n by Hn.
Consider the vector bundle V = H∗

n ⊕ Θ1(CP
n) over CP

n. Let p be
the projection map from P(V ) to CP

n, and define s : CP
n −→ P(V )

by sending each x in CP
n to the line through the point (0, x, 1). Each

element of H∗
n is a line in Cn+1, and so we can define a continuous

function q̃ : P(V ) −→ CP
n+1 by sending the line through a point (h, x, z)

to the line through (h, z). The map q̃ determines a homeomorphism

q : (P(V )\s(CP
n))+ −→ CP

n+1.

Furthermore, if Ĥ is the Hopf bundle over P(V ), then q∗Hn+1
∼= Ĥ and

s∗Ĥ ∼= Θ1(CP
1).

Next, we have a split exact sequence

0 �� K0
(
P(V ), s(CP

n)
)

�� K0(P(V )) �� K0(s(CP
n)) ���� 0;

the splitting map takes the line through a point (h, x, z) to the line
through the point (0, x, z). Theorem 2.2.10 gives us a group isomorphism

K0(P(V )) ∼= K0
(
P, s(CP

n)
)
⊕ K0(CP

n).

By Proposition 3.7.6, the group K0(P(V )) is a free K0(CP
n)-module on

the generators [Θ1(P(V ))] and [Ĥ]. Combining the exact sequence above
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with our inductive hypothesis, we see that every element of the group
K0
(
P(V ), s(CP

n)
)

can be uniquely written in the form(
n∑

i=0

ki[Hn]i
)

·
(
[Ĥ] − [Θ1(P(V ))]

)
for some integers k0, k1, . . . , kn. Next, apply Proposition 3.7.6 to the
line bundle H∗

n to obtain the equation(
[Ĥ] · [H∗

n] − [Θ1(P(V ))]
)
⊗
(
[Ĥ] − [Θ1(P(V ))]

)
= 0,

which from the definition of the K0(CP
n)-module becomes(

[Ĥ] ⊗ [p∗H∗
n] − [Θ1(P(V ))]

)
⊗
(
[Ĥ] − [Θ1(P(V ))]

)
= 0.

Tensor both sides of the equation by [Hn] ⊗ [Θ1(P(V ))] to obtain(
[Ĥ] − [p∗Hn]

)
⊗
(
[Ĥ] − [Θ1(P(V ))]

)
= 0,

which can be rewritten in the form

[Ĥ] ⊗
(
[Ĥ] − [Θ1(P(V ))]

)
= [Hn] ·

(
[Ĥ] − [Θ1(P(V ))]

)
.

Thus the set {
[Ĥ]i ·
(
[Ĥ] − [Θ1(P(V ))]

)
: 0 ≤ i ≤ n

}
is a basis for K0

(
P(V ), s(CP

n)
)
, and via Theorem 2.2.14 and the bundle

isomorphism q∗Hn+1
∼= Ĥ, we see that{

[Hn+1]i ·
(
[Hn+1] − [Θ1(CP

n+1)]
)

: 0 ≤ i ≤ n
}

is a basis for the group K̃0(CP
n+1). Finally, we combine this fact with

Corollary 2.5.4 to conclude that K0(CP
n+1) is a free abelian group on

generators

[Θ1(CP
n+1)], [Hn+1], [Hn+1]2, . . . , [Hn+1]n+1,

thus proving the theorem.

Lemma 3.7.8 For each natural number n, the complex projective space
CP

n imbeds into CP
n+1, and the complement is homeomorphic to R2n+2.

Proof We write elements of complex projective space in homogeneous
coordinates (see Example 1.5.10). The inclusion

[z1, z2, . . . , zn+1] �→ [z1, z2, . . . , zn+1, 0]
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is an imbedding of CP
n into CP

n+1. The quotient map from Cn+2 to
CP

n+1 restricts to a quotient map q : S2n+3 −→ CP
n+1; here we are

identifying Cn+2 with R2n+4. Consider the set

{(z1, z2, . . . , zn+1, zn+2) ∈ S2n+3 : zn+2 real}.

This set is homeomorphic to the equator S2n+2 of S2n+3, and taking
zn+2 > 0 gives us the northern hemisphere N of S2n+2. The quotient
map q sends N into the complement of CP

n in CP
n+1; we show that q

is a homeomorphism.

Suppose that q(z1, z2, . . . , zn+2) = q(w1, w2, . . . , wn+2) for two points
in N . Then from some nonzero complex number λ we see that zk = λwk

for 1 ≤ k ≤ n + 2. In particular, zn+2 = λwn+2. Because both zn+2

and wn+2 are nonnegative, the number λ must also be nonnegative, and
because we are on a unit sphere, the modulus of λ is 1. Therefore λ = 1,
and thus q is injective when restricted to N .

To show surjectivity, take [z1, z2, . . . , zn+2] in CP
n+1\CP

n. Then
zn+2 �= 0. Write zn+2 as reiθ with r > 0. Then

q(e−iθz1, e
−iθz2, . . . , r) = q(e−iθ(z1, z2, . . . , zn+2))

= [e−iθ(z1, z2, . . . , zn+2)]

= [z1, z2, . . . , zn+2].

Therefore q is a continous bijection, and because it is a quotient map,
q is a homeomorphism. The subspace N is homeomorphic to R2n+2,
whence the lemma follows.

Proposition 3.7.9 For every compact Hausdorff space X and every
nonnegative integer n, external multiplication defines isomorphisms

K0(CP
n) ⊗ Kp(X) ∼= K0(CP

n × X)

for p = 0,−1.

Proof We proceed by induction on n. The space CP0 is just a point,
in which case the proposition is obviously true. Now suppose the result



3.7 The splitting principle 165

holds for n and consider the diagram

K-1(CP
n) ⊗ K0(X) � ��

��

K-1(CP
n × X)

��
K0(R2n+2) ⊗ K0(X) � ��

��

K0(R2n+2 × X)

��
K0(CP

n+1) ⊗ K0(X)
� ��

��

K0(CP
n+1 × X)

��
K0(CP

n) ⊗ K0(X) � ��

��

K0(CP
n × X)

��
K-1(R2n+2) ⊗ K0(X) � �� K-1(R2n+2 × X).

Corollary 2.7.19 and Lemma 3.7.8 imply that the second column is exact.
Futhermore, because the groups Kp(CP

n) are free abelian, Corollary
2.7.19 and Lemma 3.7.8 also imply that the first column is exact. More-
over, direct computation shows that the diagram commutes. The first
and fourth horizontal maps are isomorphisms by our inductive hypoth-
esis, and Corollary 3.3.11 implies that the second and fifth horizontal
maps are also isomorphisms. Therefore Proposition 1.8.10 gives us

K0(CP
n+1) ⊗ K0(X) ∼= K0(CP

n+1 × X),

and induction yields a proof of the desired isomorphism when p = 0; a
similar argument establishes the isomorphism when p = −1.

Theorem 3.7.10 Suppose that X is a compact Hausdorff space, let n

be a natural number, and suppose that V is a vector bundle of rank n

over X. Let H denote the Hopf bundle over P(V ) and let p : P(V ) −→
X be the projection map. Then K0(P(V ) is a free K0(X)-module on
generators [Θ1(P(V ))], [H], [H]2, . . . , [H]n−1. Moreover, [H] satisfies the
single relation

n∑
i=0

(−1)i[
∧i(p∗V )] ⊗ [H]i = 0.

In particular, the homomorphism p∗ : K0(X) −→ K0(P(V )) is injective.
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Proof If V is a trivial bundle, the theorem is a consequence of Proposi-
tions 3.7.7 and 3.7.9. The general result then follows from Lemma 3.7.5
and the fact that V is locally trivial.

Corollary 3.7.11 (Splitting principle) Let V be a vector bundle
over a compact Hausdorff space X. There exists a compact Hausdorff
space F (V ) and a continuous function f : F (V ) −→ X such that:

(i) the homomorphism f∗ : K0(X) −→ K0(F (V )) is injective;

(ii) the vector bundle f∗V is isomorphic to the internal Whitney sum
of line bundles.

Proof Without loss of generality, assume that X is connected. We
proceed by induction on the rank of V . If V is a line bundle, we take
F (V ) = X and let f be the identity map. Now suppose that the splitting
principle holds for vector bundles of rank less than some natural number
n and let V be a vector bundle of rank n. Let p : P(V ) −→ X be the
projection map, and equip p∗(V ) with a Hermitian metric. Let Ṽ be
the orthogonal complement of H∗ in p∗(V ). The bundle Ṽ is a rank
n − 1 vector bundle over P(V ), and we invoke our inductive hypothesis
to produce a compact Hausdorff space F (Ṽ ) and a continuous function
f̃ : F (Ṽ ) −→ P(V ) such that f̃∗ is injective and such that f̃∗Ṽ is
isomorphic to the Whitney sum of line bundles. Theorem 3.7.10 states
that p∗ is an injection, and thus we obtain the splitting principle for V

by setting F (V ) = F (Ṽ ) and f = pf̃ .

3.8 Operations

For notational convenience in this section, we will often use bold lower
case letters to denote elements of K-theory, and we will denote multi-
plication in K0 by juxtaposition.

Definition 3.8.1 An operation is a natural transformation from K0 to
itself.

An operation does not necessarily respect either addition or multi-
plication on K0. There are many examples of operations, but we only
consider two families of operations in this book. The definition of each
family relies on the following fact.
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Lemma 3.8.2 For every commutative ring R with unit, the set

1 + K0[[t]]+ =

{ ∞∑
k=0

aktk : a0 = 1

}
is a group under multiplication.

Proof The only nonobvious point to check is the existence of multi-
plicative inverses. Given a power series

∑∞
k=0 aktk in 1 + K0[[t]]+, we

construct its inverse
∑∞

k=0 bktk.
We proceed by induction on k. Obviously b0 = 1. Suppose we know

b0, b1, . . . , bk, multiply the two power series together, and look at the
coefficient of tk+1. We have

ak+1 + akb1 + ak−1b2 + · · · + a1bk + bk+1 = 0,

and thus we can write bk+1 in terms of known quantities.

Construction 3.8.3 Let X be a compact Hausdorff space, and consider
the power series from Definition 3.5.10. For each t, we have a map∧

t : Vect(X) −→ 1 + K0[[t]]+,

and Proposition 3.5.11 implies that
∧

t is a monoid homomorphism.
Theorem 1.6.7 allows us to extend the domain of

∧
t to K0(X). For

each positive integer k, the coefficient of tk determines an operation that
is denoted

∧k. By Proposition 3.5.11, we have for each natural number
n the equation ∧n(x + x′) =

∑
k+l=n

∧k(x)
∧l(x′)

for all x and x′ in K0(X).

Construction 3.8.4 For each compact Hausdorff space X, define a
function ψ : K0(X) −→ K0(X)[[t]] by the formula

ψ(x) = −t
d

dt

(
log
∧

−t(x)
)

= −t
(∧

−t(x)
)−1 d

dt

(∧
−t(x)
)
.

For each positive integer k, the coefficient of tk determines an operation
that is denoted ψk; these are called the Adams operations.
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Construction 3.8.3 describes a straightforward way to produce oper-
ations, but obviously we must justify defining the ostensibly strange
operations in Construction 3.8.4.

Proposition 3.8.5 Let X be a compact Hausdorff space, let k and l be
nonnegative integers, and take x and x′ in K0(X). Then:

(i) ψk(x + x′) = ψk(x) + ψk(x′);
(ii) ψk([L]) = [L]k for every line bundle L over X;
(iii) the Adams operations are uniquely determined by (i) and (ii).

Proof From Construction 3.8.3 and properties of the logarithm, we have

ψ(x + x′) = −t
d

dt

(
log
∧

−t(x + x′)
)

= −t
d

dt

(
log
(∧

−t(x)
∧

−t(x
′)
))

= −t
d

dt

(
log
∧

−t(x) + log
∧

−t(x
′)
)

= ψ(x) + ψ(x′),

and this implies (i) for all k.
Observe that

∧k(L) = 0 for all k > 1, and therefore

ψ[L] = −t
d

dt
log
(
1 − [L]t

)
= −t
(
1 − [L]t)−1

(
−[L]
)

= [L]t

( ∞∑
k=0

[L]ktk

)

=
∞∑

k=1

[L]ktk,

and hence (ii) follows.
To establish (iii), let V be a vector bundle over X. By Corollary 3.7.11,

there exists a compact Hausdorff space F (V ) and a continuous function
f : F (V ) −→ X such that f∗ : K0(X) −→ K0(F (V )) is injective and
f∗V is isomorphic to the sum of line bundles. Parts (i) and (ii) therefore
determine ψ[f∗V ] = f∗ψ[V ], and because f∗ is injective, they also
determine ψ[V ]. Theorem 1.6.7 then implies that (i) and (ii) determine
ψ(x) for all x in K0(X).
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The preceding proposition shows that the Adams operations are well
behaved with respect to addition; the next proposition shows that they
are also multiplicatively well behaved.

Proposition 3.8.6 Let X be a compact Hausdorff space, let k, l, and n

be nonnegative integers, and take x and x′ in K0(X). Then:

(i) ψk(xx′) = ψk(x)ψk(x′);
(ii) ψkψl(x) = ψkl(x);
(iii) ψ2(x) − x2 = 2y for some y in K0(X);
(iv) ψk(u) = knu for every u in K̃0(S2n).

Proof Theorem 1.6.7, Corollary 3.7.11, and Proposition 3.8.5(iii) imply
that we can prove each part of this proposition by verifying it for isomor-
phism classes of vector bundles that are internal Whitney sums of line
bundles. Suppose that x =

∑m
i=1[Li] and x′ =

∑r
j=1[L

′
j ]. Tensor prod-

ucts of line bundles are line bundles, so parts (i) and (ii) of Proposition
3.8.5 give us

ψk(xx′) = ψk

⎛⎝∑
i,j

[Li][L′
j ]

⎞⎠ =
∑
i,j

ψk
(
[Li][L′

j ]
)

=
∑
i,j

ψk
(
[Li ⊗ L′

j ]
)

=
∑
i,j

(
[Li ⊗ L′

j ]
)k

=
∑
i,j

[Li]k[L′
j ]

k = ψk(x)ψk(x′)

and

ψkψl(x) = ψkψl

(∑
i

[Li]

)
= ψk

(∑
i

ψl[Li]

)

= ψk

(∑
i

[Li]l
)

=

(∑
i

ψk
(
[Li]l
))

=
∑

i

[Li]kl = ψkl(x).

We also have

x2 =

(∑
i

[Li]

)2

=
m∑

i=1

[Li]2 − 2
∑
i
=s

[Li][Ls] = ψ2(x) − 2
∑
i
=s

[Li][Ls],

which establishes (iii).
Consider the element [H∗] − [1] from Example 2.8.2 as an element of
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K̃0(S2). We know from Example 3.3.13 that ([H∗]− [1])2 = 0, and thus
([H∗] − [1])k = 0 for every integer k > 1. Therefore

[H∗]k − 1 =
(
([H∗] − 1) + 1

)k − 1 = k([H∗] − 1).

Because [H∗] − [1] generates K̃0(S2), this proves (iv) when n = 1. For
n > 1, identify K0(R2n) with K̃0(S2n); then Corollary 3.3.12, along with
the multiplicativity and naturality of the Adams operations, imply the
desired result.

3.9 The Hopf invariant

We use the results of the previous section to solve a classic problem in
topology concerning continuous functions between spheres. We begin by
defining two topological spaces that can be associated to any continuous
function.

Definition 3.9.1 Let X and Y be compact Hausdorff spaces and sup-
pose φ : X −→ Y is continuous.

(i) The mapping cylinder of φ is the topological space Zφ constructed
by identifying (x, 0) in X × [0, 1] with φ(x) in Y for all x in X.

(ii) The mapping cone of φ is the pointed topological space Cφ con-
structed by identifying the image of X × {1} in Zφ to a point;
this point serves as the basepoint.

��
��
��
�

X

φ(X)
Y

•

��
��
��
�

��
��

��
�

φ(X)
Y

Zφ Cφ

Theorem 3.9.2 (Puppe sequence) For every continuous function
φ : X −→ Y between compact Hausdorff spaces, there exists an exact
sequence

K̃-1(Y )
φ∗

�� K̃-1(X) �� K̃0(Cφ) �� K̃0(Y )
φ∗

�� K̃0(X).
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Proof Imbed X into Zφ by x �→ (x, 1). From Theorem 2.5.7 we obtain
an exact sequence

K̃-1(Zφ) �� K̃-1(X) �� K0(Zφ, X) �� K̃0(Zφ) �� K̃0(X).

The map ψ : Zφ −→ Y that collapses the image of X × [0, 1] in Zφ to
Y is a homotopy inverse to the inclusion of Y into Zφ, and therefore
Zφ and Y have isomorphic reduced K-theory groups. Our map φ is
the composition of the inclusion of X into Zφ with the map ψ, and
this gives us the homomorphisms φ∗ at the beginning and end of the
sequence in the statement of the theorem. Finally, the space (Zφ\X)+

is homeomorphic to Cφ, so the remainder of result follows from Theorem
2.2.14 and the definition of reduced K-theory.

Suppose that for some natural number n we have a continuous function
φ : S4n−1 −→ S2n. Then Theorem 2.6.13, Example 2.8.1, and Theorem
3.9.2 yield a short exact sequence

0 �� K0(R4n) α �� K̃0(Cφ)
γ �� K0(R2n) �� 0.

Corollary 3.3.12 states that bn and b2n are generators of K0(R2n) and
K0(R4n) respectively, and we can construct a splitting of our short exact
sequence by sending bn to any element u in K̃0(Cφ) with the property
that γ(u) = bn. Therefore K̃0(Cφ) ∼= Z ⊕ Z, and if we set v = α(b2n),
then u and v are generators of K̃0(Cφ). Example 3.3.13 and the fact that
S2n is homeomorphic to the one-point compactification of R2n imply
that (γ(u))2 = b2 = 0 in K0(S2n) and thus v = h(φ)u2 for some integer
h(φ). This integer is called the Hopf invariant of φ.

Proposition 3.9.3 The Hopf invariant is well defined.

Proof We maintain the notation of the previous paragraph. Suppose
that γ(ũ) = bn. Then ũ = u + mv for some integer m. Example
3.3.13 and the injectivity of α imply that v2 = 0. Moreover, γ(uv) =
γ(u)γ(v) = 0, so uv is in the kernel of γ. Thus uv is in the image of α by
exactness, and therefore uv = kv for some integer k. This implies that
0 = v2 = h(φ)u2v = h(φ)kuv. If h(φ) = 0, then v = 0, contradicting
the fact that v is a generator of K̃0(Cφ). Hence kuv = 0, which implies
that uv = 0. Therefore

ũ2 = (u + mv)2 = u2 + 2muv + m2v2 = u2.
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Theorem 3.9.4 Suppose that for some natural number n there exists
a continuous function φ : S4n−1 −→ S2n whose Hopf invariant h(φ) is
odd. Then n = 1, 2, or 4.

Proof By Proposition 3.8.6(iv), we know that ψk(bn) = knbn for every
positive integer k. The functorality of the Adams operations implies that
for each k we have ψk(u) = knu+mkv for some integer mk. Proposition
3.8.6(iii) implies that there exist integers p and q such that

2(pu + qv) = ψ2(u) − u2

= 2nu + m2v − u2

= 2nu + m2v − h(φ)v.

Comparing the coefficients of v, we see that m2−h(φ) = 2q, and because
h(φ) is odd by hypothesis, the integer m2 is also odd. Next, for every
positive integer k, we have

ψk(v) = α
(
ψk(b2n)

)
= α(k2nb2n) = k2nα(b2n) = k2nv.

Proposition 3.8.6(ii) gives us

ψ2k(u) = ψk
(
ψ2(u)
)

= ψk(2nu + m2v) = 2nψk(u) + m2ψ
k(v)

= 2n(knu + mkv) + k2nm2v = (2k)nu + (2nmk + k2nm2)v,

and a similar computation with the roles of 2 and k reversed yields

ψ2k(u) = ψ2(ψk(u)) = (2k)nu + (knm2 + 22nmk)v.

Thus 2nmk+k2nm2 = knm2+22nmk, which implies that 2n(2n−1)mk =
kn(kn − 1)m2. We know that m2 is odd, so if k > 1 is also odd, the
factor 2n must divide kn − 1. In other words, we seek values of n that
solve the congruence kn ≡ 1 mod 2n for all odd values of k.

If n = 1, then this congruence holds for all odd k. Now suppose
n > 1 and consider the multiplicative group (Z2n)∗ of units in the ring
of integers modulo 2n. This group has order 2n−1 and thus the order
of k in (Z2n)∗ is even by Lagrange’s theorem. Lagrange’s theorem also
implies that the order of k in (Z2n)∗ divides n, whence n is even. Set
k = 1 + 2n/2. From the binomial theorem we know that kn ≡ 1 + n2n/2

mod 2n, or, in other words, that 2n divides kn−1−n2n. We are assuming
that kn ≡ 1 mod 2n, so 2n divides n2n/2. But 2n > n2n/2 for n > 5,
and because n is even, we must have n = 2 or n = 4.
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3.10 Notes

Most of the results and proofs in this chapter are an amalgam of the
presentations in [7] and [12]. Our version of the Künneth theorem is not
the most general one possible; see [3].

We have not proved that there are any maps φ : S4n−1 −→ S2n with
odd Hopf invariant when n = 1, 2, 4, but, in fact, for each of these values
of n, there exists a function with Hopf invariant one. This is closely
related to the question of which Rn admit a reasonable definition of
multiplication; the reader should consult [11] for more information.

The original proof of the theorem on the existence of maps with odd
Hopf invariant was due to Adams in [1] and did not use K-theory; that
paper was over 80 pages long. By constrast, the K-theoretic proof we
give is due to Adams and Atiyah ([2]) and is only eight pages long. This
was an early example of the power and utility of K-theoretic methods
in topology.

There are many other applications of topological K-theory; for some
examples, see [14].

Exercises

3.1 For each natural number n, what is K-1(CP
n)?

3.2 Let X be a compact Hausdorff space and suppose that A1 and
A2 are closed subspaces of X whose union is X and whose in-
tersection is nonempty. Fix a point x0 in A1 ∩ A2 and take
x0 to be the basepoint of X, A1, and A2. Establish a reduced
Mayer–Vietoris exact sequence

K̃0(X) ��

��

K̃0(A1) ⊕ K̃0(A2) �� K̃0(A1 ∩ A2)

��
K̃-1(A1 ∩ A2) K̃-1(A1) ⊕ K̃-1(A2)�� K̃-1(X).��

3.3 (a) Show that G ⊗ Z = 0 for every finite group G.
(b) Find a short exact sequence of abelian groups

0 �� G1
�� G2

�� G3
�� 0

with the property that the sequence

0 �� G1 ⊗ Z �� G2 ⊗ Z �� G3 ⊗ Z �� 0

is not exact.
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3.4 Suppose that X is a compact Hausdorff space and that V and
W are vector bundles over X. Prove that Hom(V, W ) ∼= V ∗⊗W

(see Exercise 2.4).
3.5 Let X be a connected compact Hausdorff space with basepoint

x0, and suppose that X is a union of n contractible closed sets.
Prove that the product of any n elements in K̃0(X, x0) is zero.

3.6 Let X and Y be nonempty compact Hausdorff spaces. The join
of X∗Y is the topological space obtained by forming the product
X × Y × [0, 1] and making the identifications:

• (x, y, 0) ∼ (x′, y′, 0) if y = y′;
• (x, y, 1) ∼ (x′, y′, 1) if x = x′.

(a) For each x in X, define iX(x) to be the image of (x, y, 0)
in X ∗ Y for any y. Show that iX is well defined and is
am imbedding of X into X ∗ Y . Similarly, for each y in
Y , define iY (y) to be the image of (x, y, 1) in X ∗Y , and
show that iY is a well defined imbedding.

(b) Prove that iX and iY are homotopic to constant func-
tions.

(c) Prove that for p = 0,−1, there is a short exact sequence

0 �� K̃-(p+1)(X ∗ Y ) �� K̃p(X × Y )

�� K̃p(X × Y ) �� K̃p(X) ⊕ K̃p(Y ) �� 0.

(d) Suppose that X of finite type and that K0(Y ) and K-1(Y )
are free abelian groups. Prove that there exist isomor-
phisms

K̃0(X ∗ Y ) ∼= (K̃0(X) ⊗ K̃-1(Y )) ⊕ (K̃0(X) ⊗ K̃-1(Y ))

K̃-1(X ∗ Y ) ∼= (K̃0(X) ⊗ K̃0(Y )) ⊕ (K̃-1(X) ⊗ K̃-1(Y )).

3.7 A finitely generated R-module P is projective if it satisfies the
following property: given a surjective R-module homomorphism
φ : M̃ −→ M and any R-module homomorphism ψ : P −→ M,
there exists an R-module homomorphism ψ̃ : P −→ M̃ such
that ψ = φψ̃.

(a) Prove that a free R-module of rank n is projective for
every natural number n.

(b) Prove that P is projective if and only if there exists a
R-module Q such that P ⊕Q is free.
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3.8 Let V be a vector bundle over a compact Hausdorff space X,
and let Sect(V ) denote the collection of sections of V .

(a) Show that Sect(V ) is a C(X)-module, and that Sect(V )
is a finitely generated free module if and only if V is
trivial.

(b) Prove that Sect(V ) is finitely generated and projective.
(c) Verify that the correspondence V �→ Sect(V ) determines

a covariant functor from the category of vector bundles
over X and bundle homomorphisms to the category of
finitely generated projective C(X)-modules and module
homomorphisms.

(d) Let P be a finitely generated projective C(X)-module.
Show that P ∼= Sect(V ) for some vector bundle V over
X.

(e) (Serre–Swan theorem) Let Proj(C(X)) denote the col-
lection of isomorphism classes of finitely generated pro-
jective modules over X. Verify that direct sum makes
Proj(X) into an abelian monoid, and show that there is
a monoid isomorphism from Vect(X) to Proj(C(X)).

3.9 Suppose X and Y are compact Hausdorff spaces. Use Theorem
2.6.13 to identify K-1(Y ) and K-1(X × Y ) with K0(Y × R) and
K0(X × Y × R) respectively. Show that the external product

K0(X) × K-1(Y ) −→ K-1(X × Y )

has the following formula: take an idempotent E in M(m,C(X))
and an element S in GL(n, C(Y )). Then

[E] � [S] =
[
(E � In)(Im � S)(E � In) + (Im − E) � In].

3.10 Let X be a compact Hausdorff space, take x in K0(X), and let
p be a prime number. Prove that

ψp(x) ≡ xp mod p.

In other words, show that ψp(x)−xp = px̃ for some x̃ in K0(X).
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Characteristic classes

In general, it is quite difficult to tell if two vector bundles are isomorphic.
The theory of characteristic classes is designed to remedy this problem.
The idea of characteristic classes is to assign to each isomorphism class
of vector bundles (or more generally each K-theory class) an element in
a cohomology theory in which it is easier to distinguish distinct objects.

While we could define characteristic classes quite generally, we will
simplify matters greatly and only consider smooth vector bundles over
smooth compact manifolds. Because not all readers may have had a
class in differential topology, we begin this chapter with a crash course
in the subject, paying particular attention to the cohomology theory we
will use, de Rham cohomology.

4.1 De Rham cohomology

Let x1, x2, . . . , xn be the standard coordinate functions on Rn and let
U ⊆ Rn be an open set. A real-valued function on U is smooth if it
possesses partial derivatives of all orders. A complex-valued function is
smooth if its real and imaginary parts are both smooth; the reader is
warned that this is not the same as saying a function is holomorphic.

For each of the coordinates xk, associate an object dxk, and let Ω1(U)
denote the set of formal sums

Ω1(U) =

{
n∑

k=1

fk dxk : each fk a smooth C-valued function on U

}
.

The elements of Ω1(U) are called (complex) differential one-forms, or
usually just one-forms. One-forms are added in the obvious way, which
makes Ω1(U) into a vector space. We then define Ω0(U) to be the
collection of smooth functions on U and set Ωm(U) =

∧m(Ω1(U)) for

176
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each natural number m. Elements of Ωm(U) are called m-forms or forms
of degree m. Finally, we define Ω∗(U) to be

∧
(Ω1(U)), and we usually

denote the wedge of forms by juxtaposition.
There are two important operations on Ω∗(U). The first of these is

integration. In vector calculus, integration is defined by taking limits of
Riemann sums; we denote this integral by

∫
U

f |dx1 dx2 . . . dxn| to high-
light the fact that in the Riemann integral, the order of the dxk does not
matter. However, the order does matter in the form f dx1 dx2 . . . dxn.
For this reason, given a permutation ρ of {1, 2, . . . , n} we define the
integral of the n-form f dx1 dx2 . . . dxn so that it satisfies the equation∫

U

f dxρ(1) dxρ(2) . . . dxρ(n) = sign ρ

∫
U

f |dx1 dx2 . . . dxn|,

where sign ρ is 1 if ρ is an even permuation and −1 if it is an odd
permutation.

The other operation on Ω∗(U) we consider is exterior differentiation,
denoted d.

For zero-forms (smooth functions) f , the exterior derivative is defined
by the formula

df =
n∑

k=1

∂f

∂xk
dxk.

More generally, given an m-form ω = f dxk1 dxk2 . . . dxkm , its exterior
derivative is the (m+1)-form dω = df dxk1 dxk2 . . . dxkm

; we extend the
definition of d to general m-forms by linearity.

There are three crucial properties of the exterior derivative. First, d

is an antiderivation, which means that given a k-form α and an l-form
β, we have

d(α β) = (dα) β + (−1)kα (dβ).

The second important property of d is that

d2(ω) = d(dω) = 0

for every ω ∈ Ω∗(U); this follows from the fact that d is an antiderivation
and that mixed partial derivatives are equal.

Finally, suppose we have open sets U ⊆ Rn and V ⊆ Rp and a smooth
map ψ : U −→ V (in other words, each component of ψ is a smooth
real-valued function). Then given a smooth function f on V , we can
define the pullback of f to be the smooth function ψ∗f on U given by
the formula

(ψ∗f)(x) = f(ψ(x)).
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To extend the notion of pullback to forms, take the standard coordinate
functions x1, x2, . . . , xn and y1, y2, . . . , yp on U and V respectively. Then
for each m, define ψ∗ : Ωm(V ) −→ Ωm(U) by requiring that ψ∗ be linear
and that

ψ∗ (f dyk1 dyk2 . . . dykm) = (ψ∗f) d(ψ∗yk1) d(ψ∗yk2) . . . d(ψ∗ykm). (�)

A computation using the chain rule shows that d(ψ∗ω) = ψ∗(dω) for all
ω in Ω∗(V ); this fact is often stated “the exterior derivative commutes
with pullbacks.”

Our next goal is to extend the notion of differential forms to spaces
more general than open subsets of Rn. Let M be a topological space
that is Hausdorff and second countable. A chart on M is a pair (U, φ),
where U is an open subset of M and φ is an imbedding of U into Rn for
some n. Two charts (U1, φ1) and (U2, φ2) on M are smoothly related if
the composition φ1 ◦φ−1

2 : φ2(U2) −→ φ1(U) is a smooth map. An atlas
for M is a collection A of smoothly related charts that cover M , and a
maximal atlas is an atlas A that contains every chart that is smoothly
related to some chart (and therefore every chart) in A; any atlas can
be enlarged to a maximal one. If M admits a maximal atlas A, the
pair (M,A) is called a smooth manifold. We usually suppress the atlas
and the word “smooth” and simply refer to M as a manifold. If all the
charts of M map into the same Rn (which is necessarily the case if M is
connected), we say M is n-dimensional. In this chapter, we will assume
that our manifolds are compact.

A complex-valued function f on a manifold M is smooth if for each
chart (U, φ) in the atlas, the composition (f |U ) ◦ φ−1 : φ(U) −→ C is
smooth.

To define forms on M , we begin by defining them on charts. Let (U, φ)
be a chart on M , let x1, x2, . . . , xn be the standard coordinate functions
on Rn restricted to φ(U), and for each 1 ≤ k ≤ n, let yk = xk ◦ φ. The
functions yk are called local coordinates, and an m-form on U is a linear
combination of terms that look like f dyk1 dyk2 . . . dykm

for some smooth
function f on U . For each f and each point y in U , we define

∂f

∂yk
(y) =

∂
(
f ◦ φ−1

)
∂xk

(φ(y)).

Then

df =
n∑

k=1

∂f

∂yk
dyk,
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and for every m-form ω = f dyk1 dyk2 . . . dykm
, we have

dω = df dyk1 dyk2 . . . dykm .

Let (U, φU ) and (V, φV ) be charts on manifolds M and N , respectively,
let ω be a differential form on V , and suppose ψ : U −→ V is smooth.
Then the pullback ψ∗f ∈ Ω0(U) of a smooth function f ∈ Ω0(V ) still
makes sense, and extends as in (�) to allow us to pull back forms. If
A denotes the maximal atlas for M , we define a form ω on M to be a
collection of forms {ωU ∈ Ω∗(U) : U ∈ A} with the following property:
for every pair (U1, φ1) and (U2, φ2) of charts on M such that U1 ∩U2 is
nonempty, define i1 and i2 to be the inclusions of U1 ∩ U2 into U1 and
U2 respectively. Then i∗1(ωU1) = i∗2(ωU2).

The notions of pullback and exterior derivative carry over to the set
Ω∗(M) of forms on M , and it is still true that d2 = 0 and that the
exterior derivative commutes with pullbacks.

We can also integrate forms on manifolds. The first step is to see how
the integral transforms under change of variables. Let U and Ũ be open
subsets of Rn, and let φ : U −→ Ũ be a smooth map with an inverse
that is also smooth. Then a computation using the change of variables
formula from vector calculus shows that∫

U

φ∗ω̃ = ±
∫

eU

ω̃

for every n-form ω̃ on Ũ . If the integrals above are equal, we say that φ

is orientation-preserving, and if the integrals differ by a sign, we say φ

is orientation-reversing.
In order to define integration on a manifold M , we must be able to

choose an open cover of M consisting of charts (Uα, φα) with the fea-
ture that whenever Uα ∩ Uβ is nonempty, the composition φα ◦ φ−1

β is
orientation-preserving. This is not always possible, but if it is, we say
that M is orientable. Many manifolds are orientable, but the real pro-
jective plane, for example, is one that is not. Even if M is orientable, the
orientation is not unique; when M is connected, there are two distinct
orientations. Roughly speaking, an orientation amounts to consistent
ordering of the dyi in the local coordinates of M . For the manifold Rn,
one orientation corresponds to the n-form dx1 dx2 . . . dxn (or more gen-
erally, dxρ(1) dxρ(2) . . . dxρ(n) for any even permutation ρ), and the other
orientation corresponds to the n-form dx2 dx1 . . . dxn (or more generally,
dxρ(1) dxρ(2) . . . dxρ(n) for any odd permutation ρ). If we have specified
an orientation for M , we say M is oriented.
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Suppose M is oriented. Choose a collection of orientation-preserving
charts U = {Uα, φα} that cover M and choose a partition of unity {ρα}
subordinate to U such that each ρα is smooth; such partitions of unity
always exist. Then for any n-form ω, we define∫

M

ω =
∑
α

(∫
φα(Uα)

(
φ−1

α

)∗
(ραω)

)
.

The integral is independent of the choice of U and the partition of unity
{ρα}. If the orientation on M is reversed, this integral changes by a
sign.

If ω is a form that has degree not equal to n, we declare the integral
of ω to be 0.

The most important theorem concerning integration of forms on mani-
folds is the following.

Theorem 4.1.1 (Stokes’ theorem) Let ω be a differential form on a
manifold M . Then ∫

M

dω = 0.

We know what differential forms look like locally, but what about
their global behavior? An important tool in understanding the large-
scale structure of forms is de Rham cohomology, which we now discuss.

Definition 4.1.2 Let M be a manifold. A differential form ω on M is
closed if dω = 0 and exact if ω = dα for some form α on M . The set of
closed m-forms on M is denoted Zm(M), and the set of exact m-forms
on M is denoted Bm(M).

Both Zm(M) and Bm(M) are vector spaces for every nonnegative
integer m. Moreover, because d2 = 0, every exact form is closed, and
so Bm(M) is a vector subspace of Zm(M). The elements of Bm(M)
are viewed as being “trivially” closed. The search for more interesting
closed forms prompts the following definition.

Definition 4.1.3 (de Rham cohomology) Let M be a compact mani-
fold. For each natural number m, the mth de Rham cohomology group
of M is

Hm
deR(M) =

Zm(M)
Bm(M)

.
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The direct sum of the de Rham cohomology groups of M is denoted
H∗

deR(M).

Proposition 4.1.4 For every compact manifold M , the wedge product
defines a ring structure on H∗

deR(M).

Proof We show that the wedge of an exact form with a closed form is
exact; the proposition easily follows from this fact. Suppose that ω is
exact and that β is closed. Choose a form α such that ω = dα. Then

d(αβ) = (dα)β ± αd(β) = (dα)β = ωβ.

Our interest in de Rham cohomology is as a tool to distinguish K-
theory classes, so we will not discuss this theory in any great detail.
However, here is a list of some of the important features of de Rham
theory:

• If M is a manifold of dimension n, then Hm
deR(M) = 0 for m > n.

• If M is connected and has dimension n, then Hn
deR(M) = C if M is

orientable and 0 if M is nonorientable; in the former case, a represen-
tative of Hn

deR(M) is called a volume form.
• Let ψ : M −→ N be a smooth map between manifolds. Then for each

nonnegative integer k, the pullback map ψ∗ from Ωk(N) to Ωk(M)
induces a group homomorphism ψ∗ : Hk

deR(N) −→ Hk
deR(M).

• If M and N are homotopy equivalent, then the groups H∗
deR(M) and

H∗
deR(N) are isomorphic.

4.2 Invariant polynomials

In this section we gather some definitions and facts about polynomials
that we will need in the next section.

Definition 4.2.1 Let n be a natural number. A function

P : M(n, C) −→ C

is called an invariant polynomial if P is a polynomial function of the
entries of the matrix and P (BAB−1) = P (A) for all A in M(n, C) and
B in GL(n, C). The set of invariant polynomials on M(n, C) is denoted
IP(n, C).
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The constant functions are obviously invariant polynomials. The fol-
lowing construction provides some more interesting examples.

Proposition 4.2.2 Let n be a natural number, and for each A in
M(n, C), define c1(A), c2(A), . . . , cn(A) by the equation

det (1 + xA) = 1 + c1(A)x + c2(A)x2 + · · · + cm(A)xn.

Then for each 1 ≤ k ≤ n, the function ck is an invariant polynomial.

Proof An inspection of the equation in the statement of the proposition
shows that each ck(A) is a polynomial in the entries of A, and the simi-
larity invariance of the determinant implies that each ck is an invariant
polynomial.

Observe that c1(A) and cn(A) are the trace and determinant of A

respectively.

Proposition 4.2.3 An invariant polynomial is determined by its values
on diagonal matrices.

Proof Any invariant polynomial P : M(n, C) −→ C is a continuous
function. Therefore to prove the proposition, we need only show that
every element of M(n, C) is a limit of matrices with distinct eigenvalues,
because such matrices are similar to diagonal matrices.

Let A be in M(n, C). Then A is similar to an upper triangular matrix

T =

⎛⎜⎜⎜⎜⎜⎝
t11 t12 t13 · · · t1n

0 t22 t23 · · · t2n

0 0 t33 · · · t3n

...
...

...
...

...
0 0 0 · · · tnn

⎞⎟⎟⎟⎟⎟⎠ ,

and so the eigenvalues of T, and therefore A, are t11, t22, . . . , tnn. For
all sufficiently small ε > 0, the matrix

Tε =

⎛⎜⎜⎜⎜⎜⎝
t11 + ε t12 t13 · · · t1n

0 t22 + 2ε t23 · · · t2n

0 0 t33 + 3ε · · · t3n

...
...

...
...

...
0 0 0 · · · tnn + nε

⎞⎟⎟⎟⎟⎟⎠
has distinct eigenvalues.
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Definition 4.2.4 Let n be a natural number and let C[x1, x2, . . . , xn]
be the ring of complex polynomials in the indeterminates x1, x2, . . . , xn.
A (complex) symmetric function is a polynomial μ in C[x1, x2, . . . , xn]
such that

μ(xρ(1), xρ(2), . . . , xρ(n)) = μ(x1, x2, . . . , xn)

for every permutation ρ of the set {1, 2, . . . , n}.

Our interest in symmetric functions stems from the next result.

Lemma 4.2.5 Let n be a natural number and suppose that P is an in-
variant polynomial on M(n, C). Then there exists a symmetric function
μP in C[x1, x2, . . . , xn] such that

P (diag(d1, d2, . . . , dn)) = μP (d1, d2, . . . , dn)

for every diagonal matrix diag(d1, d2, . . . , dn).

Proof For every permutation ρ of the set {1, 2, . . . , n}, Lemma 1.7.1
states that there is a matrix S in GL(n, C) such that

Sdiag(d1, d2, . . . , dn)S−1 = diag(dρ(1), dρ(2), . . . , dρ(n))

for every diagonal matrix.

In light of Lemma 4.2.5, we seek more information about symmetric
functions.

Definition 4.2.6 Let n be a natural number. For 1 ≤ k ≤ n, define

Rk = {(i1, i2, . . . , ik) : 1 ≤ i1 < i2 < · · · < ik ≤ n}.

The kth elementary symmetric function in C[x1, x2, . . . , xn] is defined
by the formula

σk(x1, x2, . . . , xn) =
∑
Rk

xi1xi2 · · ·xik
.

For example, for n = 4, the elementary symmetric functions are

σ1 = x1 + x2 + x3 + x4

σ2 = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

σ3 = x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4

σ4 = x1x2x3x4.

Note that each elementary symmetric function is, in fact, symmetric.
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Proposition 4.2.7 Let n be a natural number. Then for all 1 ≤ k ≤ n,
we have

ck(diag(d1, d2, . . . , dn)) = σk (d1, d2, . . . , dn)

for every diagonal matrix diag(d1, d2, . . . , dn).

Proof Apply Proposition 4.2.2 to diag(d1, d2, . . . , dn), multiply out the
left side, and collect terms.

Proposition 4.2.8 Every symmetric function is a complex polynomial
in the elementary symmetric functions.

Proof Fix n, let p1, p2, . . . , pn be the first n prime numbers in ascending
order, and for each monomial xa1

1 xa2
2 · · ·xan

n , set

φ (xa1
1 xa2

2 · · ·xan
n ) = pa1

1 pa2
2 · · · pan

n .

Given any symmetric function μ in C[x1, x2, . . . , xn], let Φ(μ) be the
maximum value of φ applied to every (nonzero) monomial of μ. In
particular, Φ does not detect the coefficients of the monomials. We
prove the proposition by induction on the value of Φ.

Suppose Φ(μ) = 1. Then μ is necessarily a constant monomial, and
therefore is trivially a complex polynomial in the elementary symmetric
functions. Now suppose that the proposition is true for all symmetric
functions μ such that Φ(μ) < N , and choose a symmetric function ν

such that Φ(ν) = N = ps1
1 ps2

2 · · · psn
n ; thus the “largest” monomial in ν

is xs1
1 xs2

2 · · ·xsn
n .

For each elementary symmetric function σk, we have

Φ(σk) = φ (xn−k+1xn−k+2 · · ·xn−1xn) = pn−k+1pn−k+2 · · · pn−1pn.

Moreover, the function Φ is multiplicative on the elementary symmetric
functions, and therefore

Φ
(
σt1

1 σt2
2 · · ·σtn

n

)
= ptn

1 p
tn+tn−1
2 · · · ptn+tn−1+···+t2

n−1 ptn+tn−1+···+t2+t1
n

for all natural numbers t1, t2, . . . , tn. Comparing this expression with
the factorization of N , we see that

Φ
(
σ

sn−sn−1
1 σ

sn−1−sn−2
2 · · ·σs2−s1

n−1 σs1
n

)
= N.

Let α be the coefficient of the monomial xs1
1 xs2

2 · · ·xsn
n in ν. Then

ν − ασ
sn−sn−1
1 σ

sn−1−sn−2
2 · · ·σs2−s1

n−1 σs1
n
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is a symmetric function, and

Φ
(
ν − ασ

sn−sn−1
1 σ

sn−1−sn−2
2 · · ·σs2−s1

n−1 σs1
n

)
< N,

whence the result follows.

Theorem 4.2.9 For each natural number n, the set IP(n, C) is a ring
generated by c1, c2, . . . , cn.

Proof It is easy to see that the set of invariant polynomials forms a ring.
The rest of the theorem follows from Proposition 4.2.3, Lemma 4.2.5,
Proposition 4.2.7, and Proposition 4.2.8.

Proposition 4.2.10 (Newton’s identities) Let n be a natural number
and define

bk = xk
1 + xk

2 + · · · + xk
n

ck = σk(x1, x2, . . . , xn)

for 1 ≤ k ≤ n. Then

bk +
k−1∑
j=1

(−1)jcjbk−j + (−1)kkck = 0 (∗)

for each k.

Proof For notational convenience in this proof, write each bk and ck as
bk,n and ck,n respectively and let Fk,n denote the left-hand side of (∗).
We prove the theorem by induction on n − k.

Suppose that k = n, and define

f(x) =
n∏

j=1

(x − xj)

= xn +
n−1∑
j=1

cj,nxn−j + (−1)ncn,n,
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where the second equality is obtained by expanding f . We have

0 = f(x1) = xn
1 +

n−1∑
j=1

(−1)jcj,nxn−j
1 + (−1)ncn,n

0 = f(x2) = xn
2 +

n−1∑
j=1

(−1)jcj,nxn−j
2 + (−1)ncn,n

...

0 = f(xn) = xn
n +

n−1∑
j=1

(−1)jcj,nxn−j
n + (−1)ncn,n.

Adding together these n equations gives us

0 = bn,n +
n−1∑
j=1

(−1)jcj,nbn−j,n + (−1)nncn,n,

and so the result holds for n − k = 0.
Now suppose the theorem is true for n−k < N ≤ n, and consider the

case n − k = N . Observe that

bj,n(x1, x2, . . . , xn−1, 0) = bj,n−1(x1, x2, . . . , xn−1)

cj,n(x1, x2, . . . , xn−1, 0) = cj,n−1(x1, x2, . . . , xn−1)

for all 1 ≤ j ≤ n. Thus

Fk,n(x1, x2, . . . , xn−1, 0) = Fk,n−1(x1, x2, . . . , xn−1). (∗∗)

Because n − 1 − k = N − 1 < N , our inductive hypothesis implies that
right-hand side of (∗∗) is zero. This implies that xn is a factor of Fk,n.
Because Fk,n is a symmetric polynomial, the monomials x1, x2, . . . , xn−1

are also factors of Fk,n. Therefore Fk,n must be identically zero, because
otherwise Fk,n would be a polynomial of degree k < n with n distinct
factors.

Corollary 4.2.11 Let n be a natural number. For each 1 ≤ k ≤ n and
each matrix A in M(n, C), define bk(A) = Tr(Ak). Then each bk is an
invariant polynomial on M(n, C), and

bk(A) +
k−1∑
j=1

(−1)jcj(A)bk−j(A) + (−1)kkck(A) = 0.



4.3 Characteristic classes 187

Proof The similarity invariance of the trace immediately implies that
each bk is an invariant polynomial. Proposition 4.2.10 tells us that the
equation above holds for diagonal matrices, and Proposition 4.2.3 yields
the desired result for general matrices.

Corollary 4.2.12 For each natural number n, the set IP(n, C) is a ring
generated by b1, b2, . . . , bn.

Proof For each n, Proposition 4.2.10 implies that the set {b1, b2, . . . , bn}
determines the set {c1, c2, . . . , cn}, and converely; the corollary is there-
fore a consequence of Theorem 4.2.9.

4.3 Characteristic classes

Given two vector bundles over the same topological space, how can we
tell if they are isomorphic or not? If the vector bundles have different
ranks, then they are not isomorphic, but at this point in the book, we
have no other way of distinguishing vector bundles. In this section we
define and discuss the theory of characteristic classes, which is an im-
portant tool for answering this question. The easiest approach to this
theory is generally known as Chern–Weil theory, and involves differen-
tiation. For this reason, we only consider topological spaces M that are
manifolds, and we will assume that our vector bundles are smooth. A
priori, it is not obvious that every element of K0(M) can be represented
by a difference of smooth vector bundles. Fortunately, the additional
hypothesis of smoothness does not affect K-theory. More precisely, the
following statements are true:

• Every vector bundle over a compact manifold admits a unique smooth
structure.

• If two vector bundles are isomorphic via a continuous isomorphism,
they are isomorphic via a smooth isomorphism.

• Every idempotent over a compact manifold is similar to a smooth
idempotent.

• If two smooth idempotents are homotopic via a continuous homotopy
of idempotents, then they are homotopic via a smooth homotopy of
idempotents.

The fact that continuous functions can be approximated by smooth
ones makes these statements plausible, but the proofs are not particu-
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larly edifying and would take us somewhat far afield, so we simply state
the results without proof.

Definition 4.3.1 Let M be a compact manifold and let n be a natural
number. For each α = (α1, α2, . . . , αn) in (Ω∗(M))n, define the function
D : (Ω∗(M))n −→ (Ω∗(M))n as Dα = (dα1, dα2, . . . , dαn), where d

denotes the exterior derivative.

Definition 4.3.2 Let M be a compact manifold and let n be a natural
number We call an idempotent E in M(n, C∞(M)) a smooth idempotent
over M .

Definition 4.3.3 Let M be a compact manifold, let n be a natural
number, and suppose that E is a smooth idempotent in M(n, C∞(M)).
The Levi-Civita connection on E is the map

EDE : (Ω∗(M))n −→ (Ω∗(M))n
.

We write the Levi-Civita connection on E as ∇E.

Our notion of Levi-Civita connection is an algebraic formulation of
the Levi-Civita connection in differential geometry.

Definition 4.3.4 Let E be a smooth idempotent over a compact mani-
fold. Then dE is the matrix of one-forms obtained by applying the
exterior derivative d to each entry of E.

Do not confuse dE with the composition DE.
For each natural number n and each manifold M , there is a bilinear

product

(Ω∗(M))n × Ω∗(M) −→ (Ω∗(M))n

defined by componentwise wedge product, and for α ∈
(
Ωk(M)

)n and
ω ∈ Ωl(M), two applications of the Leibniz rule give us

∇E(αω) = EDE(αω)

= E(dE)(αω) + E(Dα)ω + (−1)kEαdω

= (∇Eα)ω + (−1)kEαdω.
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Thus the Levi-Civita connection is not Ω∗(M)-linear. However, because
d2ω = 0 and E∇E = ∇EE, we obtain

∇2
E(αω) = ∇E

(
(∇Eα)ω + (−1)kEαdω

)
=
(
∇2

Eα
)
ω + (−1)k+1E(∇Eα)dω + (−1)kE (∇E(α dω))

=
(
∇2

Eα
)
ω + (−1)k+1E(∇Eα)dω + (−1)kE(∇Eα)dω + Eα d2ω

=
(
∇2

Eα
)
ω,

whence ∇2
E is Ω∗(M)-linear.

Definition 4.3.5 Let E be a smooth idempotent over a compact manifold
M . The curvature of E is the Ω∗(M)-linear operator ∇2

E.

We record two lemmas that are useful in computing curvature of an
idempotent.

Lemma 4.3.6 Let M be a compact manifold, let n be a natural number,
and suppose that E in M(n, C∞(M)) is a smooth idempotent. Then

E(dE) = (dE)(In − E)

(dE)E = (In − E)(dE).

Proof Take the exterior derivative on both sides of the equation E2 = E

and apply the Leibniz rule on the left side to obtain

(dE)E + E(dE) = dE.

Then solve for (dE)E and E(dE).

Lemma 4.3.7 Let M be a compact manifold, let n be a natural number,
and suppose that E in M(n, C∞(M)) is a smooth idempotent. Then

∇2
E = E(dE)2 = (dE)(In − E)(dE) = (dE)2E.

Proof For all α in (Ω∗(M))n, we compute

∇2
Eα = EDEDEα

= EDE ((dE)α + E(Dα))

= EDE(dE)α + EDE(Dα)

= E(dE)(dE)α − E(dE)(Dα) + E(dE)(Dα) + E(D2α)

= E(dE)2α.
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The rest of the lemma comes from applying Lemma 4.3.6 to the expres-
sion E(dE)(dE).

Note that in contrast to the scalar situation, the product of a matrix
of one-forms with itself is not usually zero.

Proposition 4.3.8 (Bianchi identity) Let M be a compact manifold
and let ∇2

E be the curvature of a smooth idempotent E over M . Then

d∇2
E = (dE)∇2

E −∇2
E(dE).

Proof From Lemmas 4.3.6 and 4.3.7, we obtain

(dE)∇2
E = (dE)E(dE)2 = (dE − E(dE))(dE)2 = (dE)3 − E(dE)3,

and therefore

(dE)∇2
E −∇2

E(dE) = (dE)3 − E(dE)3 − E(dE)3 = (dE)3 = d∇2
E.

Definition 4.3.9 Let n be a natural number and suppose that P is
an invariant polynomial on M(n, C). For each smooth idempotent E in
M(n, C∞(M)), define the differential form P (∇2

E) by formally evaluating
P at ∇2

E.

Theorem 4.3.10 (Chern-Weil) Let M be a compact manifold, let n

be a natural number, and suppose that E in M(n, C∞(M)) is a smooth
idempotent. Then for every invariant polynomial P on M(n, C):

(i) the differential form P (∇2
E) is closed;

(ii) the cohomology class of P (∇2
E) in H∗

deR(M) depends only on [E]
in Idem(C(X)).

(iii) for f : N −→ M smooth, we have P (f∗(E)) = f∗(P (E)) in
HdeR(N).

Proof The sum and wedge of closed forms are closed, so to prove (i), it
suffices by Corollaries 4.2.11 and 4.2.12 to verify that Tr

(
∇2k

E

)
is closed
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for each k. We have the string of equalities

d
(
Tr
(
∇2k

E

))
= Tr
(
d
(
∇2k

E

))
= k Tr

(
d(∇2

E) ∇2(k−1)
E

)
= k Tr

(
(dE)∇2

E∇
2(k−1)
E −∇2

E(dE)∇2(k−1)
E

)
= 0;

the first line follows from the linearity of the exterior derivative, the
second line is obtained by repeatedly applying the Liebniz rule and em-
ploying the cyclic invariance of the trace, the third line is the substitution
of the Bianchi identity into our expression, and the fourth line is again
a consequence of the cyclic property of the trace.

To prove (ii), first note that

Tr(∇2k
diag(E,0)) = Tr(∇2k

E )

for every natural number k and every smooth idempotent E. This ob-
servation, paired with Corollaries 4.2.11 and 4.2.12, shows that for any
invariant polynomial P on M(n, C), the cohomology class of P (∇2

E) in
H∗

deR(M) does not depend on the size of matrix we use to represent E.
To complete the proof of (ii), we will show that if {Et} is a smooth

homotopy of idempotents, then the partial derivative of P
(
∇2

Et

)
with

respect to t is an exact form. To simplify notation, we will suppress the
t subscript, and we will denote the derivative of E with respect to t as Ė.
The sum and wedge product of exact forms are exact, so from Corollary
4.2.12 we deduce that we need only show that the partial derivative of
bk(∇2

E) with respect to t is exact for each k.
We begin by noting three facts. First, from the equation E2 = E, we

have ĖE+EĖ = Ė, and thus EĖ = Ė(In −E). Second, if we multiply this
last equation by E, we see that EĖE = 0. Third, because mixed partials
are equal, the partial derivative of dE with respect to t is dĖ.

For each k, we have

∂

∂t
bk(∇2

E) = Tr
(
(E(dE)(dE))k

)
= Tr
(
E(dE)2k

)
= Tr
(
Ė(dE)2k

)
+

2k∑
j=1

Tr
(
E(dE)j−1(dĖ)(dE)2k−j

)
,

where the second line follows from k applications of Lemma 4.3.7. We
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also have

Tr
(
Ė(dE)2k

)
= Tr
((

ĖE + EĖ
)

(dE)2k
)

= Tr
(
ĖE(dE)2k

)
+ Tr
(
EĖ(dE)2k

)
= Tr
(
ĖEE(dE)2k

)
+ Tr
(
EEĖ(dE)2k

)
= Tr
(
ĖE(dE)2kE

)
+ Tr
(
EĖ(dE)2kE

)
= Tr
(
EĖE(dE)2k

)
+ Tr
(
EĖE(dE)2k

)
= 0 + 0 = 0,

and thus the first term of the derivative vanishes. From the remaining
terms, we obtain

2k∑
j=1

Tr
(
E(dE)j−1(dĖ)(dE)2k−j

)
=

2k∑
j=1

Tr
(
(dE)2k−jE(dE)j−1(dĖ)

)
=
∑

j even

Tr
(
(dE)2k−jE(dE)j−1(dĖ)

)
+
∑

j odd

Tr
(
(dE)2k−jE(dE)j−1(dĖ)

)
=
∑

j even

Tr
(
(dE)2k−1(In − E)(dĖ)

)
+
∑

j odd

Tr
(
(dE)2k−1E(dĖ)

)
=
∑

j even

Tr
(
(dE)2k−1(dĖ) − (dE)2k−1E(dĖ)

)
+
∑

j odd

Tr
(
(dE)2k−1E(dĖ)

)
= k Tr

(
(dE)2k−1(dĖ)

)
= d
(
k Tr
(
(dE)2k−1Ė

))
.

Therefore ∂
∂tbk(∇2

E) is exact.
Finally, to establish (iii), note that the exterior derivative commutes

with pullbacks, which implies that ∇f∗E = f∗ (∇E). Moreover, the func-
torial properties of f∗ give us P (∇2

f∗E) = f∗(P (∇2
E)
)

for every invariant
polynomial, and thus P (f∗E) = f∗ (P (E)).

An important consequence of Theorems 1.7.14 and 4.3.10 is that for
every invariant polynomial P , the cohomology class of P (∇E) depends
only the (smooth) isomorphism class of the vector bundle Ran E. We
can therefore make the following definition.

Definition 4.3.11 Suppose that V is a smooth vector bundle over a
compact manifold M and let P be an invariant polynomial. We define
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the de Rham cohomology class [P(V)] to be the de Rham cohomology
class of P (∇E) for any smooth idempotent E with the property that V is
isomorphic to Ran E.

Definition 4.3.12 Let V be a smooth vector bundle over a compact
manifold M and suppose that P is an invariant polynomial. The de
Rham cohomology class of P (V ) is called a characteristic class of V , and
the integral of P (V ) over M is called a characteristic number. The de
Rham cohomology classes c1(V ), c2(V ), . . . , cm(V ) are called the Chern
classes of V , and their integrals over M are called Chern numbers.

Theorem 4.3.13 Let V be a smooth vector bundle over a compact mani-
fold M and suppose that P is an invariant polynomial. Then P (V ) is a
polynomial in the Chern classes of V .

Proof Follows immediately from Theorems 4.2.9 and 4.3.10.

Example 4.3.14 Let V be the vector bundle on S2 associated to the
smooth idempotent

E =
1
2

(
1 + x y + iz

y − iz 1 − x

)
from Example 1.4.3. We compute

dE =
1
2

(
dx dy + i dz

dy − i dz −dx

)
and

(dE)(dE) =
1
2

(
−idy dz dx dy + idx dz

−dx dy + idx dz idy dz

)
Thus

∇2
E = E(dE)(dE) =

1
4

(
α11 α12

α21 α22

)
,

where α11, α12, α21, and α22 are two-forms. Therefore

det
(
1 + ∇2

E

)
= det
(

1 + 1
4α11

1
4α12

1
4α21 1 + 1

4α22

)
=
(

1 +
1
4
α11

)(
1 +

1
4
α22

)
− 1

16
α12α21

= 1 +
1
4
(α11 + α22),
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because all four-forms on S2 are zero. We also know in this case that

det
(
1 + ∇2

E

)
= 1 + c1(∇2

E).

Comparing the two expressions and doing an easy computation yields

c1(∇2
E) = − i

2
(α11 + α22)

= − i

2
(z dx dy − y dx dz + x dy dz) .

We will show that c1(∇2
E) determines a nontrivial de Rham cohomology

class by showing that the first Chern number is not zero. This is most
easily accomplished by converting to spherical coordinates:∫

S2
c1(∇2

E) = − i

2

∫
S2

z dx dy + y dx dz − x dy dz

=
i

2

∫ π

0

∫ 2π

0

(
sin φ cos2 φ + sin2 θ sin3 φ + cos2 θ sin3 φ

)
dθ dφ

= 2πi.

Thus we have shown that V is not trivial.

The ease with which we worked out the previous example may leave
the reader with a false impression of the computations typically involved.
If a vector bundle appears from some topological construction, it may be
difficult to realize it as the range of an idempotent. In addition, the forms
representing the Chern classes of bundles that are not line bundles can
be vastly more complicated. For this reason, we often look for indirect
ways to compute Chern classes and numbers (see the exercises).

There are several characteristic classes that arise naturally in geometry
and topology. To describe them, let

f(z) = a0 + a1z + a2z
2 + · · · + akzk + · · ·

be a power series with complex coefficients. For each matrix A in
M(m, C), define

Πf (A) = det(f(A)).

We are only taking wedge products of forms of even degree, so wedge
product is commutative and the determinant is well defined. Note that
Πf is an invariant polynomial for each f .

Definition 4.3.15 Let V be a smooth vector bundle over a compact
manifold M , let f(z) be a complex formal power series, and choose a
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smooth idempotent with the property that V ∼= Ran E. The multiplicative
(characteristic) class Πf (V ) is the cohomology class of det

(
f(∇2

E)
)

in
Heven

deR (M).

Note that the convergence of the power series f is not important here
because ∇2k

E = 0 for 2k greater than the dimension of M .

Example 4.3.16 The multiplicative class associated to the polynomial
1 + z is called the total Chern class; for a smooth vector bundle, this
class is usually writen c(V ). If we write out this characteristic class, we
obtain

c(V ) = 1 + c1(V ) + c2(V ) + · · · + ck(V ) + · · · .

Example 4.3.17 The multiplicative class associated to

z

1 − e−z
= 1 +

1
2
z +

1
12

z2 + · · ·

is called the Todd class. The Todd class measures the way in which the
Thom isomorphism in K-theory differs from its analogue in de Rham
cohomology.

Example 4.3.18 The multiplicative class associated to
√

z

tanh
√

z
= 1 +

1
3
z − 1

45
z2 + · · ·

is called the L-class. The L-class is intimately connected to a topological
invariant of a manifold called the signature.

Example 4.3.19 The multiplicative class associated to
√

z
2

sinh
(√

z
2

) = 1 − 1
24

z +
7

5760
z2 + · · ·

is called the Â-class. The Â-class arises in the study of spin structures
and manifolds that admit Riemannian metrics with positive scalar curv-
ature.

The next proposition justifies calling the characteristic classes “mul-
tiplicative.”



196 Characteristic classes

Proposition 4.3.20 Let V and W be smooth vector bundles over a
compact manifold and let f(z) be a formal power series. Then

Πf (V ⊕ W ) = Πf (V )Πf (W ),

where the product on the right-hand side is induced by the wedge product.

Proof Choose smooth projections E and F whose ranges are V and W

respectively. Then V ⊕ W is isomorphic to Ran(diag(E, F), and

∇diag(E,F) = diag(∇E,∇F).

The proposition then follows from the definition of Πf and properties of
the determinant.

4.4 The Chern character

In the last section, we used formal power series and the determinant to
define multiplicative characteristic classes. By replacing the determinant
with the trace, we obtain a new collection of characteristic classes.

Definition 4.4.1 Let V be a smooth vector bundle over a compact
manifold M , let f(z) be a complex formal power series, and choose a
smooth idempotent with the property that V ∼= Ran E. The additive
(characteristic) class Σf (V ) is the cohomology class of Tr

(
f(∇2

E)
)

in
Heven

deR (M).

Proposition 4.4.2 Let V and W be smooth vector bundles over a com-
pact manifold M and let f(z) be a formal power series. Then

Σf (V ⊕ W ) = Σf (V ) + Σf (W ).

Proof The proof of this proposition is the same as that of Proposition
4.3.20, with the multiplicative property of the determinant replaced by
the additive property of the trace.

Corollary 4.4.3 Let f(z) be a formal power series and let M be a com-
pact manifold. Then the additive class Σf determines a group homo-
morphism (which we denote by the same symbol)

Σf : K0(M) −→ Heven
deR (M)
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with the property that

Σf ([E] − [F]) = Σf (E) − Σf (F)

for all smooth idempotents E and F over M .

Proof Follows immediately from Proposition 4.4.2 and Theorem 1.6.7.

Definition 4.4.4 The Chern character is the additive class associated
to the power series

ez = 1 + z +
z2

2
+ · · · .

The Chern character of a smooth vector bundle V is denoted Ch(V ).

There is a corresponding “odd” Chern character from K-1(M) to
Hodd

deR(C∞(M)). As we did for K0(M), we will accept without proof
that every element of K-1(M) can be represented by an invertible ma-
trix with smooth entries and that if two such matrices can be connected
by a continuous path, then they can also be connected by a smooth path.

Definition 4.4.5 Let M be a compact manifold and let n be a natural
number. For each S in GL(n, C∞(M)), define

C̃h(S) =
∞∑

k=0

(−1)k k!
(2k + 1)!

Tr
((

S−1dS
)2k+1
)

.

Lemma 4.4.6 Let M be a compact manifold and suppose that W is a
matrix of one-forms on M . Then Tr(W2) = 0.

Proof Denote the (i, j) entry of W as ωij . Then

Tr(W2) =
∑
i,j

ωijωji =
∑
i<j

ωijωji +
∑
i>j

ωijωji

=
∑
i<j

ωijωji +
∑
i<j

ωjiωij =
∑
i<j

ωijωji −
∑
i<j

ωijωji = 0.

Lemma 4.4.7 Let M be a compact manifold, let n be a natural number,
and suppose that S is an element of GL(n, C∞(M)). Then

d(S−1) = −S−1(dS)S−1.
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Proof Apply the exterior derivative to both sides of the equation S−1S =
In and solve for d(S−1).

Lemma 4.4.8 Let M be a compact manifold, let n be a natural number,
and suppose that S is an element of GL(n, C∞(M)). Then

d
(
(S−1dS)2k

)
= 0

for all natural numbers k.

Proof Lemma 4.4.8 and the Leibniz rule imply that

d
(
(S−1dS)2

)
= d(S−1dS)(S−1dS) − (S−1dS)d(S−1dS)

= −S−1(dS)S−1(dS)S−1(dS) + S−1(dS)S−1(dS)S−1(dS)

= 0.

The lemma then follows by induction.

Proof We need only verify the formula for k = 1; the general result
then follows from the Leibniz rule and mathematical induction. From
Lemma 4.4.7 we obtain

d
(
(S−1dS)2

)
= d(S−1dS)(S−1dS) − (S−1dS)d(S−1dS)

= −S−1(dS)S−1(dS)S−1(dS) + S−1(dS)S−1(dS)S−1(dS) = 0.

Theorem 4.4.9 Let M be a compact manifold and let n be a natural
number. For every S in GL(n, C∞(M)), the form C̃h(S) is closed and
its cohomology class depends only on [S] in K-1(M).

Proof For each natural number k, we have

d Tr
(
(S−1dS)2k+1

)
= Tr
(
d
(
(S−1dS)2k+1

))
= Tr
(
d(S−1dS)(S−1dS)2k − (S−1dS)d

(
(S−1dS)2k

))
= −Tr

(
S−1(dS)S−1(dS)(S−1dS)2k

)
= −Tr

(
(S−1dS)2k+2

)
.

This quantity vanishes by Lemma 4.4.8, and thus we see from Definition
4.4.5 that C̃h(S) is closed. To establish the rest of the theorem, first
note that C̃h(diag(S, 1)) = C̃h(S), so the size of the matrix we use to
represent S in GL(C∞(M)) does not matter. Suppose that [S0] = [S1]
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in K-1(M) for some S0 and S1 in GL(n, C∞(M)). Let {St} be a smooth
homotopy of invertibles from S0 to S1. We will show that the partial
derivative of Ch(St) with respect to t is an exact form. As in our proof of
Theorem 4.3.10, we will simplify notation by suppressing the t subscript,
and we will denote the derivative of S with respect to t by Ṡ. For each
natural number k, we have the equalities

∂

∂t
Tr
(
S−1dS
)2k+1

= Tr
2k∑

j=0

(
S−1dS
)j ( ∂

∂t

(
S−1dS
)) (

S−1dS
)2k−j

= Tr
2k∑

j=0

(
∂

∂t

(
S−1dS
)) (

S−1dS
)2k

= (2k + 1) Tr
(

∂

∂t

(
S−1dS
)) (

S−1dS
)2k

= (2k + 1) Tr
((

−S−1ṠS−1dS + S−1dṠ
) (

S−1dS
)2k
)

= (2k + 1) Tr
(
−S−1Ṡ

(
S−1dS
)2k+1
)

+ (2k + 1) Tr
(
S−1dṠ
(
S−1dS
)2k
)

,

where we have used the cyclic property of the trace to go from the first
line to the second. This form is exact, because

d
(
(2k + 1) Tr

(
S−1Ṡ
(
S−1dS
)2k
))

= (2k + 1) Tr
(
−S−1(dS)S−1Ṡ

(
S−1dS
)2k

+ S−1dṠ
(
S−1dS
)2k
)

= (2k+1) Tr
(
−S−1Ṡ

(
S−1dS
)2k+1
)
+(2k+1) Tr

(
S−1dṠ
(
S−1dS
)2k
)

;

we have again used the cyclic property of the trace and Lemma 4.4.8.
Thus

Tr
((

S−1dS
)2k+1
)

is exact for each k, and the desired result is then a consequence of the
definition of C̃h(S).

Definition 4.4.10 Let M be a compact manifold and let n be a natural
number. For each S in GL(n, C∞(M)), define the Chern character of S

to be the class Ch(S) of C̃h(S) in Hodd
deR(M).

Proposition 4.4.11 For every compact manifold M , the Chern char-
acter is a group homomorphism from K-1(M) to Hodd

deR(M).
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Proof Corollary 2.3.7 implies that

[ST] = [diag(S, I)][diag(I,T)] = [diag(S,T)]

in K-1(M) for all invertible matrices S and T over M . Thus we obtain

Tr
((

diag(S,T)d(diag(S,T)
)2k+1)

= Tr
(
diag
(
(S−1dS)2k+1, (T−1dT)2k+1)

)
= Tr
(
(S−1dS)2k+1

)
+ Tr
(
(T−1dT)2k+1

)
for each natural number k; Definitions 4.4.5 and 4.4.10 then imply that
Ch is a group homomorphism (note the group operation on K-1(M)
is written multiplicatively, while on H∗

deR(M), addition is the group
operation).

Example 4.4.12 Take S1 to be the unit circle in C, and suppose that
f ∈ C∞(S1) is nowhere vanishing. Then Ch(f) is defined and is the
cohomology class of f−1 df . By definition, the integral of the differential
form f−1 df over S1 is 2πi times an integer called the winding number
of f . Roughly speaking, the winding number of f counts the number of
times the image of f “wraps around” the origin counterclockwise.

Corollary 4.4.3 and Proposition 4.4.11 show that for every compact
manifold M , we can combine the “even” and “odd” Chern characters
combine to obtain a group homomorphism

Ch : K0(M) ⊕ K-1(M) −→ H∗
deR(M);

see the notes for more information about this map.

4.5 Notes

The material in this chapter on differential forms and de Rham coho-
mology is adapted from [6]; see that book for more informations. It
is difficult to find a good source that discusses smoothness of vector
bundles, idempotents, and invertibles, but some of this material can be
found in Section 3.8 of [9].

Many authors define multiplicative and additive characteristic classes
as scalar multiples of ours, with the multiple usually being (2πi)−1. This
modification allows us to consider Chern classes and the Chern charac-
ter as classes in Čech (or singular) cohomology with integer coefficients.
Because we only work with de Rham cohomology in this book, we forego
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the factor of (2πi)−1. The extra work in defining the Chern character on
a compact manifold M so that it takes values in the integer cohomology
groups H∗(M, Z) has the payoff that Ch : K*(M) −→ H∗(M, Z) is a
group isomorphism, and, in fact, is even a ring isomorphism. It is possi-
ble to define characteristic classes for vector bundles over any compact
Hausdorff space, and in this situation, the Chern character becomes an
isomorphism if we ignore torsion elements; i.e., elements of finite or-
der. For the details of these facts about the Chern character, the reader
should consult [13].

Exercises

4.1 Show that the vector bundle over the torus whose range is the
idempotent in Example 1.4.5 is nontrivial.

4.2 For each natural number k, compute the Chern classes of vector
bundle V that is the range of the idempotent

1
|z1|2k + |z2|2k

(
|z1|2k z1z

k
2

zk
1zk

2 |z2|2k

)
over CP1.

4.3 We say vector bundles V and W over a compact Hausdorff space
X are stably isomorphic if V ⊕ Θk(X) ∼= W ⊕ Θl(X) for some
natural numbers k and l. Prove that if V and W are smooth
stably isomorphic vector bundles over a compact manifold, then
ci(V ) = ci(W ) for all natural numbers i.

4.4 Let V be the vector bundle over S2 that is the range of the
idempotent ⎛⎝x2 xy xz

xy y2 yz

xz yz z2

⎞⎠ .

Compute the Chern classes of V .

4.5 Let V be a smooth vector bundle over a 5-dimensional compact
manifold M . Show that the Todd class of V can be written

1
2
c1(V ) +

1
12
(
c2
1(V ) + c2(V )

)
+

1
24

c1(V )c2(V ).

4.6 Let V and W be smooth vector bundles over a compact manifold
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and suppose that V ⊕ W is trivial. Show that

c1(W ) = −c1(V )

c2(W ) = c2
1(V ) − c2(V )

c3(W ) = 2c1(V )c2(V ) − c3(V ) − c3
1(V ).

4.7 Let V be a smooth vector bundle over a compact manifold and
suppose that V ⊕ V is trivial. What can you say about the
Chern classes of V ?

4.8 Let V be a bundle over a compact manifold M , let W be a sub-
bundle of V , and let Q denote the quotient bundle (see Exercise
6). Prove that c(V ) = c(W )c(Q).

4.9 Suppose V is a rank n vector bundle over a compact manifold.
Prove that if V has a nowhere vanishing smooth section, then
cn(V ) = 0.

4.10 Let n be a natural number and suppose that S is an element of
GL(n, C∞(S1)). Show that∫

S1
C̃h(S) = 2πi(winding number of detS).
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Symbol index

A∗, 4
b, 105
b̃, 123
B(V ), 148
Bm(M), 180
C, 1
ck, 182
Cφ, 170
C(X), 5
c(V ), 195
Ch, 197
CPn, 23
D(X, A), 54
diag, 9
[E], 20
exp B, 14
G(A), 30
GL(C(X)), 63
GL(n, C(X)), 10
GL(n, C(X))0, 13
h(φ), 171
H∗, 23
H∗

V , 157
HV , 157
H∗

deR(M), 181
Hom(A,B), 43
Hom(V, W ), 48
I(n, C(S ′X)), 89
IP(n, C), 181
Idem(C(X)), 20
K0(X), 51
K0(X, A), 56
K0(X)[[t]], 146
K-1(X), 63
K-1(X, A), 65
K-n, 83
Lm(n, C(S ′X)), 88

L(p, k), 109
L(X, A), 133
M(m,n,C(X)), 5
M(n, C(X)), 5
Map(X, M(m,n, C)), 25
offdiag, 132
Pm(n, C(S ′X)), 89
P(V ), 157
Ran E, 33
Rot, 10
RP2, 107
S(V ), 148
SX, 110
S ′X, 84
S̃X, 110
T (V), 141
Triv(X, A), 131
UV , 152
[V ], 22
V |A, 22
V ∗, 25
V ⊥, 37
V1 � V2, 24
V1 ⊕ V2, 24
V1 ∪γ V2, 28
V � W , 118
V ⊗ W , 119
V(X, A), 130
Vect(X), 22
Vect(X, A), 130
W⊥, 3
X1

∐
X2, 54

X+, 78
(X, A), 54
(X\A)+, 60
X ∨ Y , 106
X ∧ Y , 110
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Zφ, 170
Zm(M), 180
ε, 150
Θn(X), 21
Πf (V ), 195
Σf (V ), 196
φ+, 79
ψk, 167
Ω∗(U), 177
〈v, v′〉, 1
‖v‖in, 2
‖ ‖, 6
‖ ‖op, 6
‖ ‖∞, 7
∞X , 78
∼g, 30
∼h, 18
∼p, 23
∼s, 18
∇E, 188∧

(V), 141∧k(V), 141∧k(π∗V ), 149∧even(V), 141∧odd(V), 141
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Subject index

abelian monoid, 29
Adams operations, 167
adjoint, 4
algebra, 9
algebraic equivalence, 47
antiderivation, 177
atlas, 178

ball bundle, 148
Banach algebra, 9
Banach space, 6
base, 21
base point, 76
Bianchi identity, 190
Bott periodicity, 83, 96, 99
Brouwer fixed point theorem, 109
bundle homomorphism, 22
bundle homotopy, 48

cancellation, 49
category, 43
Cauchy-Schwarz inequality, 2
Cesàro mean, 86
characteristic class, 193

Â, 195
additive, 196
L, 195
multiplicative, 195
Todd, 195

characteristic number, 193
chart, 178
Chern character, 197
Chern class, 193

total, 195
Chern number, 193
Chern-Weil theory, 190
closed adapted cover, 127
clutching, 28

cohomology theory, 108
commutative diagram, 41
compact pair, 54
complex projective space, 23
complexification, 25
cone, 110
connecting homomorphism, 69,

81, 100
continuous at infinity, 79
curvature, 189

de Rham cohomology, 181
differential form, 177

closed, 180
exact, 180

direct limit, 20
direct limit topology, 20
double, 54
dual bundle, 25
dual Hopf bundle, 157

exact sequence, 39
short, 39
split, 39

exponential map, 14
exterior algebra, 141
exterior differentiation, 177
exterior product, 141
external Whitney sum, 24

family of vector spaces, 21
Fejér kernel, 86
fiber, 21
fiberwise norm, 147
finite type, 127
five lemma, 42
Fourier series, 86
functor
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contravariant, 45
covariant, 44
half-exact, 58

Gram-Schmidt process, 2
Grothendieck completion, 30

Hermitian metric, 35
homogeneous coordinates, 23
homomorphism of families, 22
homotopic idempotents, 18
homotopic vector bundles, 48
Hopf bundle, 157
Hopf invariant, 171

idempotent, 17
smooth, 188

inner product, 1
inner product space, 1
internal Whitney sum, 24
invariant polynomial, 181

join, 174

K-1, 63
reduced, 76
relative, 65

K0, 51
for locally compact spaces,

80
reduced, 76
relative, 56

Künneth theorem, 127

Laurent polynomial, 88
lens space, 109
Levi-Civita connection, 188
line bundle, 22
locally compact Hausdorff space,

78

magnitude, 2

mapping cone, 170
mapping cylinder, 170
Mayer-Vietoris exact sequence,

113
reduced, 173

module, 114
free, 114
projective, 174

natural transformation, 46
Newton’s identities, 185

one-point compactification, 78
operation, 166
operator norm, 6
orthogonal complement, 3
orthogonal decomposition, 4
orthogonal projection, 4
orthonormal basis, 2

partition of unity, 26
pointed space, 76
projection map, 21
projective bundle, 157
proper map, 79
pullback, 24
Puppe sequence, 170

quotient bundle, 49

rank, 22
real projective plane, 107
real vector bundle, 25
rotation matrix, 10

section, 50
Serre-Swan Theorem, 175
similar idempotents, 18
simple tensors, 115
simple wedge, 141
smash product, 110
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smooth function, 178
smooth manifold, 178

orientable, 179
sphere bundle, 148
splitting principle, 166
stably isomorphic, 201
Stokes’s theorem, 180
subbundle, 24
supremum norm, 7
suspension

reduced, 110
unreduced, 110

symmetric function, 183
elementary, 183

tautological line bundle, 23
tensor algebra, 141
tensor product

external, 118
internal, 119
of linear maps, 116
of matrices, 117
of modules, 115
of vector spaces, 116

Thom class, 152
Thom isomorphism, 156
triangle inequality, 3
trivial family, 22

vector bundle, 22

wedge, 106
wedge product, 141
winding number, 200


