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Preface

Topological K-theory first appeared in a 1961 paper by Atiyah and
Hirzebruch; their paper adapted the work of Grothendieck on algebraic
varieties to a topological setting. Since that time, topological K-theory
(which we will henceforth simply call K-theory) has become a power-
ful and indespensible tool in topology, differential geometry, and index
theory. The goal of this book is to provide a self-contained introduction
to the subject.

This book is primarily aimed at beginning graduate students, but
also for working mathematicians who know little or nothing about the
subject and would like to learn something about it. The material in this
book is suitable for a one semester course on K-theory; for this reason,
I have included exercises at the end of each chapter. I have tried to keep
the prerequisites for reading this book to a minimum; I will assume that
the reader knows the following:

e Linear Algebra: Vector spaces, bases, linear transformations, simi-
larity, trace, determinant.

e Abstract Algebra: Groups, rings, homomorphisms and isomorph-
isms, quotients, products.

e Topology: Metric spaces, completeness, compactness and connect-
edness, local compactness, continuous functions, quotient topology, sub-
space topology, partitions of unity.

To appreciate many of the motivating ideas and examples in K-theory,
it is helpful, but not essential, for the reader to know the rudiments of
differential topology, such as smooth manifolds, tangent bundles, differ-
ential forms, and de Rham cohomology. In Chapter 4, the theory of
characteristic classes is developed in terms of differential forms and de

ix



Rham cohomology; for readers not familiar with these topics, I give a
quick introduction at the beginning of that chapter. I do not assume that
the reader has any familiarity with homological algebra; the necessary
ideas from this subject are developed at the end of Chapter 1.

To keep this book short and as easy to read as possible (especially for
readers early in their mathematical careers), I have kept the scope of
this book very limited. Only complex K-theory is discussed, and I do
not say anything about equivariant K-theory. I hope the reader of this
book will be inspired to learn about other versions of K-theory; see the
bibliography for suggestions for further reading.

It is perhaps helpful to say a little bit about the philosophy of this
book, and how this book differs from other books on K-theory. The
fundamental objects of study in K-theory are vector bundles over topo-
logical spaces (in the case of K°) and automorphisms of vector bundles
(in the case of K'). These concepts are discussed at great length in
this book, but most of the proofs are formulated in terms of the equiva-
lent notions of idempotents and invertible matrices over Banach algebras
of continuous complex-valued functions. This more algebraic approach
to K-theory makes the presentation “cleaner” (in my opinion), and also
allows readers to see how K-theory can be extended to matrices over gen-
eral Banach algebras. Because commutativity of the Banach algebras is
not necessary to develop K-theory, this generalization falls into an area
of mathematics that is often referred to as moncommutative topology.
On the other hand, there are important aspects of K-theory, such as the
existence of operations and multiplicative structures, that do not carry
over to the noncommutative setting, and so we will restrict our attention
to the K-theory of topological spaces.

I thank my colleagues, friends, and family for their encouragement
while I was writing this book, and I especially thank Scott Nollet and
Greg Friedman for reading portions of the manuscript and giving me
many helpful and constructive suggestions.



1

Preliminaries

The goal of K-theory is to study and understand a topological space
X by associating to it a sequence of abelian groups. The algebraic
properties of these groups reflect topological properties of X, and the
overarching philosophy of K-theory (and, indeed, of all algebraic topol-
ogy) is that we can usually distinguish groups more easily than we can
distinguish topological spaces. There are many variations on this theme,
such as homology and cohomology groups of various sorts. What sets
K-theory apart from its algebraic topological brethren is that not only
can it be defined directly from X, but also in terms of matrices of con-
tinuous complex-valued functions on X. For this reason, we devote a
significant part of this chapter to the study of matrices of continuous
functions.

Our first step is to look at complex vector spaces equipped with an
inner product. The reader is presumably familiar with inner products on
real vector spaces, but possibly not the complex case. For this reason,
we begin with a brief discussion of complex inner product spaces.

1.1 Complex inner product spaces

Definition 1.1.1 Let V be a finite-dimensional complex vector space
and let C denote the complex numbers. A (complex) inner product on
V is a function (-,-) : V x V — C such that for all elements v, v', and

v" in V and all complex numbers o and (3:

(1) (ozv—i—ﬁv vy =a (v, 0"y + (v, v");
i) (v, a0’ + ") =a(v,v') + B {v,v");
(i) (,0) = o, 07
) (v,v) >0, with (v,v) =0 if and only if v = 0.




2 Preliminaries

For each v in V, the nonnegative number ||v||,, = \/(v,v) is called the
magnitude of v. A vector space equipped with an inner product is called
a (complex) inner product space. A vector space basis {v1,va, ..., U}
of V is orthogonal if (vj,vr) = 0 for j # k, and orthonormal if it is
orthogonal and ||vi,, =1 for all 1 <k < n.

Proposition 1.1.2 FEvery complex inner product space V admits an
orthonormal basis.

Proof The proof of this proposition follows the same lines as the cor-
responding fact for real inner product spaces. Start with any vector
space basis {v1,va,...,v,} of ¥V and apply the Gram—Schmidt process
inductively to define an orthogonal basis

v] =1
!
v = vy — <’U271)1> /
’ (g, 09) !
v o= — Un, V] v — (vn, v3) A <’U”’v;l*1> v
T ) () AN
Then
{ vl ve v }
loilli " lvalls, ™ " 1vn i
is an orthonormal basis of V. O
For elements (z1,z22,...,2,) and (2],25,...,2}) in the vector space
C™, the formula
(21,22, -y 2n), (21, 25, oy 20)) = 21271 + 20270 + -+ + 20270

defines the standard inner product on C™. For each 1 < k < n, define e
to be the vector that is 1 in the kth component and 0 elsewhere. Then
{e1,ea, -+ ,e,} is the standard orthonormal basis for C™.

Proposition 1.1.3 (Cauchy—Schwarz inequality) LetV be an inner
product space. Then

| (0, o) [ < Mollip 107113,

or allv and v in V.
f



1.1 Complex inner product spaces 3

Proof 1If (v,v') = 0, the proposition is trivially true, so suppose that
(v,v") # 0. For any « in C, we have

0 < flav+o'|)2, = (av+ v, av +v')
) -
=l oll5, + 10'[l5, + o (v, 0) + a (v, 0)

= la? [0lf2, + VI3, + 2Re(a (v,0")),

where Re(a (v,v’)) denotes the real part of a (v,v’). Take a to have the
form t{v,v')| (v,v') |~ for ¢ real. Then the string of equalities above
yields
2 42 1 2
[ollin t° 4 2 (0,0} [E + [[0'[[3, = 0
for all real numbers ¢. This quadratic equation in ¢ has at most one real
root, implying that

2 2
Al (v, o) [* = 4lollz, 1], <0,

n —
whence the proposition follows. |

Proposition 1.1.4 (Triangle inequality) LetV be an inner product
space. Then

v+ 0" i < 0l + 1Vl

for all v and v’ in V.

Proof Proposition 1.1.3 gives us
o435 = (w40, 0+0)
= (v,v) + {(v,0") + (', v) + (', )
= [[olZ, + [V/]15, + 2Re (v,0")
< ol + 10115, + 21 (v,0) |
< Nollfs + 10115, + 210l 12l
= ([0l + 110"]1:)"
We get the desired result by taking square roots. |

Definition 1.1.5 Let V be an inner product space and let VW be a vector
subspace of V. The vector subspace

Wt ={weV: (v,w) =0 for all w € W}

is called the orthogonal complement of W in V.
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Proposition 1.1.6 Let V be an inner product space and suppose that
W is a vector subspace of V. Then V =W @ W+,

Proof If u is in the intersection of W and W+, then |ul|,, = (u,u) = 0,
whence v = 0. Take v in V, and suppose that v = w; + wll = wy + w2l
for wy,wy in W and wi,ws in W+, Then wy — wy = wy — wi is in
W N WL and therefore we must have w; = wo and wll = w2l To show
that such a decomposition of v actually exists, choose an orthonormal
basis {w1,wa, ..., Wy} of W and set w = >}, (v, wy) wy. Clearly w is
in W. Moreover, for every 1 < j < m, we have

(v —w,w;) = (v,w;) — (w, w;)

which implies that v — w is in W+. 0

Definition 1.1.7 Let V be an inner product space, let W be a vector
subspace of V, and identify V with WO&W=. The linear map P : V — W
given by P(w,w) = w is called the orthogonal projection of V onto W.

We close this section with a notion that we will need in Chapter 3.

Proposition 1.1.8 LetV and W be inner product spaces, and suppose
that A 'V — W is a vector space homomorphism; i.e., a linear map.
Then there exists a unique vector space homomorphism A* : W — V),
called the adjoint of A, for which (Av,w) = (v, A*w) for all v in V and
w in W.

Proof Fix orthonormal bases {ej,es,...,en}t and {f1, fa,..., fn} for
V and W respectively. For each 1 < i < m, write Ae; in the form
Ae; = 2?21 aj; fj and set A*f; = > @j;e; Then

<A€i>fj> = Qj; = <61'3A*fj>
for all ¢ and j, and parts (i) and (ii) of Definition 1.1.1 imply that
(Av,w) = (v, A*w) for all v in V and w in W.

To show uniqueness, suppose that B : W — V is a linear map
with the property that (Av,w) = (v, A*w) = (v,Bw) for all v and w.
Then (v, (A* — B)w) = 0, and by taking v = (A* — B)w we see that
(A* — B)w = 0 for all w. Thus A* = B.



1.2 Matrices of continuous functions 5

To prove that A* is a vector space homomorphism, note that

(v, A*(aw + pw')) = (Av, aw + Bu’)
=a (Av,w) + 3 (Av,w’)
=a (v,A*w) + 3 (v, A*w')
= (v, aA*w + BA*W')

for all v in V, all w and w’ in W, and all complex numbers a and (3.
Therefore A*(aw + fw’) = aA*w + SA*W’. O

Proposition 1.1.9 Let U, V, and W be inner product spaces, and sup-
pose that A : U4 — V and B : V — W are vector space homomor-
phisms. Then:
(i) (A7) =A;
(ii) A*B* = BA*;
(iii) A* is an isomorphism if and only if A is an isomorphism.

Proof The uniqueness of the adjoint and the equalities

(A*v,u) = (u, A*v) = (Av,u) = (v, Au)
for all w in U and v in V give us (i), and the fact that
(BAu, w) = (Au, B*w) = (u, A*B*w)

for all u in ¢ and w in W establishes (ii).

If A is an isomorphism, then ¢/ and V have the same dimension and
thus we can show A* is an isomorphism by showing that A* is injective.
Suppose that A*v = 0. Then 0 = (u, A*v) = (Au,v) for all u in Y. But
A is surjective, so (v,v) = 0, whence v = 0 and A* is injective. The
reverse implication in (iii) follows from replacing A by A* and invoking

(i) O

1.2 Matrices of continuous functions

Definition 1.2.1 Let X be a compact Hausdorff space. The set of all
complex-valued continuous functions on X is denoted C(X). If m and
n are natural numbers, the set of m by n matrices with entries in C(X)
is written M(m,n,C(X)). If m = n, we shorten M(m,n,C(X)) to
M(n,C(X)).

Each of these sets of matrices has the structure of a Banach space:
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Definition 1.2.2 A Banach space is a vector space V equipped with
a function ||-|| : V — [0,00), called a norm, satisfying the following
properties:

(i) For allv and v’ inV and o in C:

(a) llavl| = laf [lv]|;
() flo+o" I < ol + [Vl
(ii) The formula d(v,v") = |jv — || is a distance function on V and
V is complete with respect to d.

The topology generated by d(v, w) = |jv — w]|| is called the norm topol-
ogy on V; an easy consequence of the axioms is that scalar multiplication
and addition are continuous operations in the norm topology.

Note that when X is a point we can identify C(X) with C.

Lemma 1.2.3 For all natural numbers m and n, the set of matrices
M(m,n,C) is a Banach space in the operator norm
1AZ]]i

||Aop:sup{ — 1 Z2eC Z2# O}
12137,

= sup {[|AZ]];, + 1Z]];,, = 1}

Proof For each A in M(m,n,C), we have

[A@],,

Al :sup{ - :117750}
P ||wHin

= sup A _,L ] 7é 0
= sup{[|AZll;, : 171l = 13,

and thus the two formulas for the operator norm agree. The equation
IAQD),, = Al AZ],, vields [AA],, = Al [|All,,, and the inequality
A1+ Azll,, < [[Adll,, + [|A2]],, is a consequence of Proposition 1.1.4.

To show completeness, let {A;} be a Cauchy sequence in M(m, n, C).
Then for each Z'in C™, the sequence {A;Z} in C™ is Cauchy and therefore
has a limit. Continuity of addition and scalar multiplication imply that
the function Z' +— limy_. . AiZ defines a linear map from C™ to C™. Take
the standard vector space bases of C™ and C™ and let A denote the
corresponding matrix in M(m, n, C); we must show that {A;} converges
in norm to A.
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Fix € > 0 and choose a natural number N with the property that
Ak — Adll,, < ¢€/2 for k,l > N. Then
1AkZ — AZ],, = lim A7~ A,

< limsup [|Ax — A

l—o00

<€l

op ||ZH1,1’L

for all z# 0 in C". Hence [[Ax — All,, < € for k > N, and the desired
conclusion follows. U

For the case where m = n = 1, the norm on each z in M(1,C) = C
defined in Lemma 1.2.3 is simply the modulus |z|.

Proposition 1.2.4 Let X be a compact Hausdorff space and let m and
n be natural numbers. Then M(m,n,C(X)) is a Banach space in the
supremum norm

1Al = sup{|A@)]l,, : « € X}.

Proof The operations of pointwise matrix addition and scalar multipli-
cation make M(m,n,C(X)) into a vector space. Note that

oAl = sup{llaA(z)],, : = € X}
= sup{|a| [|A(@)[,, - x € X} = |a] [All

and

1A+ Bl = sup{[|A(z) + B(2)ll,, : € X}
< sup{[|A(@)|,, : & € X} + sup{||B(2)l|,, : = € X}
= (1Al + 1Bl
for all A and B in M(m,n,C(X)) and « in C, and thus |||/ is indeed a

norm.

To check that M(m,n,C(X)) is complete in the supremum norm, let
{Ax} be a Cauchy sequence in M(m,n,C(X)). For each z in X, the
sequence {Ai(z)} is a Cauchy sequence in M(m,n,C) and therefore by
Lemma 1.2.3 has a limit A(x). To show that this construction yields an
element A in M(m,n,C(X)), we need to show that the (4, j) entry A;;
of Aisin C(X) foralll1 <i<mand 1<j<n.

Fix ¢ and j. To simplify notation, let f = A;;, and for each natural
number k, let fi = (Ag);;; note that each fi is an element of C(X) =
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M(1,C(X)). Endow C™ and C™ with their standard orthonormal bases.
For each = in X, we have fi(x) = (Ar(z)e;,e;) and f(x) = (A(x)e;, €;).
Then for all natural numbers k& and [, Proposition 1.1.3 gives us
[fi(e) = fi(@)] = [ (Arejs i) — (Arej, e |
[ (Ax = Ar)ej, i) |
< (A = Ade;lly, lleallin,
< 1Ak = Adllyp, llejl, lleills
= ||Ak? - Al”op .

Therefore {fx(z)} is Cauchy and thus converges to f(x).

To show that f is continuous, fix € > 0 and choose a natural number M
with the property that || fr — far|l < €/3 for all kK > M. Next, choose
2’ in X and let U be an open neighborhood of =’ with the property that
|far(x") — far(z)] < €/3 for all x in U. Then

(@) = F@)| < |F@@) = far(@)] + | far(@) = far(@)] + | Far (@) = f()]
< kl'l)n;o |fr(x") — far(2")] + % + kh_{ltf)lo | far(z) — fr(2)]
< limsup || fx — farlloy + =

k—oo 3

<€

+ limsup || far — frll
k—oo

for all k > M and z in U, whence f is continuous.

The last step is to show that the sequence {Ax} converges in the
supremum norm to A. Fix € > 0 and choose a natural number N so
large that ||Ay — Ajl|, < €/2 whenever k and [ are greater than NN.
Then

||Ak(l[’) - A(x)”op = lli{élo ||Ak(£l?) - Al(w)”op
< limsup |[|Ar — Al
l—oo
< ¢ <€
-2
for K > N and x in X. This inequality holds for each z in X and
therefore

lim A, — Al =0.
O

In this book we will work almost exclusively with square matrices.
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This will allow us to endow our Banach spaces M(n,C(X)) with an
additional operation that gives us an algebra:

Definition 1.2.5 An algebra is a vector space V equipped with a mul-
tiplication V x V — V that makes V into a ring, possibly without unit,
and satisfies a(vv') = (aw)v’ = v(aw’) for allv and v' inV and a in C.
If in addition V is a Banach space such that ||vv’|| < ||v|| ||| for all v
and v' in V, we call V a Banach algebra.

Proposition 1.2.6 Let X be a compact Hausdorff space and let n be a
natural number. Then M(n,C(X)) is a Banach algebra with unit under
matriz multiplication.

Proof Proposition 1.2.4 tells us that M(n,C(X)) is a Banach space,
and the reader can check that M(n, C'(X)) is an algebra under pointwise
matrix multiplication. To complete the proof, observe that

|ABI|, = sup{|A(2)B()],, : = € X}
< sup{J[A@)[,, : ¥ € X} sup{||B()],, : = € X}
= Al 1Bl

for all A and B in M(n, C(X)). O

Before we leave this section, we establish some notation. We will
write the zero matrix and the identity matrix in M(n, C(X)) as 0,, and
I,, respectively when we want to highlight the matrix size. Next, suppose
that B is an element of M(n, C(X)) and that A is a subspace of X. Then
B restricts to define an element of M(n, C'(A)); we will use the notation
B|A for this restricted matrix.

Finally, we will often be working with matrices that have block diago-
nal form, and it will be convenient to have a more compact notation for
such matrices. Given matrices A and B in M(m, C(X)) and M(n, C(X))
respectively we set

ding(A, B) = (/3 g) € M(m + n, C(X)).

‘We will use the obvious extension of this notation for matrices that are
comprised of more than two blocks.
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1.3 Invertibles

Invertible matrices play several important roles in defining K-theory
groups of a topological space. In this section we will prove various
results about such matrices.

Definition 1.3.1 Let X be compact Hausdorff. For each natural number
n, the group of invertible elements of M(n,C(X)) under multiplication
is denoted GL(n, C(X)).

We begin by defining an important family of invertible matrices.

Definition 1.3.2 Let n be a natural number. For every 0 < ¢t < 1,
define the matrix

Rot(t) = (C?S(:zt)fn Sin(?)l’n> .

Note that for each ¢, the matrix Rot(¢) is invertible with inverse

Rot ' (t) = ( cos( % )f Sin(’%)l ) .

—sin (% cos(ZH)I

Proposition 1.3.3 Let X be a compact Hausdorff space, let n be a
natural number, and suppose S and T are elements of GL(n,C(X)).
Then

diag(S, I,,)Rot(t) diag(T, I,,)Rot ~* (¢)

is a homotopy in GL(2n,C(X)) from diag(ST, I,) to diag(S, T).
Proof Compute. |

Proposition 1.3.4 Let X be a compact Hausdorff space, let n be a
natural number, and suppose that S in M(n, C(X)) has the property that
I, =S|, <1. Then S is in GL(n,C(X)) and

1

1
15" < T 5T
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Proof Because

k N k
Z(In - S)j - Z(In - S)j = Z (In — S)j
=0 §=0 - j=N+1 -
k .
< 3 .Sl
j=N+1
< Y M —SlL
j=N+1
T TR
1- ||In - SHoo

for natural numbers k > N, the partial sums {Z?ZO(In —S)7} form a
Cauchy sequence. Let T be its limit. Then

k
_ 1 _GQ\J
ST = lim S;(In S)

k
= lim [I,, — (I, = S)] ZI —S)/

k—oo

A similar argument yields TS = I,,, and so T = S~!. Finally, the
computation

k

> (I =5)
7=0
k .
: J
klgr;o; 17 =S|I
B 1

T1-|I,-S

[

157l

Il
g

k—oo
9]

IN

establishes the final statement of the lemma. [

Proposition 1.3.5 Let X be a compact Hausdorff space, let n be a natu-
ral number,and choose S in GL(n, C(X)). Suppose that T € M(n,C(X))
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has the property that
1
157 oo

Then tS + (1 — )T is in GL(n,C(X)) for all 0 < t < 1. In particular,
T is in GL(n,C(X)).

15 =Tl <

Proof For all 0 <t <1, we have

1> s s =Tl
> || =TT
> (1= #)(I, — ST
= |[(In = (tIn + (1 = )STIT)[|

By Proposition 1.3.4, the matrix tI,, + (1 — ¢)S™!T is invertible. The
product of invertible elements is invertible and thus

Sty +(1—t)S7'T) =tS+(1-)T

is invertible. ]

Corollary 1.3.6 Let X be compact Hausdorff. For every natural number
n, the set GL(n,C(X)) is open in M(n,C(X)).

Proof Proposition 1.3.5 shows that for each S in GL(n,C(X)), the
elements of M(n,C(X)) in the open ball of radius 1/ HS’1HOo centered
at S are invertible. O

Lemma 1.3.7 Let X be a compact Hausdorff space and let n be a nat-
ural number. Suppose that S and T are in GL(n,C(X)) and satisfy the
inequality

1

IS =Tl < 55—
2(IS7 |

Then
IS =Tl < 2SI 1S = Tl

Proof From the hypothesized inequality, we have

o =TT = ST S =Dl < ISTH NS = Tl <
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and Proposition 1.3.4 yields

Tl < s s s
1
= 1- HIn - S_lTHoo

sl <257 -
Therefore
[s7H =T =[S T =97,
<[Is7H T 1T =Sl
<2[|STHE IS — Tl -

O

Proposition 1.3.8 For every compact Hausdorff space X and natural
number n, the group GL(n,C (X)) is a topological group; i.e., multipli-
cation and inversion are continuous operations.

Proof The only nontrivial point to check is that the map S — S~! is
continuous, and this follows immediately from Lemma 1.3.7. |

The group GL(n, C(X)) has a normal subgroup in which we are par-
ticularly interested.

Definition 1.3.9 Let X be compact Hausdorff and let n be a natural
number. We let GL(n,C(X))o denote the connected component of I, in
GL(n,C(X)); i.e., the mazimal connected subset of GL(n,C (X)) that
contains the identity.

Proposition 1.3.10 Let X be compact Hausdorff and let n be a natural
number. Then GL(n,C (X))o is a normal (in the sense of group theory)
subgroup of GL(n,C(X)).

Proof Proposition 1.3.5 implies that GL(n, C(X)) is locally path con-
nected and therefore the connected components and the path compo-
nents of GL(n,C(X)) coincide. By definition GL(n,C (X))o contains
I,. Take S and T in GL(n,C(X))o, let {S:} be a continuous path in
GL(n,C(X))o from I, = Sp to S = Sy, and let {T;} be a continuous
path in GL(n,C(X))o from I, = Tg to T = T;. Then {S;T:} is a con-
tinuous path from I,, to ST and {S; '} is a continuous path from I, to
S—1, whence GL(n,C(X))o is a subgroup. Furthermore, for any R in
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GL(n,C (X)), we have a continuous path {RS;R71} from I,, to RSR™!,
and therefore GL(n,C'(X))o is a normal subgroup of GL(n,C(X)). [

Proposition 1.3.11 For all natural numbers n, the subgroup GL(n,C)g
equals GL(n, C).

Proof Take S in GL(n,C). Then S is similar to an upper triangular
matrix T. For each entry of T that lies above the main diagonal, multiply
by 1 —t and let ¢ go from 0 to 1; this gives us a homotopy in GL(n,C)
from T to a diagonal matrix D. Let A1, Az, ..., A, be the diagonal
entries of D that are not equal to 1; because D is invertible, none of
these diagonal entries is zero. For each 1 < k < n, choose a homotopy
{Ak,t} from Ay to 1; these homotopies determine a homotopy from D to
I,. Thus D and T are in GL(n, C)g, and because GL(n, C)g is a normal
subgroup of GL(n,C), the matrix S is in GL(n,C)g as well. Our choice
of S was arbitrary and thus GL(n,C)o = GL(n,C). O

To further understand the structure of GL(n,C(X))o, we need an
alternate description of it.

Proposition 1.3.12 Let X be compact Hausdorff, let n be a natural
number, and suppose B is an element of M(n,C(X)). Then the expo-
nential

expB = Z o
k=0
of B is well defined.

Proof For all natural numbers N, we have the inequality

>, B = Bk,
E —_— < .

k! k!
k=N o k=N

The desired result follows from Proposition 1.2.4 and the fact that the
Maclaurin series for e” has an infinite radius of convergence. |

Proposition 1.3.13 Let X be a compact Hausdorff space and let n be
a natural number. Then the exponential map is a continuous function

from M(n,C(X)) to GL(n,C(X)).
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Proof A straightforward computation shows that exp Bexp(—B) = I,
and so exp(—B) = (exp B)~!. Therefore the range of exp is contained in

GL(n, C(X)). O

In general, exp : M(n,C(X)) — GL(n,C(X)) is not a group homo-
morphism; if A and B do not commute, exp(A + B) is not necessarily
equal to exp A exp B.

Lemma 1.3.14 Let X be a compact Hausdorff space and let n be a
natural number. If S is in M(n,C(X)) and ||I, = S||,, < 1, then S =
exp B for some B in M(n,C(X)).

Proof The Taylor series expansion of log x centered at 1 is
k
k=1
and has radius of convergence 1. Set

= (I, - S)*
gy 5
k=1

Compute exp B and simplify to obtain S. 0

Theorem 1.3.15 Let X be a compact Hausdorff space and let n be a
natural number. Then the group GL(n,C (X))o is precisely the set of
finite products of elements of the form exp B for B in M(n,C(X)).

Proof Let F denote the set described in the statement of the theorem
and take

S=expBjexpBs---expB,,
in F. Then
exp(—By,) exp(—By—1) - -exp(—Bi)
is an inverse to S, whence S is in GL(n,C(X)). The product
S; = exp(tB1) exp(tB2) - - - exp(tBiy,)

defines a homotopy in GL(n,C(X)) from I, to S and thus S is in
GL(n,C(X))o.

Observe that F is a subgroup of GL(n, C(X)). Lemma 1.3.14 implies
that there is an open neighborhood U of I,, that lies entirely in F. Group
multiplication by any element of F is a homeomorphism from F to itself,



16 Preliminaries

so F is a union of open sets and therefore open. Each left coset of F in
GL(n, C(X)) is homeomorphic to F and is therefore also open. The left
cosets partition GL(n,C(X)) into disjoint sets, so each left coset, and
in particular F, is both open and closed. Therefore F is a connected
component of GL(n,C(X)), whence F = GL(n, C(X))o. O

Proposition 1.3.16 Let n be a natural number and suppose that A is
a nonempty closed subspace of a compact Hausdorff space X. Then
the restriction of elements of M(n,C(X)) to M(n,C(A)) determines
a continuous surjective group homomorphism from GL(n,C(X))o to

GL(n, C(A))o.

Proof Let p denote the restriction map from M(n, C'(X)) to M(n, C(A)).
Then p clearly maps GL(n,C(X))o into GL(n,C(A))o. To show that
p maps GL(n,C (X))o onto GL(n,C(A))e, we first show that p maps
M(n,C(X)) onto M(n,C(A)). Choose an element B of M(n,C(A)). By
applying the Tietze extension theorem to each matrix entry of B we
construct a matrix B’ in M(n, C(X)) such that p(B’) = B.

Now take S in GL(n,C(A))e. By Theorem 1.3.15 we can write

S=expBjexpBs---expB,,

for some By, Ba, ..., By, in M(n,C(A)). For each 1 < k < m, choose
an element B} in M(n, C(X)) with the property that p(B}) = By. Then

p(exp B expBy---expB;,) = exp p(B}) exp p(Bs) - - -exp p(B},,)
=expBiexpBsy---expB,,
=S.

O

There is a special case of Proposition 1.3.16 that we will use repeatedly
in Chapter 2.

Corollary 1.3.17 Suppose that A is a nonempty closed subspace of
a compact Hausdorff space X and let n be a natural number. Then
for each S in GL(n,C(A)), there exists T in GL(2n,C (X))o such that
T|A = diag(S,571).

Proof Proposition 1.3.16 implies that we need only find a homotopy
in GL(2n,C(A)) from I, = diag(SS™!,I,,) to diag(S,S~1); Proposition
1.3.3 provides such a homotopy. O
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We will also need the following result in the next chapter.
Proposition 1.3.18 Let X be compact Hausdorff and let n be a nat-
ural number. A matriz B in M(2n,C (X)) commutes with diag(I,,0,)
if and only if B = diag(B11,Ba2) for some matrices B11 and Bas in

M(n,C(X)). Moreover, if B commutes with the matriz diag(I,,0,),
then B is invertible if and only if B11 and Bay are.

Proof Write B in the form

B11 Bm)
B = .
<|321 Bao

Then
. Bii Bi2) (In O Biy O
Bd Iﬁa n) — =
iag (I, On) <B21 Bz2> <0 On) (321 0>
and
. I, 0 Bi1 B2 Bi1 B
d Ina n B = = ;
iag(Zn, On) <0 on) <821 Bas 0 0
the result then follows easily. |

1.4 Idempotents

In this section we define one of the primary algebraic objects of study
in K-theory and look at some of its properties.

Definition 1.4.1 Let X be a compact Hausdorff space and let n be a
natural number. An idempotent over X is an element E of M(n,C(X))
with the property that E? = E.

We can define idempotents for any ring, but Definition 1.4.1 will serve
our purposes.

Example 1.4.2 For any compact Hausdorff space X, a matriz that
consists of 1s and Os on the main diagonal and is O elsewhere is an

idempotent.

Example 1.4.3 Let S? be the unit sphere in R? centered at the origin.

Then the matriz
1L /1+z y+iz
2\y—iz 1—=x
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is an idempotent over S?.

Example 1.4.4 For each natural number m, consider
S™ ={(z1,29, ..., Tpy1) ER™ iz 42+ 422 =1},

the m-dimensional sphere of radius 1 centered at the origin. Then

2
xy 122 13 o LTl
2
T2k x5 Takz o TaTm
2
Tm+1T1  Tm41L2  Tm41T3 - xm_t,_l

is an idempotent over S™.

Example 1.4.5 Consider S as the unit circle in C and view the two-
torus T? as S x [0, 1] with the usual identification of the ends: (z,0) ~
(2,1) for each z in St. Set

E(z,t) = Rot(t) diag(z, 1)Rot ~* (t).
Now, E(z,0) = diag(z, 1) # diag(1,z) = E(z,1), so E is not an element

of M(2,C(T?)). However, the matriz E(z,t) diag(1,0)E(z,t)~1 is a well
defined idempotent over T2.

Definition 1.4.6 Let X be compact Hausdorff and let n be a natural
number. Idempotents Eq and E; in M(n,C(X)) are homotopic if there
exists a homotopy {E:} of idempotents in M(n,C(X)) from Eq to Ey. If
Eo and E1 are homotopic, we write Eg ~p E;.

Definition 1.4.7 Let X be compact Hausdorff and let n be a natural
number. Idempotents Eq and F in M(n,C(X)) are similar if F = SES™!
for some S in GL(n,C(X)). If E and F are similar, we write F ~4 E.

Similarity and homotopy are both equivalence relations; our next task
is to see how similarity and homotopy are related.

Lemma 1.4.8 Let X be compact Hausdorff and let n be a natural
number. Take idempotents E and F in M(n, C(X)), and suppose that

1
12F = Inl o

Then S = I, — E — F + 2EF s invertible and E = SFS™L. In particular,
F ~, E.

IF—El. <
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Proof We have

[1n = Slloe = [[E+F = 2EF|| , = [[(F — E)(2F — I,)[|
<IF = Bllog [12F = Infl < 1.

By Proposition 1.3.4, the matrix S is invertible. The products SF and
ES are both equal to EF, so ES = SF and E = SFS™!. O

Proposition 1.4.9 Let X be a compact Hausdorff space, let n be a
natural number, and suppose Eqg and E1 are homotopic idempotents in
M(n,C(X)). Then Eq and E; are similar.

Proof Choose a homotopy of idempotents from Ey to Ej; for clarity of
notation in what follows, we will write the homotopy as {E(¢)} instead

of {E;}. Set
R = sup{||2E(t) — I,,|| , : 0 <t < 1},

and choose points 0 =ty < t; <ty < --- <tg =1 so that
1
IE(te—1) — ECt)llos < &

for all 1 <k < K. By Lemma 1.4.8, we know that E(tx_1) ~s E(tx) for
all k and therefore Egy ~4 E;. ]

Proposition 1.4.10 Let X be compact Hausdorff and let n be a natural
number. If E and F in M(n,C(X)) are similar, then diag(E,0,) and
diag(F,0,,) are homotopic idempotents in M(2n, C(X)).

Proof Choose S in GL(n,C(X)) so that F = SES™!. For 0 <t < 1,
define

T, = diag(S, I,)Rot(t) diag(S~*, I,,)Rot ' (¢).
Then {T; diag(E,0,)T; '} is the desired homotopy of idempotents. [
Proposition 1.4.10 suggests that if we want homotopy classes and sim-

ilarity classes to coincide, we should consider matrices of all sizes. The
next definition makes this idea precise.

Definition 1.4.11 For every compact Hausdorff space X, define an

equivalence relation ~ on |J, oy M(n,C(X)) by declaring that

B ~ diag(B, 0)
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for all natural numbers n and matrices B in M(n,C(X)). The set of
equivalence classes of ~ is denoted M(C(X)).

The construction in Definition 1.4.11 is an example of a direct limit;
we often indicate this by writing

M(C(X)) = lim M(n, C(X)).

We will usually identify M(n,C(X)) with its image in M(C'(X)). We
can view an element of M(C(X)) as a countably infinite matrix with
entries in C(X) and all but finitely many entries equal to 0.

Proposition 1.4.12 Let X be compact Hausdorff. Then M(C(X)) is
an algebra without unit under the operations of matriz addition and mul-
tiplication and scalar multiplication.

Proof Let A and B be elements of M(C(X)), and choose a natural
number n large enough so that A and B can be viewed as elements
of M(n,C(X)). Then we can define A + B and AB as elements of
M(n,C(X)) in the usual way, and these operations are compatible with
the equivalence relation that defines M(C'(X)). Similarly, for any com-
plex number A, we can consider AA as an element of M(C(X)). Finally,
if M(C(X)) had a multiplicative identity, then it would have to be the
countably infinite matrix with 1s on the main diagonal and 0s every-
where else; this matrix is not an element of M(C(X)). O

Definition 1.4.13 Given a compact Hausdorff space X, the direct limit
topology on M(C(X)) is the topology whose basis consists of images of
open sets in M(n, C(X)) for every natural number n.

If E and F are homotopic idempotents in M(n, C(X)), then diag(E, 0)
and diag(F,0) are homotopic idempotents in M(n + 1, C(X)). Thus the
notion of homotopic idempotents in M(C(X)) is well defined and we can
make the following definition.

Definition 1.4.14 Let X be compact Hausdorff. The collection of sim-
ilarity classes (i.e., the equivalence classes of ~g) of idempotents in
M(C(X)) is denoted Idem(C(X)). Given an idempotent E, we denote
its similarity class by [E].



1.5 Vector bundles 21

Propositions 1.4.9 and 1.4.10 imply that we can alternately define
Idem(C(X)) to be the set of homotopy classes of idempotents in the
algebra M(C(X)).

Is it possible that each of the idempotents in Examples 1.4.2 through
1.4.5 is similar to I,, for some n? Later, we will be able to show that the
answer to this question is no. However, at this stage we have no tools
for determining when two idempotents determine distinct elements of
Idem(C(X)). This is an important topic that we take up in Chapter 4.

1.5 Vector bundles

In this section we look at families of vector spaces over a topological
space. We require that the vector spaces vary continuously and that they
be locally trivial in a sense that will be described shortly. We start out
working over arbitrary topological spaces, but to obtain a well behaved
theory, we eventually restrict our attention to compact Hausdorff spaces.

Definition 1.5.1 Let X be a topological space. A family of vector
spaces over X is a topological space V and a continuous surjective map
m V. — X, called the projection, such that for each x in X the
inverse image 7~ (z) of x is a finite-dimensional complex vector space
whose addition and scalar multiplication are continuous in the subspace
topology on =1 (x).

A family of vector spaces is sometimes written (V,m, X), but we will
often write (V,7) or just V if there is no possibility of confusion. We
usually will write V, for m=1(x); this vector space is called the fiber of V/
over x € X. Occasionally, we will write V' as {V},cx. The topological
space X is called the base of V.

Do not confuse the projection of a family of vector spaces onto its
base with the notion of an orthogonal projection of a vector space onto
a vector subspace.

Example 1.5.2 For any natural number n, the space X x C" is a family
of vector spaces over X ; the projection m: X x C" — X is w(x, 2) = x.
We denote this family ©™(X).

Example 1.5.3 For any topological space X and natural number n, we
can produce a multitude of families of vector spaces by choosing for each
x € X any vector subspace V, whatsoever of ©™(X),.
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Example 1.5.3 shows that the vector spaces that make up a family of
vector spaces can vary wildly and therefore it is difficult to prove very
much at this level of generality. Fortunately, many naturally occurring
examples of families of vector spaces have additional structure, which
we describe below. We begin with some definitions.

Definition 1.5.4 Let V and W be families of vector spaces over a topo-
logical space X. A continuous functiony : V. — W is a homomorphism
of families if for each x € X the map v restricts to a vector space homo-
morphism v, : Vo, — Wy If v is a homeomorphism (so that, in par-
ticular, v, is a vector space isomorphism for each x € X ), we call v an
isomorphism of families.

Definition 1.5.5 A family of vector spaces V' over a topological space
X is trivial if V' is isomorphic to ©™(X) for some natural number n.

The next definition is a special case of a construction we shall consider
later in this section.

Definition 1.5.6 Let (V, 7, X) be a family of vector spaces over a topo-
logical space X and let A be a subspace of X. The family (1= 1(A),w, A)
of vector spaces over A is called the restriction of V to A and is denoted
V|A.

Definition 1.5.7 A vector bundle over a topological space X is a family
of vector spaces V' with the property that for each x in X, there is an
open neighborhood U of x in X such that the restriction VU of V to U
is trivial.

When V is a vector bundle, the dimension of V,, is a locally constant
function of z. When the dimension of all the fibers V,, is actually con-
stant (in particular, when X is connected), we call this number the rank
of the vector bundle V. If V is a rank one bundle, we say that V is a
(complex) line bundle.

A homomorphism between vector bundles is often called a bundle
homomorphism, and similarly for isomorphisms.

Definition 1.5.8 Let X be a topological space. The collection of iso-
morphism classes of vector bundles over X is denoted Vect(X). If V is
a vector bundle over X, we denote its isomorphism class [V].

We now look at some examples of vector bundles.
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Example 1.5.9 For each natural number n, the family of vector spaces
O™(X) is a rank n vector bundle over X.

Example 1.5.10 Define an equivalence relation ~, on C? by setting
(21, 22) ~p (Az1, A22) for every nonzero complex number X. If we give
C? its usual topology and endow the set of the equivalence classes of
~p with the quotient topology, we obtain a topological space CP! called
complex projective space. The equivalence class of a point (z1,22)
is denoted [z1, 23], and these equivalence classes are collectively known
as homogeneous coordinates for CP'. FEvery point of CP' is a one-
dimensional complex vector subspace of C?, and the disjoint union of
these vector subspaces is a family H* of vector subspaces of ©%(CP')
called the tautological line bundle over CP'.

To show that H* is a line bundle, set

U, = {[21,2,’2] € CP!': 21 7& 0}
Us = {[21, 22] € CP' : 25 # 0}.

Then CP' is the union of Uy and Uy. The map ¢y : H*|U; — ©Y(Uy)
defined by ¢1]z1,22] = ([21,22]722/,21) is a bundle isomorphism. Simi-
larly, the map ¢o : H*|Uy — ©Y(Us) given by the formula ¢o[z1, 23] =
([21,22], 21/2'2) s a bundle isomorphism.

More generally, for any natural number n we can define the equiva-
lence relation

(21,22,...,Zn+1) Np ()\Zl,)\ZQ,...,)\ZnJrl), )\7&0

on C"1 and take equivalence classes to get complex projective n-space

CP". As in the case of CP', we have a tautological line bundle over
cPr™.

The unusual name for the vector bundle in Example 1.5.10 comes from
algebraic geometry; we will consider a generalization of this construction
in Section 3.6.

To obtain other examples of vector bundles, it is helpful to be able to
create new vector bundles out of old ones. There are a variety of such
constructions; roughly speaking, any construction that we can do with
vector spaces has an analogue for vector bundles. We consider a few of
these constructions below.
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Construction 1.5.11 Let (V,7) be a vector bundle over a topological
space X and let W be a topological subspace of V.. If (W,n|W) is a
vector bundle over X, then we call W a subbundle of V.

Construction 1.5.12 Let X and Y be topological spaces, let (V, ) be
a vector bundle over Y, and suppose ¢ : X — Y is a continuous map.
Define

"V ={(z,v) € X XV : ¢(x) = w(v)}.

Endow ¢*V with the subspace topology it inherits from X x V. Then
O*V is a family of vector spaces over X called the pullback of V' by ¢;
the projection ¢*m : ¢*V — X is simply (¢*w)(x,v) = x. The family
¢*V s locally trivial, for if V|U is trivial over an open subset U of Y,
then ¢*V|¢p~1(U) is trivial as well. Thus ¢*V is a vector bundle over
X.

The restriction of a vector bundle to a subspace is a special case of
the pullback construction.

Construction 1.5.13 Let X; and Xs be topological spaces and let
(Vi,m1) and (Va,m2) be vector bundles over X1 and Xo respectively. Let
Vi x Vi be the product of Vi and Vo as topological spaces and define
@ Vi X Vo — X7 x Xo by the formula mm(vi,ve) = (m1(v1), m2(v2)).
Then (V1 x Vo, @) is a vector bundle over X1 X Xo called the external
Whitney sum of V; and Vs ; we write this bundle ViHBV,. More generally,
giwven a finite number Vi, Va, ...,V of vector bundles over topological
spaces X1, Xa, ..., X;m respectively, we can form the external Whitney
sum ViV, H---HBYV,, over X1 x Xo x --- X X,,.

Construction 1.5.14 Let (Vi,m1) and (Va,m2) be vector bundles over
the same base space X, and consider the subspace

Vi@ Vo= {(v1,v2) € Vi x Vo :mi(v1) =ma(v2)}

of Vi x Va. If we define mg : V1 @ Vo — X as (7g)(v1,v2) = m1(v1),
then we obtain a vector bundle (Vi & Vi, mg) over X called the inter-
nal Whitney sum of V; and V,. An alternate way of defining internal
Whitney sum is this: let A : X — X x X be the diagonal map; i.e.,
A(x) = (z,x) for every x in X. Then V1 & Vo = A*(V B %).
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As in the case of the external Whitney sum, we can take the internal
Whitney sum Vi @ Vo & - - - @ V,,, of any finite number of vector bundles
over X.

Construction 1.5.15 Let V' be a vector bundle over a topological space
X. The dual vector bundle of V' is the set V* of vector bundle homo-
morphisms from V to ©Y(X). The dual vector bundle of V is a family
of vector spaces over X because for each x in X, the elements of V*
restrict to linear maps from V, to C. To see that V* is locally trivial,
let U be a connected open subset of X such that V|U is a trivial vector
bundle of rank n. Then V*|U is isomorphic to the collection of bundle
homomorphisms from ©™(U) to ©Y(U), which in turn is isomorphic to

on(U).

If we take the definition of vector bundle and replace the complex
numbers C with the real numbers R, we obtain a real vector bundle.
The prototypical example of a real vector bundle is the tangent bundle
of a smooth manifold. We can manufacture a complex vector bundle out
of a real one by complexification.

Construction 1.5.16 Let V' be a real vector bundle over a topological
space X and define a real vector bundle V & V over X by (the real
analogue of ) internal Whitney sum. FEach fiber of V&V is a complex
vector space via the scalar multiplication

(a + bi)(v1,v9) = (avy — bvg, buy + avs),

which makes V&V into a complex vector bundle denoted VRC. Elements
of (V®C), are usually written as formal sums vy + ivy, where vy, vo
are i V.

At the end of this section we consider one more vector bundle con-

struction. First, we must establish some preliminary results.

Lemma 1.5.17 Let m and n be natural numbers, suppose that X is a

Hausdorff space, not necessarily compact, and let Map(X, M(m,n,C))

denote the set of continuous functions from X to M(m,n,C). For every

f in Map(X, M(m,n,C)), define a bundle homomorphism
I(f):0"(X) — 0™(X)

by the formula
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Let Hom(0™(X),0™(X)) be the set of bundle homomorphisms from
O™(X) to ©™(X). Then T is a bijection from Map(X,M(m,n,C)) to
Hom(O"(X),0™(X)).

Proof The only nonobvious point to establish is surjectivity. Equip
C™ and C™ with their standard vector space bases and standard inner
products and define p : ©"(X) — C" as p(z,Z) = Z. Given a bundle
homomorphism § : ©"(X) — 0™ (X), define f : X — M(m,n,C) so
that the (4, 7) entry is

fij(x) = (p(6(x,€5)) , €:)
for all z in X. Then f is in Map(X, M(m,n,C)), and T'(f) = 4. O

We could identify Map(X, M(m, n, C)) with M(m,n, C(X)). However,
we will find it helpful to preserve this distinction in the proofs of several
results to follow.

Definition 1.5.18 LetU = {U;,Us,...,U;} be a finite open cover of a
topological space X. A partition of unity subordinate to U is a collection
of continuous functions py : X — [0,1] for 1 < k <1 such that:

(i) pr(x) =0 for x € X\Us;
(ii) 22:1 pr(x) =1 for all z in X.

We could define a partition of unity subordinate to an infinite open
cover, but Definition 1.5.18 will suffice for our purposes. Any normal
topological space admits partitions of unity, so in particular we can
always find a partition of unity for any finite open cover of a compact
Hausdorff space.

Proposition 1.5.19 Let A be a closed subspace of a compact Hausdorff
space X, let V and W be vector bundles over X, and suppose o : V|A —
WA is a bundle homomorphism. Then o can be extended to a bundle
homomorphism o : V — W.

Proof Without loss of generality, we assume that X is connected; other-
wise, work with X one component at a time. Suppose the rank of V isn
and the rank of W is m. Choose a finite open cover U = {U;,Us, ..., U;}
of X with the property that for each 1 < k < [, the vector bundles
V|U} and W|Uj, are isomorphic to ©"(Uj) and ©™(Uy) respectively.
For each k, let o3 denote the map from V|(A N Uyg) to W|(A N Uy)
defined by restricting the domain and range of o. If AN U} is empty,
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define o : V. — W to be the zero homomorphism. Otherwise, iden-
tify V(AN Uy) and W|(ANUy) with ©*(ANUy) and 0™ (AN Uy)
respectively and apply Lemma 1.5.17 to obtain a map

fr: Aﬁﬁk — M(m,n,@)

For each 1 < i < m and 1 < j < n, the (4,j) entry (fz);; of fx is a
continuous function from ANU}, to C. By the Tietze extension theorem,
each (fx)i; extends to a continuous function (fk)w : U — C. The
functions (ﬁc)w collectively define a function

ﬁ :Up — M(m,n,C),
which in turn determines a bundle homomorphism
D(fr) : Vil U 2 ©"(Uy,) — Wi|Ux = ©™(Uy).

Let 7y denote the projection from V to X, let {p1,ps,...,p} be a
partition of unity subordinate to U, and define o : V. — W by

. pr(rv ()T (f)(w) i v € ! (Uk)
ok(v) =
0 otherwise.
Then o = 22:1 or, is a bundle homomorphism that extends o. U

Proposition 1.5.20 Let X be a compact Hausdorff space, let V and
W be vector bundles over X, and let v : V. — W be a bundle homo-
morphism. Then the set

O ={zx € X : v, is an isomorphism}

s open in X.

Proof We may assume that X is connected. If O is empty, then it is
open, so suppose it is not empty. Then V' and W must have the same
rank n. For each point  in X, choose a neighborhood U, of x with the
property that V|U, and W|U, are both isomorphic to ©™(U,). Let v,
be the restriction of v to U, and apply Lemma 1.5.17 to get a continuous
map f, from U, to M(n,C). Set O, = f,*(GL(n,C)). From Corollary
1.3.6 we know the set GL(n,C) is open in M(n, C), so O, is open in U,.
Moreover, because U, is open in X, the set O, is open in X and the
union of the sets O, is an open subset of X.

To complete the proof, note that for every x in X and y in U, the



28 Preliminaries

matrix f5(y) is invertible if and only if v, is an isomorphism. Thus

o= Jo.,

rzeX

and therefore O is open in X. |

Construction 1.5.21 Let X be a compact Hausdorff space and sup-
pose Ay and As are closed subspaces of X whose union is X and whose
intersection Z is nonempty. Let Vi and Va be vector bundles over A;
and Ag respectively and suppose that we have a bundle isomorphism
v : Vi|Z — Va|Z; we call this isomorphism o clutching map. Identify
each point vy in V1| Z with its image y(v1) in Va|Z and give the resulting
set V1 U, Va the quotient topology. Then Vi U, Vs is a family of vector
spaces over X .

In the following proposition, we maintain the notation of Construction
1.5.21.

Proposition 1.5.22 The family of vector spaces Vi Uy Vo is a vector
bundle over X.

Proof We must show that V7 U, Vs is locally trivial. Take z in X. If x
is in A; but not in As, then there exists an open neighborhood U of x
that does not meet Z. Furthermore, by shrinking U if necessary, we may
assume that V; is trivial when restricted to U. Then (V1U,V2)|U = V1|U
is trivial as well. Similarly, if  is in A but not in Ay, then V3 U, V5 is
trivial over some open neighborhood of x that does not meet A;. Now
suppose z is in Z. The topological space As is normal and thus we can
choose an open neighborhood Us of x in Ay such that Va|U, is trivial.
Fix a bundle isomorphism

ag : VolUy — O™ (Us).
Restricting to Z gives us a bundle isomorphism
az|(UaNZ): W|(Usn Z) — "(UsN Z).
Compose with
YVU2NZ): Vi|(UaNZ) — Va|(Ua N Z)
to obtain a bundle isomorphism

a1 :V|(Usn2Z) — 0"(UsN Z).
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Use Proposition 1.5.19 to extend oy to a bundle homomorphism o} from
V1 to ©™(A;). Next, define

U ={z € Ay : (a}), is an isomorphism}.

Then U; contains U, N Z, and Proposition 1.5.20 implies that U; is open
in A;. By construction o} |(U; NUz) = (agy)|(U; N Uz), so o) and aq
piece together to define a bundle isomorphism

[0 (Vl U,y ‘/2)|(U1 U Ug) — @n(Ul U Uz)

The set Uy U Us is not necessarily open in X. To correct this problem,
first note that A2\Us is closed in Az and Aj is closed in X. Thus A3\Us is
closed in X. Because X is normal, there exists an open neighborhood (72
of z in X that does not intersect A3\Us. Similarly, there exists an open
neighborhood (71 of x in X that does not intersect A;\U;. Therefore
(71 N (72 is an open subset of X that contains x and is contained in
Uy U Us, and thus V3 U, V4 is trivial over Uy N Us. O

1.6 Abelian monoids and the Grothendieck completion

Let X be a compact Hausdorff space. As we shall see in the next section,
the sets Vect(X) and Idem(C(X)) are each equipped with a natural
notion of addition. However, Vect(X) and Idem(C'(X)) are not groups,
because there are no inverses. In this section we consider a construction
due to Grothendieck that remedies this problem at the potential cost of
a loss of some information.

Definition 1.6.1 An abelian monoid is a set A and an operation +
satisfying the following properties:
(i) The operation + is associative and commutative.

(ii) There exists an element 0 in A with the property that 0+ a = a
for all a in A.

Example 1.6.2 FEvery abelian group is an abelian monoid.

Example 1.6.3 Let ZT = {0,1,2,...}. Then Z" is an abelian monoid
under ordinary addition.

Example 1.6.4 Take ZT and add an element oco; denote the resulting
set by Z1_. Extend the operation of addition from Z* to Z1, by decreeing
that k + oo = oo for every k in ZX,. Then Z}, is an abelian monoid.
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Proposition 1.6.5 Let A be an abelian monoid and let A? be the set
of ordered pairs of elements of A. Define a relation ~, on A* by the
rule (a1, a2) ~g (b1,b2) if a1 + by + ¢ = az + by + ¢ for some element
cin A. Then ~, is an equivalence relation on A?, and the set G(A)
of equivalence classes of ~4 is an abelian group under the operation
[(a1,a2)] + [(b1,b2)] = [(a1 + b1, a2 + ba)].

Proof The reader can verify easily that ~, is an equivalence relation
on A? and that addition is a well defined commutative and associative
operation on G(A). The equivalence class [(0,0)] serves as the identity
in G(A), and the inverse of an element [(a,b)] is [(b,a)]. Thus G(A) is
an abelian group. |

Definition 1.6.6 For every abelian monoid A, the group G(A) described
in Proposition 1.6.5 is called the Grothendieck completion of A.

Instead of writing elements of G(A) in the form [(a1,a2)], it is tradi-
tional to write them as formal differences a; —as. In general, it is neces-
sary to “add on ¢” when defining G(A). In other words, a; —ag = by —bs
in G(.A) does not necessarily imply that a1 + by = as + by in A (Exercise
1.10).

Theorem 1.6.7 Let G(A) be the Grothendieck completion of an abelian
monoid A and let j : A — G(A) denote the monoid homomorphism
jla) =a—0. Then for any abelian group H and monoid homomorphism
¢ A — H, there is a unique group homomorphism 1 : GA) — H
such that 7:/;] = 1. Moreover, G(A) is unique in the following sense:
suppose that there exists an abelian group §(A) and a monoid homo-
morphism i : A — §(A) with the property that the image of i is a set
of gemerators for Q\(A) Suppose further that for any abelian group H
and monoid homomorphism ¢ : A — H, there is a unique group homo-
morphism 1 : G(A) — H such that i = 1. Then G(A) and G(A) are
isomorphic.

Proof For a; —as in G(A), set J(al —az) = ¥(a1)—1(az). We must first
check that zz is well defined. Suppose a1 — as = by — by in G(A). Then
a1+ba+c = az+by+cfor some cin A. Therefore 1(a1)+1(b2) +(c) =
Y(a2)+4(b1)+1(c), and so ¢(a1 —az) = P(a1)—(az2) = ¢(b1)—(b2) =

¥(by — by). By construction, the map ¢ is a group homomorphism and
is unique because it is determined by . Finally, suppose there exists
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a group G(A) and a monoid homomorphism i : A — G(A) with the
properties listed in the statement of the theorem. The map 7 is a monoid
homomorphism, so there exists a group homomorphism i G(A) —
G(A) such that ij = i. Next, because j : A — G(A) is a monoid
homomorphism, there exists a group homomorphism J : G (A) — G(A)
such that ji = j. Consider the composition i J : §(A) — é(A) The
image of i generates G(A), and therefore every element of é(A) can be
written in the form i(a;) — i(az2) for some a4, az in A. Then
(ij)(i(a1) —i(az)) = i(j(a1) — j(az)) = i(a1) — i(az),

and therefore ?3 is the identity map. A similar argument shows that /j\?
is the identity map on G(A). O

Corollary 1.6.8 Let Ay and As be abelian monoids and suppose that
¥ Ay — Ag is a monoid homomorphism. Let j1 and jo denote the
monoid homomorphisms described in the statement of Theorem 1.6.7.
Then there is a unique group homomorphism ¢ : G(A;) — G(As)
such that ' j1 = ja1b.

Proof The composition ja1) : A3 — G(A3) is a monoid homomorphism,
and the existence and uniqueness of ¢’ follow from Theorem 1.6.7. [

For the remainder of the book we will omit the prime and use the
same letter to denote both the monoid homomorphism from A; and A,
and the group homomorphism from G(A;) and G(As).

Example 1.6.9 If A is an abelian monoid that is already an abelian
group, then G(A) is (isomorphic to) A.

Example 1.6.10 The Grothendieck completion of Zt is the group of
integers 7, under addition.

Example 1.6.11 The Grothendieck completion of Z1, is the trivial
group. To see this, note that for any two elements j and k in 21,
j+04+00=k+0+4o00, and thus j —k=0—-0=0.

1.7 Vect(X) vs. Idem(C(X))

For any topological space X, the set Vect(X) forms an abelian monoid
under internal Whitney sum. If X is a compact Hausdorff space, then we
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can also consider the set Idem(C(X)) of similarity classes of idempotents
over X. As we will see in a minute, Idem(C(X)) also has the structure
of an abelian monoid. The goal of this section is to prove that the
Grothendieck completions of Vect(X) and Idem(C(X)) are isomorphic.
We begin with a lemma that we will use often in the rest of this chapter
and the next.

Lemma 1.7.1 Let X be compact Hausdorff, let m be a natural number,
and let o be an element of the permutation group S,,. Suppose that
for all 1 < i < m, we have an idempotent E; in M(n;, C(X)) for some
natural number n;. Then

diag(El, EQ, ey Em) ~Ng diag(EU(l), Eo(2)a ey Eg(m))
in M(n1 +ng + -+« + nyp, C).
Proof Let U be the block matrix that for each ¢ has the n;-by-n; identity

matrix for its (071(i),4) entry and is 0 elsewhere. Then U is invertible
and implements the desired similarity. 0

Proposition 1.7.2 Let X be compact Hausdorff. For any two ele-
ments of Idem(C(X)), choose representatives E in M(m,C(X)) and F
in M(n,C(X)) and define

[E] + [F] = [diag(E, F)].

Then Idem(C(X)) is an abelian monoid.

Proof Because
diag(SES™!, TFT~!) = diag(S, T) diag(E, F) diag(S, T) !

for all S in GL(m,C(X)) and T in GL(n,C(X)), we see that addition
respects similarity classes. Lemma 1.7.1 gives us

[E] + [F] = [diag(E, 0)] + [diag(F,0)] =
[diag(E, 0,F,0)] = [diag(E, F,0,0)] = [diag(E, F)],

and therefore addition on Idem(C(X)) is well defined. The zero matrix
is the additive identity in Idem(C(X)), and associativity and commuta-
tivity of addition are consequences of Lemma 1.7.1. Thus Idem(C(X))
is an abelian monoid. O
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Lemma 1.7.3 Let X be a compact Hausdorff space, let n be a natural
number, and suppose E and F are idempotents in M(n,C(X)) such that
EF = FE = 0. Then E +F is an idempotent and [E] + [F] = [E+ F] in
Idem(C(X)).

Proof Because
(E+F)?=E*+EF+FE+F*=E+F,
the sum E + F is an idempotent. We also have

E  I,—E\ . E E-—1I,
diag(E+F,0,) = <E i E > diag(E, F) <I E E >

E I,—E\ . E I,-E\
<E—h, E >dmﬁEH<E—h E > ’
and therefore

[E] + [F] = [diag(E, F)] = [diag(E + F,0,,)] = [E + F].
U

Definition 1.7.4 Let X be a compact Hausdorff space, let n be a natural
number, and suppose that E is an idempotent in M(n,C(X)). For each
x in X, define RanE(x) to be the range of the matriz E(x) in C™ and
let RanE denote the family of vector spaces {RanE(x)},ex-

Proposition 1.7.5 Let X be a compact Hausdorff space, let n be a
natural number, and suppose that E is an idempotent in M(n,C(X)).
Then RanE is a vector bundle over X.

Proof Fix xp in X and define an open set

U={z€X:|E(xo) —E()]|,, <1}

lop
Choose z;7 in U. Proposition 1.3.4 implies that I, + E(z) — E(x1) is an
element of GL(n,C). Furthermore, for every v in Ran E(z), we have
(I, + E(zo) — E(z1))v = (I, + E(zo) — E(x1))E(z1)v
= E(z1)v + E(zo)E(x1)v — E(x1)v
= E(x0)E(x1)v.

Thus I, + E(xg) —E(x1) is an injective vector space homomorphism from
RanE(z1) to RanE(zg), which in turn implies that the dimension of
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Ran E(z1) is less than or equal to the dimension of Ran E(zg). Similarly,
I, + E(z1) — E(zo) is a vector space homomorphism from Ran E(zg) to
RanE(z1), and the dimension of RanE(z) is less than or equal to the
dimension of Ran E(x). Therefore Ran E(z() and Ran E(x;) have equal
dimension, and so I, + E(z¢) — E(z1) is a vector space isomorphism from
RanE(z1) to RanE(zp). As a consequence, the map ¢ : (RanE)|U —
U x RanE(xg) defined by

¢(z,v) = (z, (I + E(zo) — E(2))v)

is a bundle isomorphism. Our choice of xg was arbitrary, so RanE is
locally trivial and hence a vector bundle over X. |

Proposition 1.7.6 Suppose X is compact Hausdorff and let E and F
be idempotents over X. Then [E] = [F] in Idem(C(X)) if and only if
[Ran E] = [RanF] in Vect(X).

Proof Because [RanE] = [Ran(diag(E,0))] in Idem(X) for any idem-
potent E over X, we may choose a natural number n large enough so
that both E and F are in M (n,C(X)) and that F = SES™! for some S
in GL(n, C(X)). Every element of Ran E can be written in the form Ef,
where f is in (C(X))™; define a linear map v : Ran E — RanF by

Y(Ef) = SEf = FST.
The inverse map is defined by the formula
v Ff)=ST'Ff=EST'S,

so Ran E is isomorphic to Ran F and thus [Ran E] = [Ran F] in Vect(X).

Conversely, suppose that [RanE] = [RanF]. Choose an isomorphism
6 : RanE — RanF, and for each f in (C(X)), define Af = §(Ef) and
Bf = 6~1(Ff). Then

ABf = A(07X(Ff)) = (E(6~L(F/))).
But 6~ (Ff) is in the range of E, so
ABf = §(E(0XFf))) = 66 1 (Ff) = Ff.

Thus AB = F. Similar computations show that BA = E, EB = B = BF,
and FA = A = AE. Define

A I,—F
T_<In—E B)'
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Then T is invertible with inverse
B I, — E
-1 _ n
T = (In —F A ) ’

T diag(E, 0,,) T~ = diag(F,0,).

and

Therefore [E] = [F] in Idem(C'(X)). ]

One consequence of Proposition 1.7.6 is that [E] — [RanE] is an in-
jection from Idem(C(X)) to Vect(X) for every compact Hausdorff space
X. Our next goal is to show that this map is in fact a bijection.

Definition 1.7.7 Let V be a vector bundle over a compact Hausdorff
space X, endow the set V x V with the product topology, and equip
Usex (Ve x V) with the subspace topology it inherits from V x V. A
Hermitian metric on V' is a continuous function

() VexVe—cC
reX
with the property that for each x in X, the restriction of (-,-) to Vy x V,
is a complex inner product. For each v in' V', we define ||v||,, = /(v,v).

For each natural number n and compact Hausdorff space X, we can
define a Hermitian metric on the trivial bundle ©"(X) by taking the
standard inner product on each fiber ©"(X), = C"; we will call this
metric the standard Hermitian metric on O™(X).

Lemma 1.7.8 Let V and W be vector bundles over a compact Hausdorff
space X and suppose that o : V. — W is a bundle homomorphism with
the property that oy is a vector space isomorphism for every x in X.
Then « is a bundle isomorphism.

Proof We may and do assume that X is connected. The map « is a
bijection, so a~! exists; we must show that a~! is continuous. Choose
a finite open cover {Uy,Us,...,U,,} of X with the property that V|Uj
and W|Uk are both trivial for each 1 < k < m. For each k, take
ay : VU, — W|Uy to be the restriction of a. Then we need only
show that each oz,;l is continuous.

Let n denote the rank of V and W and identify V|Uj and W |U}, with
©"(U}). We consider ay, to be an element of Hom (0™ (U}), 0™ (U})) and

apply Lemma 1.5.17 to obtain a continuous function fy : Uy — M(n,C)
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such that ay(z,2) = fi(2)Z for all (z,7) in ©"(U},). Because a(x) is
invertible for every z in Uy, the range of fj is contained in GL(n,C).

Next, by Lemma 1.5.17 there exists an element F} in M(n,C(Uy))
such that Fy(x) = fi(z) for every x in Uy. In fact, F}, is an element
of GL(n,C(Uj)) because f, is an element of GL(n,C). We know from
Proposition 1.3.8 that GL(n, C(Uy)) is a topological group, whence F,:l
is in GL(n,C(Uy})).

Applying Lemma 1.5.17 to F, ', we see that f, ' : U — GL(n,C)
is continuous, and finally Lemma 1.5.17 yields that a,;l is continuous.

O

Proposition 1.7.9 Let V' be a vector bundle over a compact Hausdorff
space X. Then V is isomorphic to a subbundle of ©N(X) for some
natural number N .

Proof Let X1, X5, ..., X,, be the connected components of X, and sup-
pose for 1 < k < m, the bundle V| X}, is isomorphic to a subbundle of a
trivial bundle of rank Ni. If we take N = Ny + No +---+ N,,, then V
is isomorphic to a subbundle of ©V (X). Thus we may assume that X
is connected.

Choose a finite open cover U = {Uy,Us,...,U;} of X with the prop-
erty that V|Uy is trivial for 1 < k <. Let n be the rank of V and for
each k, let ¢, be a bundle isomorphism from V|U; to ©™(Uy). Next,
define ¢; : ©™(Uy) — C™ as qx(x,7) = Z for every z in X and 7 in
C™. Choose a partition of unity {p1,ps,...,p;} subordinate to U, set
N = nl, and define ® : V. — C" @ ... @ C" = C'" by the formula

®(v) = (pr(7(v))q1(D1(v)), P2(7(v))g2(d2(v)), - - -, pr(m (V) (du(v))) -

Then ¢(v) = (w(v), ®(v)) defines a bundle homomorphism from V into
ON(X). Moreover, the map ¢ is injective, so the desired result follows
from Lemma 1.7.8. |

Corollary 1.7.10 Every vector bundle over a compact Hausdorff space
admits a Hermitian metric.

Proof If V is a vector bundle over a compact Hausdorff space X, we can
by Proposition 1.7.9 imbed V as a subbundle of ©(X) for some suf-
ficiently large natural number N. Then the standard Hermitian metric
on OV (X) restricts to give a metric on V. O
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Lemma 1.7.11 Let X be a compact Hausdorff space, let N be a natural
number, and suppose that V is a subbundle of ON(X). Equip OV (X)
with its standard Hermitian metric and for each x in X, let E(x) be the
orthogonal projection of ON (X), onto V... Then the collection {E(z)}
defines an idempotent E in M(N, C(X)).

Proof Thanks to Lemma 1.5.17, we need only show that each xzy in X
has an open neighborhood U with the property that the map x — E(x) is
continuous when restricted to U. Fix zg and choose U to be a connected
open neighborhood of xy over which V is trivial. Let n be the rank of
V over U and fix a bundle isomorphism ¢ from ©™(U) to V|U. Next,
for 1 < k < n define s, : U — ©™(U) by the formula si(x) = (z, e).
Then for each z in U the set {#(s1(x)), p(s2(x)), ..., d(sn(x))} is a vector
space basis for V. Restrict the standard Hermitian metric on OV (X)
to define a Hermitian metric on V. From Proposition 1.1.2, we obtain
an orthogonal basis of V,, via the formula

for each 1 < k <n and each z in U. Then
(Lo | s )
55 @)l " sa (@)™ lsh(@)]l i

is an orthonormal basis of V.. These basis elements vary continuously
in . Moreover, we can combine Proposition 1.1.6 and Definition 1.1.7

to write down the formula

n

e sy () s1(x)
E(x) Z<¢< 2, ||sk($)||m> s ()]|

k=1

in

which is a continuous function of x. O

Proposition 1.7.12 Let V be a vector bundle over a compact Hausdorff
space X. Then there exists a vector bundle V- over X such that VeV +
is isomorphic to ON(X) for some natural number N.

Proof Choose N large enough so that V' is (isomorphic to) a subbundle
of ®V(X). For each = in X, let E(z) be the orthogonal projection of
ON(X), onto V,. By Lemma 1.7.11 this family of orthogonal projections
defines an idempotent E in M(N,C(X)). Define V- = Ran(Iy — E).
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Then
V@ V+ =RanE @ Ran(ly — E) = RanIy = OV (X).

O

Corollary 1.7.13 Let V be a vector bundle over a compact Hausdorff
space X. Then V = RankE for some idempotent E over X.

Proof Imbed V as a subbundle of ©V(X) for some sufficiently large
natural number N and for each x in X, let E(z) be the orthogonal
projection of ©" (X), onto V. Then apply Lemma 1.7.11. O

Theorem 1.7.14 Let X be a compact Hausdorff space. Then the abelian
monoids Idem(C(X)) and Vect(X) are isomorphic.

Proof Define ¢ : Idem(C(X)) — Vect(X) as 1[E] = [Ran E]. We know
that 1 is well defined and injective from Proposition 1.7.6. Moreover, i

is a monoid homomorphism, and Corollary 1.7.13 yields that ¢ is onto.
O

We end this section by proving a result we will need in Chapter 3.

Proposition 1.7.15 Let X be a compact Hausdorff space, let V be a
vector bundle over X, and suppose that W is a subbundle of V. Then
there exists a vector subbundle W' of V' with the property that W & W'
is isomorphic to V.

Proof Proposition 1.7.12 implies that we can imbed V into a trivial
bundle ©(X) for some natural number N. Use Corollary 1.7.13 to
produce idempotents E and F in M(NV, C(X)) such that V = RanE and
W = RanF. Because W is a subbundle of V', we have the equalities

EF = FE = F.
Therefore
(E-F)?=E*-EF-FE+F°=E-F-F+F=E-F,

and thus E — F is an idempotent. Set W’ = Ran(E — F) to obtain the
desired vector bundle. O
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1.8 Some homological algebra

Definition 1.8.1 Let Gy, Go, and Gz be abelian groups. A pair of group
homomorphisms

Gi o G 22 Gs

is exact at Gy if the image of @1 equals the kernel of ¢o. More generally,
a finite sequence

@ ¢ bn— b
gl . g2 = ’ gnfl . gn

is an exact sequence if it is exact at Go, G3, ..., G._1; the notion of
exactness is undefined at G1 and G,.

Let 0 denote the trivial group. An exact sequence of the form

¢ @
0 Gi > Gy 2 > Gy 0

is called a short exact sequence.

For the short exact sequence in Definition 1.8.1, we note that the map
¢1 is injective and the map ¢ is surjective. Furthermore, ¢1(G1) is a
normal subgroup of Gs, and the quotient group is isomorphic to Gs.

Example 1.8.2 Let G and 'H be any two abelian groups. Define i :
G— GdH byi(g) =(g9,0) and definep: GHH — H as p(g,h) = h.
Then

0 g
is a short exact sequence.
Example 1.8.3 Define ¢1 : Zo — Zy4 as $1(0) = 0 and ¢1(1) =2, and

define ¢ to be the homomorphism that maps 0 and 2 to 0, and maps 1
and 3 to 1. Then the sequence

0 Zy - 7,7, 0

15 exact.

Definition 1.8.4 A short exact sequence

¢ @
0 Gi — Gy 2> Gs 0
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is split exact if there exists a group homomorphism v : G3 — Gy such
that g2 is the identity map on Gz; we call such a homomorphism ¥ a
splitting map. We write split exact sequences using the notation

[ [
0 G —— Go ——G3 0.

~N~—
¥

Example 1.8.5 The exact sequence

GoH—2>H 0

%

0 g
from Example 1.8.2 is split exact because the homomorphism ¢ : H —
G ®H given by the formula (h) = (0,h) is a splitting map.

Example 1.8.6 Suppose that

0 G1 o G o2 7" 0

is a short exact sequence of abelian groups. For each 1 < k < n, let
er. denote the element of ZF that equals 1 in the kth entry and is 0 in
the other entries. We can then uniquely write each element of ZF in the
form myiey + maoes + - - - + mye, for some integers my,ma, ..., My,

For each ey, choose an element ay in Ga such that ¢o(ax) = ex. Then
the homomorphism

p(myer +maoeg + -+ -+ mpen) = mia; + moaz + -+ + myay

is a splitting map, and thus the short exact sequence is split exact.

Proposition 1.8.7 Let

¢ ¢
0 Gi "> G, >~ Gy 0

~—
3

be a split exact sequence of abelian groups. Then ¢1+v3 : G1HGs — Go
is an isomorphism, and there exists a homomorphism 1 : Go — Gy
with the property that (¢1 + 3) ™" = V2 ® ¢o.

Proof Take go in Go. Then

$2(g2 — V302(92)) = P2(g2) — D2w3d2(g2) = d2(g2) — d2(g2) = 0.

Thus go — ¥3p2(g2) is in the image of ¢1; define 1¥2(g2) to be the unique
element of G; with the property that ¢112(g2) = g2 — ¥3pa(g2). The



1.8 Some homological algebra 41

reader can readily check that 1o is a homomorphism. The definition of
1o and exactness at Gy together imply

D10201(g1) = d1(g1) — Y3d201(91) = H1(91)

for all g; in G;. The injectivity of ¢; then yields that 1o¢; is the identity
on G;. Next, for each g3 in G3, the definition of ¥y gives us

P102v3(93) = P3(g3) — 3patbs(gs) = ¥3(g3) — ¥3(g3) =0,

and the injectivity of ¢; then implies that 1213 = 0. Therefore

(12 ® P2)(d1 + V3) = Y21 © Pat)3

is the identity map on Gy & Gs, and 1 @ ¢9 is a surjection.

Finally, we show that ¥y @ ¢2 is an injection, which will imply that
¢1 + 13 is its inverse. Suppose that (12 @ ¢2)(g2) = 0. Then ¢2(g2) = 0,
whence g2 = ¢1(g1) for some g1 in G;. Moreover, we have 0 = 15(g2) =
Yod1(g1) = g1, whence gs is zero. O

Definition 1.8.8 A square diagram of sets and functions
X > o X,
5
Xy —> Xy

commutes if ya = 6. More generally, we say a diagram is commutative
if each square in the diagram commutes.

We state and prove two homological algebra results that we will find

useful throughout the book; these propositions are proved by what is
often called a “diagram chase.”

Proposition 1.8.9 Suppose that the diagram
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of abelian groups is commutative and has exact rows. Then there exists
a unique group homomorphism oy : G — Hy that makes the diagram

0 g1 & Go o Gs
[e 5] l a9 l a3 l
0 H, P1 Ho P2 Hs

commute. Furthermore, if as and asz are isomorphisms, so is a;.

Proof For each g1 in Gp, the element asdy(g1) is in He, and

oo (g1) = agpa¢1(g1) = 0.

Thus as¢1(g1) is in the image of 11, and therefore there exists an element
h1 in H; with the property that i1 (h1) = aa¢1(g1). Moreover, exactness
tells us that 1; is an injection, whence hy is unique. Set a1(g1) = hq;
an easy computation shows that o is a group homomorphism.

Now suppose as and ag are isomorphisms. If a;(g1) = 0 for some g;
in Gy, the commutativity of the diagram gives us

0=vrai(g1) = a2d1(g1)-

We know that ¢1(g1) = 0 because s is an isomorphism, and g; = 0
because ¢; is injective. Therefore «; is injective.
Next, take hy in Hy Then

a3¢2a;1¢1(ﬁ1) = ¢2a2a51¢1(iL1) = ¢2¢1(i11) =0,

and because a3 is an isomorphism, we have (;52042_11/)1(}31) = 0. The top
sequence is exact at Gs, whence 042_11/)1(}11) = ¢1(g1) for some g; in Gj.
1\/IOI‘€OVGI‘7 ¢10él(§1) = 042(,251(?]1) = ’l/)l(ill), and thus Ot(gl) — ill is in the
kernel of . But v is injective, so a(g1) = hi, and therefore oy is
surjective. |

Proposition 1.8.10 (Five lemma) Suppose that

G —2 g g g Mg

all 0‘2L ast a4l asl
P P p b

Hi ———> Hy ——> Hy ———> Hy ———> H;
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s a diagram of abelian groups that is commutative and has exact rows.
Further suppose that oy, as, ag, and as are isomorphisms. Then ag is
an isomorphism.

Proof Suppose that az(gs) = 0. Then 0 = ¥s3a3(g3) = asds(gs), and

because a4 is an isomorphism, the element g3 is in the kernel of ¢3,

which by exactness means that gs is in the image of ¢o. Choose g2 in Go

so that ¢2(g2) = g3. Then 0 = azpa(g2) = aaa(g2). Therefore there

exists hy in H; such that ¥y (hy) = aa(g2). Let g1 = a; *(h1). Then
$1(91) = a3 "rai(g1) = ag i (M) = ag taz(g2) = g2,

and thus ¢2¢1(g91) = g3. But exactness implies that ¢o¢; is the zero
homomorphism, so g3 = 0, and therefore « is an injection.

To show that ag is surjective, choose hs in ‘Hsz and let Js = a;lwg(ﬁg)
in G4. Then

0 = tutb3(hs) = Ya04(ds) = aspa(Ga),

and therefore ¢4(g4) = 0. By exactness, there exists an element g3 in Gs
such that ¢3(gs) = ga. The string of equalities

a3 (Gs) = aads(gs) = aal(da) = Ps(hs)

shows that a3 (§§) — hy is in the kernel of 3, and hence also in the image

of 15. Choose hy in Hy with the property that vs(hs) = a3(gs) — hs.

Then

~ 17\ _ (s 17
s (93 — $a0v; (hz)) = a3(gs) — azp2ay (h2)
= a3(g3) — Yoazay  (he) = as(gs) — Ya(ha) = hs.

]

1.9 A very brief introduction to category theory

Many results in algebraic topology, and K-theory in particular, are most
cleanly expressed in the language of category theory.

Definition 1.9.1 A category consists of:

(i) a class of objects;
(ii) for each ordered pair of objects (A, B), a set Hom(A, B) whose
elements are called morphisms;
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(iii) for each ordered triple (A, B,C) of objects, a composition law
o: Hom(A, B) x Hom(B, ) — Hom(A4, C)
satisfying the following properties:

(a) If « is in Hom(A, B), B is in Hom(B,C), and v is in
Hom(C, D), then yo (Boa) = (yofB)oa.

(b) For every object A, there is an element 14 in Hom(A, A)
with the property that for any two objects B and Z and
morphisms « in Hom(A, B) and ¢ in Hom(Z, A), we have
lpoa=aand (oly =C(.

The objects of a category form a class, not necessarily a set; i.e., the
collection of objects in a category may be “too big” to be a set. This
is in fact the situation in the most commonly occurring examples of
categories. In any event, the collection Hom(A, B) of morphisms from
an object A to an object B is always required to be a set.

Example 1.9.2 For every pair of sets A and B, let Hom(A, B) be the
set of functions from A to B. Then the class of sets with functions for
morphisms is a category.

Example 1.9.3 The class of all abelian monoids with monoid homo-
morphisms as morphisms forms a category.

Example 1.9.4 The class of all abelian groups with group homomor-
phisms as morphisms defines a category.

Example 1.9.5 The class of all topological spaces with continuous func-
tions as morphisms is a category.

Example 1.9.6 The class of all compact Hausdorff spaces with contin-
wous functions as morphisms forms a category.

If there is no possibility of confusion, we will usually only mention
the objects of a category, with the morphisms being understood from
context. So, for example, we will refer to the category of topological
spaces, the category of abelian groups, etc.

Definition 1.9.7 Let 2 and B be categories. A covariant functor F'
from A to B is:
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(i) a function that assigns to each object A in 2 an object F(A) in
B, and
(ii) given objects A and A" in 2, a function that assigns to each mor-
phism o € Hom(A, A") a morphism F(«) € Hom(F(A), F(A")).
In addition, for all objects A, A’, and A" in A and all morphisms a in
Hom(A, A") and o in Hom(A’, A"), we require that

F(1a) = 1p)
and
F(a/ oa) = F(d') o F(a).

Definition 1.9.8 Let 2 and 9B be categories. A contravariant functor
F from 2 to B is:

(i) a function that assigns to each object A in A an object F(A) in
B, and
(ii) given objects A and A" in A, a function that assigns to each mor-
phism o € Hom(A, A’) a morphism F(a) € Hom(F(A"), F(A)).
In addition, for all objects A, A’, and A” in A and all morphisms a €
Hom(A, A") and o € Hom(A’, A"), we require that

F(1a) = 1pa)
and

F(d/ oa) = F(a)o F(d).

Example 1.9.9 For each topological space, consider it as a set, and for
each continuous map between topological spaces, consider it as a map
between sets. This process determines a covariant functor from the cat-
egory of topological spaces to the category of sets. This is an example of
a forgetful functor.

Example 1.9.10 Proposition 1.6.5 and Theorem 1.6.7 together imply
that the Grothendieck completion of an abelian monoid defines a con-
variant functor from the category of abelian monoids to the category of
abelian groups.

Example 1.9.11 Let X and X' be topological spaces. Then Vect(X)
and Vect(X') are abelian monoids. Furthermore, given a continuous
function ¢ : X — X', the formula (Vect(¢))(V) = ¢*V defines a
monoid homomorphism Vect(¢) : Vect(X') — Vect(X). Properties of
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pullback imply that Vect is a contravariant functor from the category of
topological spaces to the category of abelian monoids.

Example 1.9.12 Consider the category € whose objects are the Banach
algebras C(X), where X ranges over all compact Hausdorff spaces, and
whose morphisms are continuous algebra homomorphisms. To construct
a contravariant functor C' from the category of compact Hausdorff spaces
to €, we assign to each compact Hausdorff space X the Banach algebra
C(X). Given a continuous function ¢ : X — X', define C(¢) :
C(X') — C(X) by the formula (C(¢))f = fo ¢ for all f in C(X').
Then C(idx) = id¢(x) for all compact Hausdorff spaces X. Moreover,
suppose that X" is compact Hausdorff and that ¢' : X' — X" is con-
tinuous. Because

(C(¢'0@))g=god od=(C(¢)oC(¢))g

for all g in C(X), we see that C is a contravariant functor.

Example 1.9.13 We generalize Example 1.9.12 to matrices. Let IME be
the category whose objects are M(C(X)), where X ranges over all com-
pact Hausdorff spaces, and whose morphisms are continuous algebra ho-
momorphisms. Associate to each compact Hausdor(f space X the algebra
M(C(X)). Next, given a compact Hausdorff space X', write each ele-
ment A of M(C(X')) as an infinite matriz, and for each continuous
function ¢ : X — X', define MC(¢) : M(C(X")) — M(C(X)) by
applying the functor C' from Example 1.9.12 to each matrix entry. Then
MC' is a contravariant functor from the category of compact Hausdorff
spaces to IMC.

Example 1.9.14 In Ezample 1.9.13 the map M C(¢) maps idempotents
to idempotents for every ¢ and thus we have a contravariant functor
Idem from the category of compact Hausdorff spaces to the category of
abelian monoids.

In Examples 1.9.11 through 1.9.14, we constructed various contravari-
ant functors F' from the category of compact Hausdorff spaces to other
categories. In such cases, given a continuous function ¢ : X — X', we
will write F(¢) as ¢*.

Definition 1.9.15 Let A and B be categories, and let F and G be
covariant functors from 2 to B. A natural transformation T from F' to
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G is a function that assigns to each object A in A a morphism T(A) :
F(A) — G(A) in B with the following property: for every object A’ in
A and every morphism « in Hom(A, A’), the diagram

F(A) =2 g (a)

lG(a)

- G

commutes.

Similarly, let F and G be contravariant functors from A to B. A
natural transformation T from FtoGisa functwn that assigns to each
object A in 2% a morphism T(A) : F(A) — G(A) in B with the property
that for every object A" in A and every morphism o in Hom(A, A’), the
diagram

~ T(A) ~
F(A) ——G(4)

F(a) G(a)

commutes.

If the categories 2 and B are clear from context, we usually do not
explicitly mention them. Also, we often shorten the term “natural trans-
formation” to “natural.”

1.10 Notes

Almost all the results in this chapter are well known and/or “folk theo-
rems”; many of the proofs are adapted from [5] or [16].

We have discussed only the most rudimentary ideas about homological
algebra and category theory; for a more thorough introduction to these
ideas, the reader should consult [10].

Exercises

1.1 Let X be a compact Hausdorff space and let n be a natural
number. Idempotents E and F in M(n,C(X)) are algebraically
equivalent if there exist elements A and B in M(n,C(X)) such
that AB = E and BA =F.
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1.2

1.3

1.4

1.5

Preliminaries

(a) Show that A and B can be chosen so that A = EA =
AF = EAF and B = FB = BE = FBE.

(b) Prove that algebraic equivalence defines an equivalence
relation ~, on the idempotents in M(n, C(X)).

(¢) Prove that E ~¢ F implies that E ~, F.

(d) If E, F in M(n,C(X)) are algebraically equivalent, prove
that diag(E, 0,,) is similar to diag(F, 0,,) in M(2n, C(X)).

(e) Conclude that algebraic equivalence, similarity, and ho-
motopy coincide on Idem(C(X)).

Let X and Y be compact Hausdorff spaces, let V and V' be
vector bundles over Y, and suppose that a : V. — V' is a
bundle homomorphism.

(a) Show that a continuous map ¢ : X — Y determines a
bundle homomorphism ¢*« : ¢*V — ¢*V'.
(b) Verify that ¢* satisfies the following two properties:

1. If V=V’ and « is the identity map on V, then
¢*« is the identity map on ¢*V.
2. Ifa/ : V! — V" is a bundle homomorphism, then
9" (o) = (¢"a/)(¢" ).
Let X be a compact Hausdorff space, and define maps ¢y and
¢1 from X to X x [0,1] by the formulas ¢o(z) = (z,0) and
¢1(x) = (z,1). We say that vector bundles V and V; over X
are homotopic if there exists a vector bundle W over X x [0,1]
with the property that ;W = V; and ¢;W = V;. Show that if
Vo and V; are homotopic, then [Vp] = [V1] in Vect(X).
Suppose that V' and W are vector bundles over a compact
Hausdorff space X.

(a) Show that the collection Hom(V, W) of bundle homomor-
phisms from V' to W can be endowed with a topology that
makes it into a vector bundle over X.

(b) Show that there is a one-to-one correspondence between
vector bundle homomorphisms v : V. — W and contin-
uous functions I' : X — Hom(V, W).

Let V and W be vector bundles over a compact Hausdorff space
X. Give an example to show that the kernel of ¢ need not be a
subbundle of V' and that the range of ¢ need not be a subbundle
of W.
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Suppose V' is a vector bundle over a compact Hausdorff space
X, and let W be a subbundle of V. For each x in X, form the
quotient vector space Q, = V,/W,, and let @ be the family
{Q.} of vector spaces over X. Show that with the quotient
topology, the family @ is a vector bundle.

Let Ay and Ag be the closed northern hemisphere and closed
southern hemisphere of S2, respectively, and let Z = Ay N Ag
be the equator.

(a) Let ¢ : S* — GL(n,C) be a continuous functions. Show
that ¢ determines a clutching map ¢ : O"(AN)|Z —
©"(As)|Z and thus a vector bundle ©™(An) Uy O™ (As)
over S2.

(b) Prove that up to bundle isomorphism, every rank n vec-
tor bundle on S? can be constructed in this way.

(c) If ¢o and ¢; are homotopic maps from S* to GL(n,C),
show that the vector bundles ©™(An) Uy, O™ (Ag) and
O™ (AN) Uy, ©™(Ag) are isomorphic.

(d) Generalize to higher-dimensional spheres.

Let V be a vector bundle over a compact Hausdorff space X,
and suppose W is a subbundle of V. Choose two Hermitian
metrics ( , ), and (, ), on X and for k = 0,1, let W be the
orthogonal complement of W with respect to (, ), in V. Prove
that [W40] = [W+1] in Vect(X). Hint: Use Exercise 1.3.

(For readers with some knowledge of differential topology.) Fix
a natural number m, and let E be the idempotent defined in
Example 1.4.4. Show that the vector bundle Ran(l — E) is iso-
morphic to the complexified tangent bundle of S™.

An abelian monoid A has cancellation if a + ¢ = b + ¢ implies
that @ = b for all a, b, cin A. Show that the following statements
are equivalent:

(a) The abelian monoid A has cancellation.
(b) The equation ag —aj = by — by in G(A) implies ag+ by =
a1 + bg in A.
(¢) The monoid homomorphism j : A — G(A) in the state-
ment of Theorem 1.6.7 is injective.
Verify that the sequence of groups in Example 1.8.3 is exact,
but not split.
Fix a natural number m, and let E be the idempotent defined
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in Example 1.4.4. Show that [E] + [@!(S™)] = [@™F1(S™)] in
Idem(S™).
Let (V,7) be a vector bundle over a compact topological space
X. A section of V is a continuous map s : X — V such
that w(s(z)) = « for all  in X. Show that V is a trivial
bundle of rank n if and only if there exist nonvanishing sec-
tions sy, So, ..., S, of V such that for each x in X, the set
{s1(x), s2(x), ..., sk(x)} is a vector space basis for V.
Let V be a vector bundle over a compact Hausdorff space X.
(a) Suppose that A is a closed subspace of X. Show that
any section of V|A extends to a section of V. (Hint:
first prove the result for trivial bundles, and then use a
partition of unity argument.)
(b) Let 1 and xo be distinct points of X, and suppose v;
and vy are points of V' such that 7(vy) = 21 and 7(vg) =
T9. Prove that there exists a section s of V' such that
s(xz1) = v1 and s(x2) = vs.
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K-theory

In this chapter we define the various K-theory groups associated to a
topological space and study how they are related.

2.1 Definition of K°(X)

Definition 2.1.1 Let X be compact Hausdorff. The Grothendieck com-
pletion of Vect(X) is denoted K°(X).

Thanks to Theorem 1.7.14, we may alternately define K°(X) as the
Grothendieck completion of Idem(C(X)).

Example 2.1.2 Let X be a single point. Then a vector bundle over X is
just a vector space, and these are classified by rank. Thus Vect(X) = ZT
and so KY(X) 2 Z.

Example 2.1.3 Let X be the disjoint union of compact Hausdorff spaces
X1, Xo, ..., Xg. A vector bundle on X is a choice of a vector bundle
on each X1, Xo, ..., Xg, and the same is true for isomorphism classes
of vector bundles on X. Therefore

Vect(X) = Vect(X7) @ Vect(X3) @ - - - @ Vect(Xg).
By taking the Grothendieck completion, we obtain an isomorphism
K'(X) 2 KY(X) oK' (X2) @ - @ KO(Xp).

In particular, if X consists of k distinct points in the discrete topology,
then KO(X) = ZF.

51
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We would certainly like to be able to compute K°(X) for a topological
space more complicated than a finite set of points! To do this, we have
to develop some machinery; this will occupy us for the remainder of the
chapter.

Proposition 2.1.4 Let X be a compact Hausdorff space.

(i) Every element of K°(X) can be written in the form [E] — [I1],
where E is an idempotent in M(n, C(X)) and n > k.

(ii) Every element of K°(X) can be written in the form [V]—[0%(X)]
for some vector bundle V' whose rank on each connected compo-
nent of X is greater than or equal to k.

Proof Let [Eg] — [E1] be an element of K°(X), with E; in M(k, C(X)).
Lemma 1.7.3 implies that
[Eo] — [E1] = [Eo] — ([Ex] + [Ix — E1]) + [Ix — E4]
= [Eo] = [Ik] + [Ix — E4]
= [diag(Eo, Ix — E1)] — [I&],

and so we can take E = diag(Ep, I — E;). This proves (i); the proof of
(ii) then follows easily from Proposition 1.7.6. O

Unless stated otherwise, we will write elements of K°(X) in the form
described in Proposition 2.1.4.

Proposition 2.1.5 Let X be a compact Hausdorff space.

(i) Suppose E is an idempotent in M(n,C(X)). Then [E] — [Ix] =0
in K°(X) if and only if there exists a natural number m such that
diag(E, I, 0m) ~s diag(lg+m, Omin—r) i M(n + 2m, C(X)).

(ii) Suppose V is a vector bundle over X. Then [V]—[0F(X)] =0 in
K°(X) if and only if there exists a natural number m such that
V @ O™ (X) is isomorphic to @™ F(X).

Proof We shall only prove (i); the proof of (ii) is similar. Suppose that
diag(E, I, 0m) ~s diag(lg4+m, Omin—k). Then

0= [diag(E7 Ima Om)] - [diag(lk-‘rma Om-i-n—k)]
= ([E] + [Iin] + [0m]) = ([Ik] + [Im] + [Om-n—t]) = [E] = [Ii].

Conversely, suppose [E] — [Izx] = 0. Then there exists a natural
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number m and an idempotent F in M(m, C'(X)) such that [diag(E, F)] =
[diag(I), F)] in Idem(C(X)). Therefore

[diag(E, F, I,, — F)] = [diag(I,F, I, — F)]

in Idem(C(X)), and thus [diag(E, I,,)] = [diag(Ix,Im)] = [lk+m] by
Lemma 1.7.3. From the definition of M(C(X)) and Idem(C(X)), we
know that diag(E, I,,,0;) and diag(Iy+m,0;) are similar for some natural
numbers [ and j, and by comparing matrix sizes, we see that j = [+n—k.
By either increasing [, or increasing m if necessary and making the
appropriate adjustment to F, we may take | = m and j = m +n — k,
which proves the result. |

Proposition 2.1.6 The assignment X — K°(X) determines a con-
travariant functor KO from the category of compact Hausdorff spaces to
the category of abelian groups.

Proof Example 1.9.11 gives us a contravariant functor Vect from the
category of topological spaces to the category of abelian monoids. If
we restrict Vect to the category of compact Hausdorff spaces and com-
pose with the Grothendieck completion functor from Example 1.9.10,
we obtain K°. Ul

In less fancy language, Proposition 2.1.6 states the following: suppose
X, Y, and Z are compact Hausdorff spaces.

e If ¢ : X — Y is continuous, then pullback of vector bundles induces
a group homomorphism ¢* : K%(Y) — K%(X).

e Let idx denote the identity map on X. Then (idx)* is the identity
map on K°(X).

e Ifp: X — Yandey: Y — Z are continuous, then (pop)* = ¢p*orp*.

Recall that topological spaces X and Y are homotopy equivalent if
there exist continuous functions ¢ : X — Y and ¥ : Y — X such that
¢ and ¢ are homotopic to the identity maps idx and idy on X and
Y respectively. Also, a topological space X is contractible if the identity
map on X is homotopic to a constant map.

Proposition 2.1.7 Let X and Y be compact Hausdorff spaces.

(i) Suppose ¢pg and ¢1 are homotopic functions from X toY. Then
oy and ¢% from K°(Y) to K°(X) are equal homomorphisms.
(ii) If X and Y are homotopy equivalent, then K°(X) = K°(Y).
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Proof Take an element [E] — [I;] of K°(Y). Obviously ¢3[I1] = ¢7[Ix] =
[Ii] in K°(X). Let {¢:} be a homotopy from ¢g to ¢1. Then {¢p;E} is a
homotopy of idempotents, so [¢FE] = [¢7E]. This proves (i); we obtain
(ii) from (i) and the definition of homotopy equivalence. O

Corollary 2.1.8 Let X be a contractible compact Hausdorff space. Then
K°(X) = Z.

Proof Choose a point zg in X so that there is a homotopy from the
identity map on X to the constant map on X whose range is {z¢}. Then
Example 2.1.2 and Proposition 2.1.7 imply that K°(X) = K°({z¢}) = Z.

|

Example 2.1.9 Define ¢:(z) = (1 —t)zx for each 0 <t <1 and x in X.
Then {¢:} is a homotopy from the identity map on [0,1] to the constant
function 0, and thus K°([0,1]) = Z.

2.2 Relative K-theory

An important technique in understanding the K-theory of a compact
Hausdorff space is to relate it to the K-theory of its closed subspaces.
In this section, we make this notion precise.

Definition 2.2.1 A compact pair (X, A) is a compact Hausdorff space
X and a closed subspace A of X. A morphism ¢ : (X, A) — (Y, B) of
compact pairs is a continuous function ¢ : X — 'Y such that ¢(A) C B.

We will assume that A is nonempty unless explicitly specified. When
A consists of a single point xg, we will usually simplify notation by
writing (X, z¢) instead of the more technically correct (X, {zg}).

Definition 2.2.2 Let (X, A1) and (X2, As) be copies of a compact pair
(X, A), and form the disjoint union X1 [ Xz2. Identify each point of Ay
with its corresponding point in Ay. The resulting set D(X, A), endowed
with the quotient topology, is called the double of X along A.
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Xy

Xo
D(X, A)

Proposition 2.2.3 The assignment (X, A) — D(X,A) determines a
covariant functor from compact pairs to compact Hausdorff spaces.

Proof The topological space D(X, A) is compact because it is the image
of the compact space X [[ X2, and an easy argument by cases shows
that D(X, A) is Hausdorff. Suppose ¢ : (X, A) — (Y, B) is a morphism
of compact pairs. Then ¢ defines in the 0bv10us way a continuous map
¢ : X1 ][ X2 — Y1 ][ Ya. Because ¢(A) is contained in B, the map ¢
uniquely determines a continuous function D¢ : D(X, A) — D(Y, B)
that satisfies the axioms for a covariant functor. |

We will write matrices over D(X, A) as pairs (By,Bz), where By and
Bs are matrices over X such that B;(a) = Ba(a) for all a in A. Given an
idempotent (Eq, E3) over D(X, A), we will drop the parentheses and let
[E1, Eo] represent the corresponding element of KY(D(X, A)). We record
here a simple but useful fact about elements of K°(D(X, A)).

Lemma 2.2.4 Let (X, A) be a compact pair and let E; and E be idem-
potents in M(n,C(X)). Suppose that (Ey,SE2S™1) is an idempotent in
M(n,C(D(X, A))) for some S in GL(n,C(X)). Then (S71E;S,Ey) is
an idempotent in M(n,C(D(X, A))) and [E1,SE2S™!] = [ST1E;S, Eo] in
K°(D(X, A)).

Proof Obviously (S,S) is an element in GL(n, C(D(X, A))), and
(S,S)"*(E1,SE2S)(S,S) = (ST'E1S, Ea).

O

Definition 2.2.5 Let (X, A) be a compact pair. Fori = 1,2, we define
maps w; : X — D(X, A) by composing the inclusion of X into X; with
the quotient map from X1 ][] X2 onto D(X, A).
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Definition 2.2.6 Let (X, A) be a compact pair. The relative K’-group
K°(X, A) is the kernel of the homomorphism

13 - KO(D(X, 4)) — K(X).

Proposition 2.2.7 Relative K° defines a contravariant functor from the
category of compact pairs to the category of abelian groups.

Proof Let ¢ : (X,A) — (Y, B) be a morphism of compact pairs. By
Proposition 2.2.3 and the definition of relative K°, the diagram

*
Ha

K°(Y, B)

KY(D(Y, B))

KO(Y)

(Do)” ¢”

0 —— K°(X, 4) —=K°(D(X, A)) —=— K°(X)
commutes and has exact rows. Proposition 1.8.9 implies that (D¢)*
restricts to a homomorphism from K°(Y, B) to K°(X, A). Furthermore,
the commutativity of the diagram and Proposition 2.2.3 yield that rel-
ative K is a contravariant functor. 0

Proposition 2.2.8 Let (X, A) be a compact pair. Then every element
of KY(X, A) can be written in the form [E, diag(Ix,0x)] — Ik, I1] for some
natural number k.

Proof By Proposition 2.1.4, every element of KY(D(X, A)) has the form
[E1, Ea2] — [I;, 1], where (Eq, E2) is an idempotent in M(n, C(D(X, A)))
and n > j. If [Ey,Ea] — [I;,1;] is in K°(X, A), then [E3] — [[;] = 0 in
K°(X). Next, Proposition 2.1.5 implies that for some natural number
m, there is a matrix S in GL(n+2m, C(X)) such that diag(Ez, I, 0r) =
Sdiag(Ij+m,0m+n,j)S’1. Lemma 2.2.4 gives us

[Ex, Eo] = [1, 1]

— [diag(Er, Ty, Om), diag(Es, Ton, 0)] — [Ty s Iy

= [diag(El,Im,Om,Sdiag(fj+m,0m+n_j)571] - [Ij+m7]j+M]
= [S_l diag(E1, Im, 0m)S, diag(Zj4m, 0m+n*j)] - [Ijervaer]-

Let E =51 diag(Ey, I)n, 0,,)S. Then for every natural number [, Lem-
mas 2.2.4 and 1.7.1 state that for some U in GL(n + 2m + [,C), we



2.2 Relative K-theory 57
have
[E, diag(Zj tm; Omn—;)] = Ljm: Ljtm)
= [diag(E, 1), diag(Ljym, Omtn—j 1)) = [T emst, Ijrm ]
= [diag(E, 1)), Udiag(Zj 41, Omsn—y )U ™) = [Ljmsts Lipmed]
= [U~" diag(E, 1)U, diag(Lsm+1, Omsn—s)] — Ljtmets Limsi).
Choose [ large enough so that 2j — n + [ is positive. Then

[U_l diag(‘i Il)Ua diag(1j+m+la 0m+n7j)] - [IjerJrla Ij+m+l]
= [diag(U" diag(E, 1)U, 02j—n+1), diag(Ljcmt, Omnjs 02— n—1)]
- [Ij+m+l7 Ij+m+l]
= [diag(U™" diag(E, 1)U, 02j—n+1), diag(Ljm+; 0jme)]
= [Ljtmts Litmet]-
The proposition follows by setting k = j +m + [ and
E = diag(U™" diag(E, 1)U, 02 n1)-
|

Theorem 2.2.9 Let (X, A) be a compact pair and let j : A — X be
the inclusion map. Then the sequence

KO(X,A)LKO(X)L>KO(A)

is exact.

Proof We are slightly abusing notation here; the map from K°(X, A) to
K°(X) is obtained by restricting the domain of uj : K°(D(X, A)) —
K°(X) to K%(X, A), but no harm should be caused by also calling the
restricted map p].

Take [E, diag(Ix,0x)] — [Ix, Ix] in K°(X, A). Then

713 ([E, diag (I, O)] — [Ix, Ix]) = 5" ([E] — [1x])

= [E|A] — [Ix]
= [diag({k, 0x)] — [1k]
=0.

Thus the image of pj is contained in the kernel of j*. To show the
reverse containment, take [F] — [[;] in K°(X) with F in M(n, C(X)) for
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some natural number n, and suppose that j* ([F] — [I;]) = [F|A]—[I;] =0
in K°(A). Proposition 2.1.5(i) states for some natural number m, there
is an element S in GL(n 4 2m, C(A)) such that

Sdiag(F|A, I, 0,,)S™" = diag(Zi4m, Omtn—t)-

By Corollary 1.3.17, we may choose T in GL(2(n +2m), C(X)) with the
property that T|A = diag(S,S™1). Define

F = Tdiag(F, In, O, O o) T~
Then
F = /F\v diag(ll-‘rma 0m+n—l7 On+2m):| - [Il+m7 IH—m}

is an element of K(D(X, A)). Now, uiF = 0, and thus F is in KO(X, 4).
We complete the proof by computing

1iF = [F) = [Tism]

= [T diag(F, I, 0ny Ops20) T 7] = [T1m)
= [diag(F, L, O, Ont2m)] — [Li4m]
[F] + (L] = ([12] + [Zm])
[F] = [4].

O

By definition, Theorem 2.2.9 states that K" is a half-exact functor
(although the author thinks this property is more appropriately called
third-exactness). In general, ui is not injective and j* is not surjective,
so it is not always possible to put Os on the ends of the sequence in the
statement of Theorem 2.2.9. However, there is an important special case
in which we can do this.

Theorem 2.2.10 Let (X, A) be a compact pair, let j : A — X be the
inclusion map, and suppose there exists a continuous function ¢y : X —
A such that 13 is the identity map on A. Then there exists a split exact
sequence

I J

0 KO(X, A) KO(X) KO(A) 0,

»*

whence K°(X) is isomorphic to K°(A) ® K°(X, A).
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Proof We prove that the sequence in the statement of the theorem is split
exact; the isomorphism K°(X) = K°(A) ® K°(X, A) is a consequence of
Proposition 1.8.7.

We already know from Theorem 2.2.9 that the sequence is exact at
K°(X). Because 9j is the identity on A, the homomorphism (1j)* =
j** is the identity on K°(A), which implies that j* is surjective and
hence we have exactness at K(A).

To show that the sequence is exact at K°(X, A), take [E, diag(Iy, 0x)]—
[It, Ix] in K°(X, A), and suppose that

11 ([E, diag(Ly, 0n)] — (I, Ix]) = [E] = [Ix] = 0

in KY(X). By Proposition 2.1.5(i), there exists a natural number m and
and an element S in GL(2k 4 2m, C (X)) such that diag(Ixtm, Optm) =
Sdiag(E, I,n,0,,)S™t. We also have

diag(Lx4m, Okgm) = " 5" diag(Ir4m, Orym)
= ¢*j* (S diag(E, In, 0)S ™)
= (¢*5§*S) diag(v*j*E, Ip, 0,n) (¢0*5*S) 7L
Note that (¢*j*S)|A = j*¢*j*S = j*S = S|A, so (S,¢*5*S) is an ele-
ment of GL(2k 4+ 2m,C(D(X, A))). The same reasoning shows that
(diag(E, Im, Om), ¥ j* (diag(E, In, 0m))) =
(diag(E, I, 0, ), diag(v)* j*E, In, Ory))
is an element of M(2k + 2m, C(D(X, A)). Thus
(S,475*S) (diag(E, In, 0m), diag(v"*E, Im, 0,n) ) (S, 5*S) ™!
= (S diag(E7 I, Om>s_1) (’(/)*j*5) diag(y*jE, Im, OM)(w*j*S)_l)
= (Sdiag(E, In,0,,,)S ™", " j* (S diag(E, 1,5y, 0,,)S™ "))
= (diag(lk—i-’rm Ok-‘rm)a diag(lk-‘rma Ok-l-m))a
and therefore [E, *j*E| = [I1, I;] in KY(D(X, A)). But
W*57E = " (E[A) = " diag(ly, 0x) = diag(Ii, 05),
whence
[E, diag(Ik, Ox)] = [E, "5 E] = [Ik, Ix]

in K°(D(X, A)). Therefore [E,diag(Ix,0k)] — [Ix, Ix] = 0 in K9(X, A),
and so ui is injective. U
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Corollary 2.2.11 Let X be a compact Hausdorff space and take xq in
X. Then

KY(X) =2 KX, z0) ® K%(20) 2 K (X, 20) @ Z.

Proof The sequence

* -x

0 — KO(X, 29) —— K°(X) —— K°({0}) —> 0
~—
e
is split exact, and K°({zo}) = Z by Example 2.1.2. O

An important property of K°(X, A) is that it only depends, up to
isomorphism, on the complement of A in X. We begin with a definition.

Definition 2.2.12 For any compact pair (X, A), we define (X\A)* to
be the topological space obtained by identifying all the points of A to a
single point co and equipping the resulting set with the quotient topology.
We let q denote the quotient map from X to (X\A)*.

The reader can check that (X\A)T is a compact Hausdorff space. As
we shall see in the next section, an alternate description of (X\A)T is
as the one-point compactification of X\ A.

Lemma 2.2.13 Let (X, A) be a compact pair and let n be a natural
number. The homomorphism

q" : M(n, C((X\A)")) — M(n,C(X))

is injective, and its image is precisely the subset of matrices that are
constant on A.

Proof The map ¢* is applied entrywise to elements of M(n, C(X\A)1)),
so it suffices to prove the lemma for the case n = 1. If f is in C((X\A)™T)
and ¢*f = 0, then f itself is the zero function, whence ¢* is injective.
The definition of ¢ implies that the image of ¢* is contained in the set
of functions on X that are constant on A. To see that ¢* maps onto
this set, suppose we have a function g in C(X) and a complex number
A such that g(a) = A for all a in A. Define g: (X\A)T — C as

i) = A if z=o00
= g(z) if z € X\A.

Then g is continuous, and ¢*g = g. O
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Theorem 2.2.14 For every compact pair (X, A), the homomorphism
¢ K((X\A)T,00) — K(X, A)

is an isomorphism. Furthermore, this isomorphism is natural in the
following sense: suppose that ¢ : (X,A) — (Y, B) is a morphism of
compact pairs and define ¢ : (X\A)"T — (Y\B)™" by the formula

g(z){z if ze X\A

oo if z = o0.
Then the diagram

KO((Y\B)*, 00) —%—= KO((X\ 4)*, o0)

lq*

KO(X, A)

*

q

K°(Y, B) d

commutes.

Proof To show surjectivity, take [E,diag(Iy, 0x)] — [Ix, Ix] in KO(X, A).
Then E(a) = diag(Ix,0) for all @ in A. By Lemma 2.2.13, we have
E = ¢*E for some idempotent E in M(n, C((X\A)"), and so

q" ([E, diag(Zy, 0x)] — [Ii, Ik]) = [q"E. diag(Ix, 0)] — [k, It]
= [E,dlag(Ik,Ok)] — [Ikvjk]~

To show injectivity, take [F,diag(Ix,0x)] — [Ix, Ix] in K°((X\A)T,00),
and suppose that

q* ([F, diag(Iy, 0x)] — [I1, It]) = [¢"F, diag(Zy, Ox)] — [T, It] = 0

in K°(X,A). Then for some natural number m, there is an element
(S1,S2) in GL(n + 2m,C(D(X, A))) such that

S1diag(q*F, I, 0,,)S7 " = diag(Tm, Okm)
= Sy diag(Ix, Og, I, 0,)S5 "
Thus
(S5 'S1) diag(q*F, In, 0,,)(S5 *S1) ™" = diag(Ix, Ok, L, Orm)-

Because S, '(a)S1(a) = I,yom for all a in A, Lemma 2.2.13 states that
there exists a unique element T in GL(n + 2m, C((X\A)T) such that
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T = 55151. The injectivity of ¢* implies
T diag(F, In, 0,,)T~! = diag(Iy, Ok, I, O,

and because (T, I, 4o, ) is in GL(n 4 2m, C(D((X\A)T, 00))), we have

(T, In+2m)(dlag(F7 Im7 0m)7 dlag(IIm Okn Im; Om))(T7 In+2m>_1
= (diag([k, Ok, Im, Om), diag([k, Ok, Im, Om))
Therefore
[F,diag([k,ok)] + [Imv Im]
= [diag(F, L, O, ), diag(Ix, O, Iy, 0pn)]
= [dlag(llw Oka I?”nn Om)a dla’g([ka Okv Ima O?n)]
- [diag(1k+m7 Ok+m)a dia'g(lk+m7 0k+m)]
== [Ikalk] + [Im,yjm]

by Lemma 1.7.1, and so [F, diag(Ig, 0 )] — Ik, Ir] = 0 in KO((X\A4)T, o).
Finally, routine computations confirm that the diagram in the statement
of the theorem commutes. |

Corollary 2.2.15 (Excision for K%) Let (X, A) be a compact pair and
let U be an open subspace of A. Then there exists a natural isomorphism

K°(X\U, A\U) 2 K°(X, A).

Proof Let
a1 (X, A) — ((X\A)", 00)
and
gz : (X\U, A\U) — ((X\U)\(A\D)) ", 0)
be the quotient maps described in Definition 2.2.12. By Theorem 2.2.14,
the maps ¢f and ¢4 are isomorphisms. Then because (X\U)\(A\U) =

X\ A, the composition ¢;(g3)~! is well defined and is a natural isomor-
phism. |

2.3 Invertibles and K!

In this section we introduce a second K-theory group, this one con-
structed from invertible elements.
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Definition 2.3.1 Let X be a compact Hausdorff space and define
GL(C(X)) = | J GL(n,C(X)).

neN

Define an equivalence relation ~ on éE(C’(X)) by decreeing that S ~
diag(S, 1) for all natural numbers n and matrices S in GL(n,C(X)). We
define GL(C(X)) to be the set of equivalence classes of ~. Set

GL(C(X))o = |J GL(m. C(X))o.
neN
and define GL(C(X))o to be the set of equivalence classes of ~ restricted

To simplify notation, we will blur the distinction between elements of
GL(n,C (X)) and GL(n,C(X))o and their respective images in the sets
GL(C(X)) and GL(C(X))o-

Proposition 2.3.2 Suppose that X is a compact Hausdorff space. Then
GL(C(X)) is a group under matriz multiplication, and GL(C(X))o is a
normal subgroup of GL(C(X)).

Proof Take elements S and T in GL(C(X)) and choose a natural number
n large enough so that S and T can be represented by matrices in
GL(n,C(X)). Then diag(S,1)diag(7T,1) = diag(ST,1) in the group
GL(n+1,C (X)), and thus matrix multiplication is compatible with the
equivalence relation that defines GL(C(X)). The desired result then
follows from Proposition 1.3.10. |

We can think of elements of GL(C(X)) as invertible countably infinite
matrices with entries in C(X), with all but finitely many of the entries on
the main diagonal equal to 1 and all but finitely many off-diagonal entries
equal to 0. The identity element I of the group is the infinite matrix
with 1s everywhere on the main diagonal and Os off of it. In particular,
while GL(n, C(X)) is a subset of M(n, C(X)) for all n, GL(C(X)) is not
a subset of M(C(X)).

Definition 2.3.3 For each compact Hausdorff space X, define K1 (X)
to be the quotient group GL(C(X))/GL(C(X))o-

If S is an element of GL(C(X)), we denote its image in K!(X) by [S].
We use multiplicative notation when working with K-!, so in these cases
we often denote the identity element by 1.
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The reader may wonder why this group is denoted K1(X) instead
of K}(X). The reason for this is that K-theory is an example of a
cohomology theory, and the notational conventions for such a theory
dictate the —1 superscript; we shall discuss these issues in the final
section of the chapter. However, the antepenultimate section of the
chapter will show that we could have written K!(X) after all.

Example 2.3.4 Take S in GL(C(pt)) = GL(C) and choose n large
enough so that S is an element of GL(n,C). Proposition 1.3.11 states
that S is in GL(n,C)g, whence [S] = 1 in K(pt). The choice of S was
arbitrary, and therefore K1 (pt) = 1.

Example 2.3.5 Let X be the disjoint union of compact Hausdorff spaces
X1, Xa, ..., Xi. There is an obvious isomorphism

k
GL(C(X))/ GL(C(X))o = €D GL(C(X:))/ GL(C(X,))o,

i=1

and therefore
K'Y X)2KY(X)eKY(Xy) @ - aK'(X,).

Proposition 2.3.6 Let X be compact Hausdorff, let n be a natural
number, and suppose that {S;} is a homotopy in GL(n,C(X)). Then
[So] = [Sl] m K_l(X).

Proof The homotopy {S;S7'} is a homotopy of invertibles from SoS;*
to the identity, whence S¢Sy ' is an element of GL(C(X))o. Therefore
1=1[SoS7 '] = [So][S1]~!, and thus [Sp] = [Si]. O

Corollary 2.3.7 Let X be a compact Hausdorff space and let n be a
natural number. Then [ST) = [diag(S,T)] in K'Y(X) for all S and T in
GL(n,C(X)).

Proof Follows immediately from Propositions 1.3.3 and 2.3.6. |

Proposition 2.3.8 The assignment X +— K1(X) is a contravariant
functor from the category of compact Hausdorff spaces to the category of
abelian groups.
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Proof Suppose ¢ : X — Y is a continuous function between compact
Hausdorff spaces. Then as we noted in Chapter 1, the map ¢ induces an
algebra homomorphism ¢* : C(Y) — C(X). By applying this homo-
morphism entrywise, we get a group homomorphism ¢* : GL(C(Y)) —
GL(C(X)). Take an element S in GL(C(Y")) and choose n large enough
so that S € GL(n,C(Y)). Suppose that S is in GL(n,C(Y))o and let
{S¢} be a homotopy in GL(n,C(Y))e from I, = Sg to S = S;. Then
{¢*St} is a homotopy in GL(n,C(X))e from I, to ¢*S, and thus ¢*S
is an element of GL(C(X))g. Therefore ¢* descends to a group homo-
morphism of the quotient groups; i.e., a group homomorphism ¢* from
K 1Y) to K1(X). If id is the identity map on X, then clearly id* is the
identity on K'*(X), and if ¢ : Y — Z is a continuous function between
compact spaces, we have (¥¢)* = ¢**, as desired. O

Proposition 2.3.9 Let X and Y be compact Hausdorff spaces.

(i) Suppose ¢g and ¢1 are homotopic functions from X to'Y. Then
oy and ¢} from K1(Y) to K'1(X) are equal homomorphisms.
(i) If X and Y are homotopy equivalent, then K1(X) = K*(Y).

Proof Let {¢:} be a homotopy from ¢g to ¢1. Choose S in GL(C(X))
and a natural number n large enough so that S lives in GL(n, C(X)).
Then {¢;(S)} is a homotopy in GL(n,C(X)) from ¢§(S) to ¢7(S), and
by Lemma 2.3.6, we have ¢§[S] = ¢7[S]. This proves part (i); part (ii)
follows from Proposition 2.3.8. |

Corollary 2.3.10 Let X be a contractible compact Hausdorff space.
Then K1(X) 2 1.

Proof Choose a point zg in X so that there is a homotopy from the
identity map on X to the constant map on X whose range is {xo}.
Then K1(X) 2 K ({z0}) & 1 by Example 2.3.4 and Proposition 2.3.9.

|

Definition 2.3.11 Let (X, A) be a compact pair. The relative group
K1(X, A) is the kernel of the homomorphism p3 : KY(D(X,A)) —
K1(X).

Given an element (S1,S2) in GL(D(X, A)), we denote its image in
K(D(X, 4) as [$1, 53,
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Proposition 2.3.12 Let (X, A) be a compact pair. Then every element
of K1 (X, A) can be written in the form [S, ] for some S in GL(C(X))
that restricts to I on GL(C(A)).

Proof Suppose that [Sq,Ss] is in K'*(X, A). Then p3[S1,S2] = [So] = 1,
and so by choosing a sufficiently large natural number n we can take Sy
to be in GL(n, C(X)) and Sy to be in GL(n, C(X))g. Choose a homotopy
{R;} in GL(n,C(X))o from Ry = I,, to Ry = Sy and set S = S;'S;.
Then {(R:S1,R:S2)} is a homotopy in GL(n,C(D(X, A))) from (S1,S2)
to (S, I,,), whence [S,I] =[Sy, So] in K1(X, A). O

Proposition 2.3.13 Relative K™! defines a contravariant functor from
the category of compact pairs to the category of abelian groups.

Proof The proof of this result is the same as that of Proposition 2.2.7,
but with K replaced with K everywhere. O

Theorem 2.3.14 Let (X, A) be a compact pair and let j : A — X be
the inclusion map. Then the sequence

KX, A) — - KL(X) —L = K1(A)

15 exact.

Proof Suppose [S, 1] is in K'*(X, A). Then
J nilS 1] = j*[S] = [S|A] = 1.

Now suppose that [T] is in K1 (X) and that j*[T] = [T|A4] = 1 in K'1(A).
For n sufficiently large, we may view T as an element of GL(n,C(X))
and T|A as an element of GL(n, C(A))o. Proposition 1.3.16 implies that
there exists T in GL(n, C(X))o such that T restricts to T|A on A. Then
[TT~1,1] is an element in K1(X, A) and

piTT 00 = [T = (T[T = (7],
U

Theorem 2.3.15 Let (X, A) be a compact pair, let j : A — X be the
inclusion map, and suppose that 1 : X — A is a continuous function
such that 1j is the identity map on A. Then there exists a split exact
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sequence

1 —= KX, A) — = K(X) ——> K1 (4) — 1,
S

o

whence K1(X) is isomorphic to K1(A) ® K1(X, A).

Proof As in the proof of Theorem 2.2.10, the only nonobvious part of
the theorem is exactness at K1(X,A). Take [S,I] in K1(X, A), and
suppose that ;%[S, 1] = [S] = 1 in K'}(X). Then S is in GL(n,C(X))o
for some natural number n; choose a homotopy {S:} in GL(n,C(X))o
from Sqg = I,, to S; = S. Then

(W"3"S)A = G755 = 7S¢ = Si|A

for all 0 <t < 1, and thus (S, ¥*j*St) is in GL(n,C(D(X, A))). Note
that ¢*j*Sg = ¢*j*I, = I, and ¥*j*S; = ¢*I, = I,. Therefore
{(St,¢*5*S¢)} is a homotopy in GL(n,C(D(X, A))) from (I,,I,) to
(S,I,,), and thus [S, I] is the identity element in K™!(X, A). O

Corollary 2.3.16 Let X be a compact Hausdorff space and take xq in
X. Then K1(X) =2 KX, z0).

Proof The sequence

s

1 — KX, 20) —— K (X) —L—> K ({zo}) —
~
e

is split exact, and K!({xo}) is trivial by Example 2.3.4. O

Theorem 2.3.17 Let (X, A) be a compact pair, and let q : (X, A) —
((X\A)T,00) be the quotient morphism. Then

¢ KH((X\A)F, 00) — K(X, 4)

is an isomorphism. Furthermore, suppose that ¢ : (X, A) — (Y, B) is
a morphism of compact pairs, and define ¢ : (X\A)T — (Y\B)T by
the formula

g(z):{z if z€ X\A

oo ifz=00
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Then the diagram

K (Y\B)*, 00) — 2= K- (X A)*, o0)

*

q a*

o

K-1(Y,B) K1(X, A)

commutes.

Proof Take [S,I] in K}(X,A) and choose a natural number n large
enough so that S is in GL(n,C(X)). By Lemma 2.2.13, there exists S

A

in GL(n,C((X\A)") such that ¢*S = S. Therefore
¢B.1=[a'S,11=15.1],

and thus ¢* is a surjection.

To show that ¢* is an injection, suppose that [R, I] in K-} ((X\4)", o)
and that ¢*[R, I] = [¢*R,I] = 1 in K'}(X, A). For some natural number
n, there exists a homotopy {(S¢,S;)} in GL(n, C(D(X, A)))o such that
(S0,S0) = (In,I,,) and (S1,51) = (¢*R, I,). Moreover, {(5;S; ", I.)} is
also a homotopy in GL(n,C(D(X, A)))e from (I,,I,) to (¢*R,I,). By
Lemma 2.2.13, there exists for each ¢ a unique T; in M(n, C((X\A)T))
with the property that q*_T't = Stgfl. The proof of Lemma 2.2.13 shows
that each T; is invertible and that {T;} varies continuously as a function
of t. Therefore {(‘Tt,In)} is a homotopy in GL(n,C(D((X\A)",0)))
from (To,1,,) = (I, 1) to (T1,I,) = (R, I,), and thus [R,I] = 1 in
K1((X\A)", ). Finally, a direct calculation shows that the diagram
in the statement of the theorem commutes. O

Corollary 2.3.18 (Excision for K™!) Let (X, A) be a compact pair and
let U be an open subspace of A. Then there exists a natural isomorphism

K'(X\U,A\U) 2K (X, A).

Proof Let
@ (X, A4) — ((X\A)F, 00)
and
2+ (X\U, A\U) — (X\D)\(A\D)) ", o0)

be the quotient maps described in Definition 2.2.12. By Theorem 2.3.17,
the maps ¢; and ¢5 are isomorphisms. Then because (X\U)\(A\U) =
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X\ A, the composition ¢} (g3)~"! is well defined and is a natural isomor-
phism. Ul

2.4 Connecting K° and K™

In this section we show how the short exact sequences in Theorems 2.2.9
and 2.3.14 can be combined via a connecting homomorphism to form
a longer exact sequence; as we will see, constructing the connecting
homomorphism and verifying its properties is a process that is quite
involved. Later in the chapter we will see that our two short exact
sequences can be connected in another way that is far less obvious.

Theorem 2.4.1 Let (X,A) be a compact pair. There is a natural
homomorphism @ from K1(A) to K°(X,A) that makes the following
sequence exact:

K_l (X, A) Hq J K—I(A) $

K (X)

KO(X, A) —~ KO(X) —L = KO(4).

Proof The proof of this theorem is long and involved, so we break it
into pieces.

Definition of O:

Take S in GL(n, C(A)) and choose T in GL(2n, C(X)) with the prop-
erty that T|A = diag(S,S™!); Corollary 1.3.17 guarantees the existence
of such a T. Define

d[S] = [T diag(,,0,) T, diag(Ln,0,)] = [In, I]-

0 is well defined:

Choose T in GL(2n,C(X)) with the property that T restricts to
diag(S,S7!) on A. Then 'T'T_1|A = I5,, and thus ('NFT_l,Ign) is in
GL(2n,C(D(X, A))). We have

(TT™, o) (T diag(Ln, 0,)T ", diag (7, 0,)) (TT7Y, 1) ™"
= (T diag(I,,0,)T ", diag(Z,, 0,)),

which implies that 9[S] does not depend on our choice of T.
Second, we know from Lemma 1.7.1 that there exists an element U
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in GL(2(n + 1),C) such that diag(S,1,571,1) = Udiag(S,S™, 1)UL,
Then Udiag(T,I;)U~! is an element of GL(2(n + 1),C(X)) with the
property that

(Udiag(T,I2)U™") | A = diag(S,1,57",1)

and

diag([n+1,0n+1) =
((Udiag(T, I;)U™") diag(Ln41,0n41) (U diag(T, 1)U~ 1) | A

Employing Lemma 2.2.4, we have

[(Udiag(T, I)U™") diag(Znt1, Opr1) (U diag(T, 2)U™H) 7,

dlag(—[n+170n+1)] - [In+1aln+1]

= [U dlag(T7 I2) dlag(In7 On; 17 O) dlag(Ta 12)71U717

diag(In+170n+l)] - [In+1aln+1]
= [dlag(Tv ‘[2) dlag(-le Onv 17 0) dlag(T7 I2)717
U™t diag(Lnt1, Ong1)U] = [T, Inga]
= [dlag(-n IQ) dlag(—[n7 On, 1, 0) dlag(T 12)_17
dla‘g(lﬂvona 170)} - [ n+1;In+1]
= [T diag(1,,,0,)T !, diag(l,,,0,)] + [diag(1,0), diag(1, 0)]
— [diag(1y, 1), diag (1, 1)]
= [T diag(Z,,0,) T, diag(1,,,0,,)] + [diag(0, 1), diag(0, 1)]
- [diag(-[nv 1)7 dlag(Ina 1)]
= [T diag(I,,,0,)T !, diag(I,,0,)] — [In, In],
and thus 9[diag(S,1)] = 9J[S]. Therefore S| does not depend on the
size of the matrix we use to represent [S].

Third, suppose that [Sg] = [S1]. We suppose that n is sufficiently large
so that Sp and S; are in the same connected component of GL(n, C(A)).
Choose a homotopy {S:} in GL(n,C(A)) from Sg to S; and define S
in GL(n,C(A x [0,1])) by the formula S(a,t) = S:(a). Use Corol-
lary 1.3.17 to choose T in GL(2n,C(X x [0,1])) with the property that
T|(A x [0,1]) = diag(S,S™!), and for each z in X and 0 < ¢ < 1, set
Ti(z) = T(x,t). Then {(T,diag(I,,0,)T;*, diag(l,,0,))} is a homo-
topy in GL(2n,C(D(X, A))), and therefore

9[So] = [To diag(I,,0,) Ty, diag(ln, 0,)] — [In, L]
= [T1diag(1,,,0,)T1 ", diag(L,,0,)] — [In, In] = 9[S1].
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d is a group homomorphism:

Take [S1] and [Sa] in K'1(A) and choose n large enough so that we
may view S; and Sg as elements of GL(n, C'(A)). For ¢ = 1,2, choose T;
in GL(2n,C(X)) so that T;|A = diag(S;,S;!). By Lemma 1.7.1, there
exists a matrix U in GL(4n, C) with the properties that

Udiag(S1,S; ", S2,S55 1) U™! = diag(S1,S2,574,S5)
Udiag (I, 0p, I, 0,)U™" = diag(Izn, 02n).-

Then

[(Udiag(T1, T2)U™") diag(Zan, 02,) (U diag(Ty, T2)U™H) 71,
diag (25, 02n)]
= [diag(T1, T2) diag(Ly, On, I, 0,,) diag(T1, T2) ™",
U~! diag(I2n, 02,,)U]
= [diag(T1, To) diag(I,,,0,, I,,,0,,) diag(T1, To) 1,
diag(I,,,0p, I, 0,)]
= [T, diag(I,,0,) T}, diag(I,, 0,)]+
[Ty diag(I,,0,)T5 ", diag(I,,0,)],

and Corollary 2.3.7 gives us
8[5152] = 8[diag(51, 52)] = 8[51] + 3[52]

Ezxactness at K1(A):
Take R in GL(n,C(X)). Then
95" [R] = [R]4]
— [diag(R, R™") diag(l,.,0,) diag(R, R™") ™", diag(1,0,)] — [In, ]
= [diag(1,,0,),diag(l,,0,)] — [In, I,] = 0.

Now suppose that
9[S] = [T diag(1,,0,) T, diag(1,,0,)] — [In, [,) = 0

in K°(X, A) for some S in GL(n, C(A)). From Proposition 2.1.5 and the
definition of D(X, A), there exist a natural number m and elements V;
and Vs in GL(2(n + m), C(X)) such that:

e Vi diag(T diag(Z,, 0,) T, I, 00 ) Vi = diag (L, Ontm);
o Vydiag(ly,0p, Im, 0,)Vy " = diag(Lnm, Ongm);
e Vi(a) =Va(a) for all a in A.
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Lemma 1.7.1 gives us a matrix U in GL(2(n + m), C) with the property
that

Udiag(Iym, Onim)U™" = diag(I,, 0, In, 0pn),
and thus

diag(Ifﬂ-mv On+7n)
=V, diag(T, Io,,) diag(I,,, 0, I, 0,) diag(T, I ) 'V ?
= Vl diag(Tv IZm)U diag(1n+m7 Oner)U_l diag(Tv IQm)_lvil‘

We also know that

diag(Tsm; Ontm) = Vo diag(L, On, I, 00 )Vy
= VoUdiag(Tnym, Onrm)U V5L

Therefore
V1 diag(T, Tom )U diag (I, Onm)U ™" diag(T, Iom) "'V =
VoU diag(Tpym, Ongm)U™ V5L
and hence
(U5 'V, diag(T, Iom)U) diag(Zytm, Ongm) =
diag(Ln-+m; Op-m) (UT'V5 V1 diag(T, Lo )U).

By Proposition 1.3.18, there exist V1; and Voo in GL(n+m, C(X)) such
that

U=tVy 'V, diag(T, Ippm)U = diag(Vi1, Vas).
For all a in A, we have

U=1V; (a)V) (a) diag(T(a), Io)U = U~" ding(S(a). S (a), L)V
= diag(S(a), I,n,S™(a), I,,),

and so V1|4 = diag(S, I,,,). Hence
3V = [diag(S, Im)] = [S] [Im] = [S].
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Exactness at KO(X, A):
Take S in GL(n,C(A)) and choose T in GL(2n,C(X)) with T|A =
diag(S,S™1). Then

#301S] = i ([T ding(Ln, 0,)T ™", diag(Ln, 00)] — I, 1))
= [Tdiag(l,,,0,) T~ = [I,,]
= [diag(/n, 0n)] — [1n]
=0.

Now choose [E, diag(I,,,0,)] — [In, I,] in KY(X, A) and suppose that
,uf([E,diag(In,On)} - [Im[n]) = [E] - [In] =0

in K%(X). Thanks to Propositions 1.4.10 and 2.1.5, we know that there
exists a natural number [ with the property that

diag(E, I;,0;) ~p diag(Lpy1, Ongr).

Choose a homotopy {F(¢)} of idempotents in M(2(n + 1), C(X)) from
diag(l,41,0n41) to diag(E, I;,0;); for notational convenience in the rest
of this proof, we will write our homotopies in this form instead of the
usual {F;}. Set

M = sup {||2F(t) — IQ(HH)HOO 1t e€0,1]},

and choose points 0 =ty < t; <ty < --- <tg =1 so that

IF(tis) — F(t)ll < 77

for all 1 < k < K. For each k, define
Vi(t) = Ingnsn) — F(t) = F(tg—1) + 2F(£)F(t5—1).
By Lemma 1.4.8, the matrix \7k(t) is invertible when t,_; <t < t;, and

Vi (tr)F(tr_1)V5 () = F(ty).

Define
Vi(t) 0<t<t
Vo (£)V1 () t<t<ty
V(t) - \73(t)\72(t2)\71 (tl) tQ <t S t3
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Note that
Vi(te—1) = Iognss) — F(tk—1) — F(tr—1) + 2F(t5—1)F(te—1) = Iotns)

for each 1 < k < K, which implies that V is well defined and continuous.
Set V =V(1). Then

Vdiag(I,41,0040)V "' = VF(to)V™! = F(t1) = diag(E, I}, 0;).
Choose U in GL(2(n +1),C) so that
U diag(,,, 0y, I;,0)U™" = diag(Z,, 11, 0pyy).-
Then

[E, diag(I, 0,)] — [In, In]

= [diag(E, I;,0;), diag(l,, 0n, I}, 0;] — [Lrntt, Inti]

= [Vdiag(Iy41,0n)VH U™ diag(]n+l70n+l)U] — Lnti, Inti]
= [(WV) diag(Ip+1, 0n40) (UV) ™1 diag (L1, 0nst)] — [Tt Insd]-

However, we are not done, because is it is not necessarily true that
(UV)|A = diag(S,S™!) for some S in GL(n + [, C(A)).

We need to modify UV in some fashion. Note that we can not only
take U to be an element of GL(2(n + [),C), but also an element of
GL(2(n+1),C(X)) with each matrix entry constant. Because K™(pt) is
trivial, there is a homotopy in GL(C(pt)) from U to I, and this homotopy
also lives in GL(C(X)), whence [U] = 1 in K}(X). Our construction of
V shows that [V] = 1 in K''(X), and thus [UV] = [U][V] = [I][I] = 1 in
K1(X). Therefore [(UV)|A] =1 in K}(A) as well. We have

((UV)|A) dlag( n+ly n+l)((UV)|A) t= =U dlag(Ina Onv Il; Ol)Uil
- diag(In-i-hOn—i-l)v

so Proposition 1.3.18 implies that (UV)|A = diag(W11, Was) for some
W11 and Wy in GL(n + 1, C(A)). Putting these two facts together, we
obtain

1 =171 = [diag(Wq1, Wa)] 7! = [W11Wao] ™! = W5, W]

in K1(A4). Thus for a sufficiently large natural number N, the matrix
diag(Wyy Wi, Iy) is in GL(n+l+N C(A))o. By Proposition 1.3.16 we
know that diag(Wy, Wi, In) is the restriction to A of an element W in
GL(n+14+N,C(X)). Use Lemma 1.7.1 to choose J in GL(2(n+{+N),C)
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such that

Jdiag(Wy1, Wao, In, In)J ™! = diag(W11, In, Wi, In)

Jdiag(Lnt1, Onti, In, On)I ™! = diag(Lnyi4 v, Ongi4 ),
and define
L = Jdiag(UV, Iy, In)J " diag(Iqiqn, W).
Then

LIA = Jdiag(Wi1, Was, I, I) I~ ding(Tntrs.v, Wos Wi, T)
= diag(Wi1, I, Waz, In) diag(Inti4-n, Wiy Wi, In)
= diag(Wi1, In, Wi, In),

which implies that

[Ldiag(Lnti48, Ongisn )L™, diag(Lni4 8, Ongig )]

is an element of K°(D(X, A)). The definition of L yields

Ldiag(Zn+i+n, 0n+l+N)|-71

= Jdiag(UV, In, In)J " diag(ly11on, W) diag(Tn 14N, Ongiin) ¥
diag(Ipy1sn, W) ) diag(UV, I, Iy) 171!

= Jdiag(UV, Iy, In)J "t diag(ly 148 Oy v)d diag(UV, Iy, In) "t 1

= Jdiag(UV, Iy, In) diag(I, 11, 0ny, In, O ) diag(UV, Iy, In) 171

= J(diag((UV) diag(Ln+1, 0ntt) (UV) ™ Iy, 0 ) ) J 7,

and Lemma 2.2.4 implies that

[Ldiag(Lnti4-3, Ongisn )L™ diag(Lnsi4 8, Ongre )|
= [diag((UV) diag (41, 0n+1) (UV) ™, In, On),
I diag(Lng14n, Ongig v )J]
= [diag((UV) diag(In+1, 0n+1) (UV) ™, In, On),
diag (L1, 0ptt, In, On )]
= [UV diag(Lni1, 0n41) (UV) 1 diag(Lnt1, 0ng)] + [, In]-
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Therefore

ddiag(Wh1, In)]
= [Ldiag(Lnti43, Onsin)L ™ diag(Lntign, Ongig )]
— [Lnt148, Int14N]
= [(UV) diag(L 41, 0nrt)(UV) ™! diag(Ln41, Onga)] + [In, IN]
= gty Ind] = [In, IN]
= [E, diag(I, 0,)] — [In, In]-

d is a natural transformation:

Let ¢ : (X,A) — (Y, B) be a morphism of compact pairs and take
S in GL(n,C(B)). Corollary 1.3.17 states that we may choose T in
GL(2n,C(Y)) with the property that T|B = diag(S,5~!). Then

(¢"T)(a) = T(¢(a)) = diag(S(¢(a)), S~ (¢(a)))
= diag((¢"S)(a), (¢"S™")(a))
for all a in A, whence 9[¢*S] = ¢*(I[9]). O

2.5 Reduced K-theory

For every compact Hausdorff space X, the group K(X) contains a sum-
mand isomorphic to Z; this is the subgroup of K%(X) generated by the
trivial bundles over X. Therefore, if we strip off this copy of Z, we are
left with the part of K°(X) that only detects the nontrivial (and hence
presumably more interesting) vector bundles over X. Reduced K -theory
is the way to make this idea precise.

Definition 2.5.1 Let xo be a point in a compact Hausdorff space X.
The compact pair (X, xzg) is called a pointed space, and xq is called the
base point. A morphism from (X,xo) to a pointed space (Y,yo) is a
continuous function from X to'Y such that ¢(zo) = yo.

When the particular choice of basepoint in a pointed space (X, xzq) is
not important or is clear from the context, we will write just X.

Definition 2.5.2 Let (X, xq) be a pointed space and leti denote the
inclusion of xg into X. For p=0,—1, the reduced group KP(X) is the
kernel of homomorphism j* : KP(X) — KP(xq).
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A pointed space is a special case of a compact pair; in this case, the
reduced and relative groups are very closely related.

Proposition 2.5.3 Let (X, zq) be a pointed space. Then for p=0,—1,
there exists a natural isomorphism KP (X, z¢) = KP(X, x0).

Proof Consider the commutative diagram

0 ~KP(X,z9) — KP(X) — KP(zo)

|,

0 — KP(X, ) — KP(X) —— KP(x).
The top row is exact by definition, and the exactness of the bottom
row is a consequence of Theorems 2.2.10 and 2.3.15. Proposition 1.8.9
then gives us an isomorphism KP(X, z¢) = KP(X, z) whose naturality
follows easily from the commutativity of the diagram. |

Corollary 2.5.4 For every pointed space (X,xq), there exist isomor-
phisms

K°(X) 2 KX, z0) ® K(z0) = KO(X, z0) ® Z

K™ (X) 2 KX, 20) @ K™ (w0) = K™(X, ).

Proof These isomorphisms are immediate consequences of Proposition
2.5.3 and Corollaries 2.2.11 and 2.3.16. 0

Corollary 2.5.5 For p = 0,—1, the assignment (X, zg) +— IN{p(X, xo)
determines a contravariant functor from pointed spaces to abelian groups.

Proof The category of pointed spaces is a subcategory of the category of
compact pairs, so the corollary follows from Propositions 2.2.7, 2.3.13,
and 2.5.3. Ul

Prgposition 2.5.6 Let (X, x0) be a pointed space. Then every element
of KO(X,g) can be written in the form [E] — [Ix], where E is an idem-
potent in M(n, C'(X)) with the property that E(zo) = diag(I,,,0p—k)-

Proof 1f [E] — [I] is in K°(X,z¢) € K°(X), then the rank of the vector
space E(xg) is k. We use elementary linear algebra to produce a matrix
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U in GL(n,C) such that UEU™" () = diag(Iy,0,_); replacing E with
UEU ™! yields the desired result. UJ

Theorem 2.5.7 Let (X, A) be a compact pair, fix a point ag in A, and
let j : A — X be the inclusion map. Then the sequence

s

J o

K1(X, A) — > K(X, ag)

R‘l (A, ao)

¢

KO(X, A) — > KO(X, ag) —— K°(A, o)

15 exact.

Proof Exactness at K1(X, ag) and K1(A, ao) follows immediately from
Theorem 2.4.1 and Corollary 2.5.4. In addition, Corollary 2.5.4 states
that K(X) 2 KO(X, ag) #K°(ag) and K°(A) = K°(A, ag) 8K (ao), and
Theorem 2.4.1 gives us exactness at K°(X, A) and K°(X, ay). O

2.6 K-theory of locally compact topological spaces

In this section we extend the definitions of K°(X) and K1(X) to locally
compact topological spaces. The K-theory of such spaces is not only
useful in applications, but it will also show us how to define groups
K™(X) for every natural number n. In fact, we will eventually allow
n to be any integer, but this development must wait until later in the
chapter.

Definition 2.6.1 A Hausdorff topological space X is locally compact
if every point of X has an open neighborhood whose closure in X 1is
compact. Let cox be a point not in X. The one-point compactification
XT of X is the set X U {ocox}, equipped with the following topology: a
subset of X is open if it is open in X or if it can be written X T\C for
some compact subset of X .

If the topological space X is clear from context, we usually write just
oo instead of cox.

Every compact Hausdorf space X is locally compact Hausdorff; in this
case X T is the disjoint union of X and {co}. Open or closed subspaces
of a locally compact Hausdorff space are also locally compact. However,
not every subspace of a locally compact Hausdorff space is locally com-
pact; for example, the rational numbers Q do not form a locally compact
subspace of R.
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Definition 2.6.2 Let X and Y be locally compact Hausdorff spaces and
suppose ¢ : X — Y is continuous. We say ¢ is continuous at infinity
if ¢ is the restriction of a continuous function ¢ : X+ — YT,

If X and Y are compact Hausdorff, then every continuous function ¢
from X to Y is continuous at infinity; the points co, and coy are isolated
from X and Y respectively, so we can simply decree that ¢*(cox) = ooy

Definition 2.6.3 A continuous function ¢ : X — Y between topo-
logical spaces is proper if ¢~1(D) is a compact subset of X for every
compact subset D of Y.

Proposition 2.6.4 Suppose ¢ : X — Y is a proper map between locally
compact Hausdorff spaces. Then ¢ is continuous at infinity.

Proof Extend ¢ to a function ¢* : X+ — YT by setting ¢ (cox) =
ooy. To see that ¢t is continuous, first suppose that V is open in Y.
Then (¢1)~1(V) = ¢~ 1(V), which is open in X and hence open in X+.
Now suppose D is a compact subset of Y. Then

(@) HY\D) = (7)Y \(@)TH(D) = XT\(¢F)TH(D),
which is open in X*. Therefore ¢ is continuous at infinity. |

Not every function continuous at infinity is proper (Exercise 2.4).

Corollary 2.6.5 Suppose that X is locally compact Hausdorff and that A
s a closed subspace of X. Then the inclusion j : A — X is continuous
at infinity.

Proof For every compact subset C' in X, the inverse image j~1(C) =
ANC is compact in A because A is closed in X. Thus j is proper. [

In light of Definition 2.6.2 and Corollary 2.6.5, we may identify co,4
with cox and consider A1 as a subspace of X whenever X is locally
compact and A is closed in X.

Because the collection of functions continuous at infinity is closed
under compositions, the class of locally compact Hausdorff spaces with
functions continuous at infinity as morphisms forms a category.

Proposition 2.6.6 The assignment X +— (X1, 00) defines a covari-
ant functor from the category of locally compact Hausdorff spaces to the
category of pointed spaces.
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Proof If X and Y are locally compact Hausdorff and ¢ : X — Y is
continuous at infinity, then ¢ extends to a continuous function ¢* from
XT to YT, and ¢t (cox) = ooy. Obviously the identity map on X
extends to the identity map on XT. Finally, if Z is locally compact
Hausdorff and ¢ : ¥ — Z is continuous at infinity, then (¢¥¢)* =
Y. O

Definition 2.6.7 Forp=0,-1 and X locally compact Hausdorff, we
define KP(X) = KP(XT).

If X is actually compact, then Examples 2.1.3 and 2.3.5 imply that
KP(X1) = KP(X) ® KP({o0}), whence KP(X ™) isomorphic to KP(X).
Therefore our new definitions of K%(X) and K*(X) agree with the old
ones when X is compact.

Proposition 2.6.8 For every compact pair (X, A), there exist natural
isomorphisms KP(X, A) 2 KP(X\A) forp=0,—1.

Proof By Theorems 2.2.14 and 2.3.17, we have natural isomorphisms
KP(X, A) 2 KP((X\A)*,00) = KP((X\A)T) = KP(X\A).

O

Proposition 2.6.9 Let X be a locally compact Hausdorff space. Then
every element of K°(X) can be written in the form [E] — [I1.], where E is
an idempotent in M(n,C(X ™)) whose value at oo is Ij.

Proof Follows immediately from Proposition 2.5.6 and Definition 2.6.7.
O

Note that K1(X) = K}(X™) by Proposition 2.5.4, so the same ma-
trices that represent elements of K™1(X™T) also represent elements of
KH(X).

Proposition 2.6.10 Both K° and K' are contravariant functors from
the category of locally compact Hausdorff spaces to the category of abelian
groups.

Proof Follows immediately from Corollary 2.5.5 and Proposition 2.6.6.
O
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Theorem 2.6.11 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X and let j : A — X be the inclusion map. Then
for p=0,—1, there exists an exact sequence

%

KP(X\A) KP(X) ——= KP(A).

Furthermore, if ¢ : X — A is a function continuous at infinity and has
the property that vj is the identity map on A, then there exists a split
exact sequence

0 ——KP(X\A4) KP(X)

whence KP(X) is isomorphic to KP(A) @ KP(X\A).
Proof We have the exact sequence
KP(X+, A+) —L s Ko (X) _ KP(A™)

from Theorems 2.2.9 and 2.3.14. Because X T\ A" = X\ A, Proposition
2.6.8 gives us the first exact sequence in the statement of the theorem. In
a similar fashion, the split exact sequence is a consequence of Theorems
2.2.10 and 2.3.15 applied to the compact pair (X, AT). O

The proof of Theorem 2.6.11 brings up an issue that we mention in
passing. Suppose that X is locally compact Hausdorff and that U is an
open subset of X. Then the inclusion of U into X induces homomor-
phisms from KP(U) = KP(X\(X\U)) into KP(X) for p = 0, —1. Thus
the inclusion of an open subspace into a locally compact Hausdorff space
induces a group homomorphism that goes in the opposite direction from
the homomorphism induced by the inclusion of a closed subspace into a
locally compact Hausdorff space.

Theorem 2.6.12 If A is a closed subspace of a locally compact Hausdorff
space X and j : A — X denotes the inclusion map, then there exists
an ezact sequence

-k

KL(X\A) — K} (X) —— K} (4) —2~

KO(X\A) —> KO(X) ——> K°(A).
Furthermore, the homomorphism O determines a natural transformation
from K1 to KO.
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Proof Theorem 2.6.11 gives us exactness at K°(X) and K™'(X). To show
the sequence is exact at K'*(A4) and K°(X\A), consider the diagram

KY(X) — L = KLA4) = KO(X\A) — KO(X)

R T B

f{-l(X-',-) . K—I(A-&-) _o . KO(X+, AT) _J KO(A+).

The vertical maps are isomorphisms by Corollary 2.5.4, and thus we can
uniquely define a homomorphism 8 from K*(A) to K°(X\ A) that makes
the middle square commute. To describe the connecting homomorphism
explicitly, take S in GL(n, C(A™)) and use Corollary 1.3.17 to find T in
GL(2n,C(X ™)) whose restriction to A" is diag(S,S™!). The matrix
T diag(I,,,0,)T~! has the constant value diag(Z,,,0,) when restricted to
A, and hence can be considered an element of M(2n, C'((X\A4)1)). Then

OS] = [T diag(I,,,0,) T~ ] — [I,.].

Theorem 2.5.7 states that the bottom row of the diagram is exact. This
fact, combined with the commutativity of the two outer squares, shows
that the top row is exact. Finally, the homomorphism 0 is natural
because it is a composition of natural maps. |

The extension of K-theory to locally compact Hausdorff spaces gives
us a perhaps unexpected relationship between K° and K-!.

Theorem 2.6.13 For every locally compact Hausdorff space X, there is
a natural isomorphism K*(X) =2 K°(X x R).

Proof For each 0 <t < 1, define ¢; from (X x (0,1])™ to itself by the
formulas

oe(x,8) = (x,(1 —t)s) for (z,s) in X x (0,1]
@i(00) = 0.

Then {¢;} is a homotopy from the identity map on (X x (0,1])* to
the constant function whose range is {oo}, and thus (X x (0,1])% is
contractible. Corollaries 2.1.8 and 2.3.10 and Definition 2.6.7 imply that
KP(X x (0,1]) is trivial for p = 0, —1.

Apply Theorem 2.6.12 to the inclusion of X x {1} into X x (0, 1] to
obtain an isomorphism K1 (X x {1}) 2 K°(X x (0,1)); the homeomor-
phisms X x {1} 2 X and (0,1) = R then yield the desired isomorphism.
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Moreover, this isomorphism is a composition of natural maps and is
therefore a natural transformation. 0

Theorem 2.6.13 allows us to extend the exact sequence in Theorem
2.4.1 infinitely to the left.

Definition 2.6.14 We define K*(X) = K°(X x R") for every natural
number n and locally compact Hausdorff space X .

Proposition 2.6.15 For each natural number n, we have a contravari-
ant functor K™ from locally compact Hausdorff spaces to abelian groups.

Proof Follows directly from Proposition 2.6.10. |

Theorem 2.6.16 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X and let j : A — X be the inclusion map.
Then for each natural number n, there exists a natural homomorphism
0:K™(X) — K®(X\A) that makes the infinite sequence

- K2(X) = K (4) — 2>

K1 (X\A) —= K (X) —= K1 (4) —2

KO(X\A) — > KO(X) —L > KO(A)

ezxact.

Proof For each natural number n > 1, apply Theorem 2.6.12 to the
inclusion of A x R™ into X x R". O

2.7 Bott periodicity

Thanks to the results of the previous section, we now have an infinite
collection of contravariant K-functors from locally compact Hausdorff
spaces to abelian groups. However, as we shall see in this section, our
original functors K° and K-! are the only ones up to isomorphism. This
surprising result is the central theorem in K-theory, and is called the
Bott periodicity theorem.

Theorem (Bott periodicity) For every locally compact Hausdorff
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space X, there exists a natural isomorphism

B:KYX) — K?(X).

The Bott periodicity theorem is quite difficult to prove and involves
many steps, so we begin with an overview of the proof. We will first
establish the theorem for compact Hausdorfl spaces; the extension to
locally compact Hausdorff spaces will then follow easily from homological
algebra. Second, instead of mapping directly into K2(X) = K(X xR),
we will replace the noncompact Hausdorff space X x R with its one-point
compactification (X xR)T; these two topological spaces have isomorphic
K-! groups due to the fact that K-! of a point is trivial.

The difficult part of the proof is showing that § is a bijection. We
will accomplish this by showing that elements of K™ ((X x R)T) can be
represented by invertible matrices with particularly simple entries. We
first use Fourier series to show that every element of K™ ((X x R)") can
be represented by a “polynomial” matrix, and we will reduce the degree
of the polynomial by enlarging the size of the matrix. Once we have an
element of K'l((X X R)"‘) represented by a linear polynomial, we will
show that this polynomial can be written in a specific form that will
allow us to see why [ is bijective. These reductions come at a price: we
will be working with extremely large matrices!

We begin by simplifying some of our notation.

Definition 2.7.1 Let S! denote the unit circle in C. For every compact
Hausdorff space X, define S8'X to be the topological space obtained by
taking the product X x S* and collapsing X x {1} to a point.

Note that §’X is homeomorphic to (X x R)T.

We will use Lemma 2.2.13 to write matrices over S’X as matrices over
X x St that are constant on X x {1}. We will use the variable z for points
on S!, and to simplify notation in many of the proofs that follow, we
will usually suppress the dependence on X when working with matrices
over X x S! and S’X.

The topological space 8’X is similar to, but not the same as, the
suspension of X (Exercise 2.10).

Proposition 2.7.2 Let X be a compact Hausdorff space. For each
natural number n and idempotent E in M(n, C(X)) set

BIE] = [I, — E+ Ez].
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Then 3 is a natural group homomorphism from K°(X) to K'*(S'X).

Proof The matrix I, — E 4+ Ez is constant when z = 1 and is invertible
with inverse I,, — E4+Ez~!. Therefore I,, — E+ Ez determines an element
of K'1(8'X). Because

fB[(diag(E,0))] = [T 11 — diag(E, 0) + diag(E, 0)z]
= [diag(l, — E+ Ez,1)]
=[I, — E+ Ez],

we see that S[E] does not depend upon the size of matrix used to
represent E. Furthermore, if {E;} is a homotopy of idempotents in
M(n,C (X)), then {I,, — E; + Ez} is a homotopy of invertibles, whence
B[E] is well defined by Proposition 1.4.9.

To see that 3 is a group homomorphism, take idempotents E and F in
M(n,C(X)) and M(m, C(X)) respectively. Then Corollary 2.3.7 gives
us

ﬁ([E] + [F]) = ([diag(E, F)]
= [Iy4m — diag(E, F) + diag(E, F)z]
= [I, — E4+ Ez|[],, — F + Fz]
= B[E]B[F].

Thus ( is a monoid homomorphism, and if we set

B([E] - [E) = BE)(BE)) "

for each element [E] — [E'] in K°(C'(X)), Theorem 1.6.7 implies that 3 is
a group homomorphism.

Finally, suppose Y is a compact Hausdorff space and that ¢ : Y — X
is continuous. Then

¢"B[E] = o™ [E] = [In — ¢"E+ (¢"E)2]

for all natural numbers n and idempotents E in M(n, C'(X)), whence
is natural. U

Representatives of elements of K!(S’X) can be thought of as loops
of invertible matrices whose entries are in C(X); i.e., by continuous
functions from S to GL(C(X)). Such functions can be approximated
by matrix-valued Fourier series.
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Definition 2.7.3 Let X be compact Hausdorff and let n be a natural
number. For each T in M(n,C(X x S')) and each integer k, let

~ 1 4

Tk T(w)e ™ du

zg -

in M(n,C(X)) denote the kth Fourier coefficient of T.

For each natural number m, define the mth Cesaro mean of T to be

1 &
- - T _ik6
Con = m+1Z Z,Tke :
J=0k=—j
The point of working with Cesaro means is that while the partial sums

of the Fourier series of T may not converge uniformly to T, the Cesaro
means do.

Theorem 2.7.4 (Fejér) Let X be a compact Hausdorff space, let n be
a natural number, and take T in M(n,C(X x S')). Then the Cesaro
means of T converge uniformly to T i.e., lim,, .o ||Cyp — Tl = 0.

Proof We begin by writing the Cesaro means of T in an alternate form.

Using the definition of C,,, a change of variable, and the periodicity of
T, we obtain

Cm = m1+ I i 2 T

[
o
d
>
|
2
\'M
N
S|a
+
—
o8
Q

The sum in parentheses is denoted K,,(a) and is called the Fejér
kernel.
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An involved, but elementary, calculation yields
1 sin? (a(m +1)/2)

Kp(a)=< m+1 sin?(a/2)
m+1 if sin(a/2) =

if sin(a/2) # 0

Comparing the two expressions for the Fejér kernel, we see that it
satisfies

Kon(a) > 0 1)

Kon(—a) = Ko(a) 2)
0< Kp(a) <m+1 (3)
o WK (a) da =1 (4)

for all & and m. The graph of y = sin is concave down on the interval
(0,7/2) and thus lies above the line segment from (0,0) to (7w/2,1); in
other words, we have the inequality siné > 20/7 for all 0 < § < 7/2.
This gives us the additional property

1 1 o1 72
m+1sin2(a/2) ~“m+1a?’

K (a) < 0< |af <. (5)

Property (4) implies that

0 -5 | " T(0) K () do

2 J_,

and thus

1 T
Py /_7T (T —a)—T(0)) Kn(a) da

% T - ) = T(O)], Kon(0) dar

1C(8) —~ TO)] —\

o0

IN

—T

the inequality follows from property (1).

Fix € > 0. Because X x S! is compact, the function T is uniformly
continuous, and so there exists a § > 0 such that |a| < ¢ implies

1T - ) = TO)l < 5-

|
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Then
1 5
o= | T =) =TO) Kn(a)da
TJ-s
<= 5K (oz)d0¢<i 7TK (oz)doz—E
| s 4w ) 2

On the other hand, property (5) gives us

3 [ 170 0) = TOl K@) da < 2T, [ Kon(e)do

2w 5
1 2 1
< Tl —— | —da
T m+1J; «

)
= T
T Il
Similarly, from property (2) we know
1 [0 )
— TO—a)—T K 0T
or ) ” (9 a) (9)”00 m(a) da < 5(m+1) H Hooa
and thus
e 2(m—90)

[1Crn(0) — T(O)ll o < 5T Smt1) 1Tlle -

Therefore for m sufficiently large we obtain ||C,, — T|| < €, as desired.

O

Definition 2.7.5 Let X be a compact Hausdorff space and let n be a nat-
ural number. An element T of M(n, C(X x S1)) is called a Laurent poly-
nomial if there exist a natural number m and elements Ay, in M(n, C(X))
for —m < k < m such that

m
T(z) = Z A"
k=—m
If either A,, or A_,, is not identically zero, we say T has degree m. If

T(z) = > jtoAkz", then T is a polynomial.

Definition 2.7.6 Let X be compact Hausdorff and let m and n be nat-
ural numbers. Define
L™(n,C(8'X)) ={L € GL(n,C(S'X)) : L is a Laurent polynomial
of degree at most m such that L(1) = I,,}



2.7 Bott periodicity 89

P™(n,C(8'X)) = {P € GL(n,C(S'X)) : P is a polynomial
of degree at most m such that P(1) = I,,}

I(n,C(S8'X)) = {I, — E+ Ez: E is an idempotent in M(n,C(X))}.

Lemma 2.7.7 Let X be a compact Hausdorff space, let n be a natural
number, and suppose that T is in GL(n,C(S'X)). Then for every e > 0,
there exists a natural number m and a Laurent polynomial L of degree
at most m such that | T —L|| < €. In addition, if T(1) = I, then L
can be chosen to be in L™(n,C(S'X)).

Proof Fix e > 0 and choose § < 1/ ||T*1Hoo. By Theorem 2.7.4, there
exists a natural number M with the property that | T — C,,|| ., < d for
all m > M, and Proposition 1.3.5 states that C,, is invertible for all
such m.

Now suppose T(1) = I,, and define L,,(z) = C,,(2)C,,(1)71T(1) for
m > M. Then L,, is invertible and

IT—Lnlle =T = CnC Wl
< T - Cullo +M — CCin W]l
<|IT = Cll +wmmumHI - <> T,

<O+ (Tl oo +6) || Zn — Cin M. -

We may therefore choose ¢ sufficiently small and m sufficiently large so
that |T — L,,|| < e Setting L = L,, gives us the desired element of
L™(n,C(S'X)). O

Lemma 2.7.8 Let X be compact Hausdorff, let m and n be natural
numbers, and suppose that Ly and Ly in L™(n,C(S'X)) are homotopic
in GL(n,C(S8’X)). Then for some natural number M > m, there exists
a homotopy in LM (n, C(8'X)) from Ly to L;.

Proof Choose a homotopy in GL(n,C(S8’X)) from Ly to Ly; we write
this homotopy as {H(t)} instead of the more usual {H;}. Set

R=sup{V2+|Ht)||_:0<t<1}

and choose points 0 =ty < t; <ty < --- <txg =1 so that

1
1) = )l < 57

for all 0 < k < K. For each 0 < k < K, we use Lemma 2.7.7 to choose
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an integer m(k) > m and an element L(t) in £™*)(n, C(S'X)) with the
property that

L) = Mt < 5755

Each L(t) is invertible by Proposition 1.3.5 and

L) — L(tk-1)ll oo < lIL(ER) = HEx)ll o +
IH(EE) — H(ti) o+ IH 1) — L) e <
for all 0 < k < K. Next, Lemma 1.3.7 gives us
L) ™ oo = L) ™+ HE) 7l + [IH@) ™

1
<2R’. —+R
5
2+ R?

R

Because R > /2, we obtain the string of inequalities

PP N !
RS T 24 R L)l

IL(tx) = L)l

and Proposition 1.3.5 implies that for each 0 < k < K, the straight line
homotopy from L(¢x_1) to L(tx) consists of invertible elements. Con-
catenate these straight line homotopies to obtain a homotopy {L:} of
invertible Laurent polynomials of degree at most M = max{m(k) : 0 <
k < K} from Ly to Ly. Finally, if we define Ly(z) = Ly(z)L; (1), then
{L;} is a homotopy in £M(n, C(8'X)) from L to L;. O

Proposition 2.7.9 Let X be compact Hausdorff, let n be a natural
number, and suppose T is an element of GL(n, C(S'X)).

(i) There exist a natural number m and a Laurent polynomial L in
L™ (n,C(8'X)) such that [L] = [T] in K1(S'X).

(ii) For some natural number M, there exist polynomials P and Q in
PM(n,C(S’X)) such that [T] = [P][Q]~! in K}(S'X).

Proof Thanks to Proposition 1.3.5 and Lemma 2.7.7, we may assume
that T is a Laurent polynomial. Define L(z) = T(2)T(1)~!. Then L
is in £L™(n,C(8'X)) for some natural number m. The matrix T(1)~?
is a constant matrix, and Proposition 1.3.11 implies that there exists a
homotopy from T(1)™! to I,, consisting of invertible matrices that do
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not depend on z. Therefore [L] = [T][T(1)~!] = [T], which establishes
(1)-

To show (ii), choose a natural number M > m so large that zM~—™L
is a polynomial. Then 2™ ~™L and zM~™], are in PM (n, C(S'X)), and
[T] — [L] — [ZM—mL] [ZM—m[n]—l. |

Proposition 2.7.10 Let X be a compact Hausdorff space. For each
pair of natural numbers m and n with m > 2, there exists a continuous
function

v:P"(n,C(S'X)) — P((m+ 1)n,C(S'X))
such that [v(P)] = [P] in K'Y(8'X) for all P in P™(n,C(S'X)).

Proof Write P ="  Ayz*, define

AO Al A2 e Am—l Am
—zI, I, 0o - 0 0

7(P) = 0 —zI, I, --- 0 01,
0 0 o - =z, I,

and set v(P)(z) = (P)(2)(7(P)(1))~!. For 0 <t < 1, define

L, —t> o Apzh=t S AR —tA,

0 I, 0 0
Ri(z) = 0 0 I, 0

0 0 0 -

This gives us a homotopy {(R(1)) "'R;(2)v(P)} in P™((m+1)n, C(S'X))
from v(P) to the matrix

_ZI’VL In 0 “e O 0
0 0 0 —2I, I,
Define
Hy(z) = Rat(=1)Roi(2)v(P)(2) 0<t<$
t r((2-20)2) l<t<1
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Then {H;} is a homotopy in P™((m + 1)n,C(S’X)) from v(P) to the
matrix diag(P, L., ), whence [v(P)] = [P] in K'1(8'X). O

Lemma 2.7.11 Let X be a Hausdorff space, let n be a natural number,
and suppose P is a polynomial in GL(n,C(X x S1)). Then the Fourier
series of P~ converges uniformly to P~1.

Proof The inverse R of P is twice continuously differentiable as a function
of 0 (in fact, infinitely differentiable) because P has this property. Let
Bi be the kth Fourier coefficient of R. For k # 0, integrate by parts
twice to obtain

Bl = |oms | RO 0] < IR
o0

By the Weierstrauss M-test, the partial sums of the Fourier series for

R form a Cauchy sequence and therefore converge uniformly to some

function. We do not immediately know that the partial sums converge to

R. However, Theorem 2.7.4 shows that the Cesaro means of R converge

uniformly to R, and therefore the partial sums converge to R as well.

O

Proposition 2.7.10 suggests that we look more closely at polynomials
of degree one.

Lemma 2.7.12 Let X be a compact Hausdorff space, let n be a natural
number, and suppose P = Ag+ A1z is an element of P(n,C(S8'X)). Let
Y kez Brz" be the Fourier series of P~1. Then the following hold:

I, ifk=0
(i) AoBr +A1Bi_1 =BrAg +Br_1A; =< " f
0 ifk+#0;
(ii) Suppose that either k < 0 and | > 0, or that I < 0 and k > 0.
Then:

(a) BkAjB; =0 forj=0,1
(b) BxB; =0.
(iii) BxB; = BBy for all integers k and I;
(iv) A;Br = BiA; for j =0,1 and all integers k;
(v) AoAr = AsAo;
)

(vi) AgByg is an idempotent.
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Proof Multiply the Fourier series of P and P~! together to obtain

I, =PP7t = (Ag+A2) (Z Bz )

kEZL

= Z (AgBy + A1By_1) ¥,
kez

from which the first part of (i) immediately follows. Similarly, the equa-
tion P~'P = I,, yields the second part of (i).

We verify (ii)(a) for the case when j =0, k < 0, and [ > 0; the other
cases are similar. From (i), we have

BrAoB; = —Br_1A1B; = Br_1AoBi11.

Iterating this process, we see that ByAgB; = By_.A¢B;4, for all positive
integers 7. Because the Fourier series for P~! converges absolutely, both
Br—_» and B4, converge to 0 as r goes to oo, and therefore ByAgB; = 0.

To show (ii)(b), note that I,, = P(1) = Ag + A;. Thus from (ii)(a) we
obtain

BiB; = Br(Ag + A1)B; = BLAB, + BLA1B, =0+ 0= 0.

In light of (ii)(b), we need only establish (iii) for the cases where
kl > 0. Suppose that | < k < 0. We repeatedly use (i) to produce the
equations

BrAoB; = —BrA1Bi—1 = Brr1A9B;—1 = - - - = BjAgBg
BrA1B; = —Br11AoB; = By 1A1Bi_1 = - = B/A1By.

Add these two equations to obtain
BiBi = Bi(Ao + A1)B; = Bi(Ag + A1)By, = B;By.

The cases £k <1 <0,0<k <,and 0 <[ < k are similar.
To prove (iv), first take k& < 0. From (i) and the fact that Ag+A; = I,,
we have

AoBr — BrAg = —A1Bj_1 + Br_1A;
—(L, = Ag)Br—1 + Br—1(In — Ao)
= AoBr_1 — Br_1Ao.

By iteration, we see that AgBr —BrAg = AgBi—_,—Bg_Ap for all positive
integers r. Letting 7 go to infinity then shows that AgBy — BxAg = 0.
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The case where k > 0 is similar. As for A;, another application of (i)
yields

A1Bi — BrA1r = —AoBg11 + Brt1Ag =0
for all integers k.

The fact that Ay = I,, — Ag immediately implies (v). Finally, to show
that AgBg is an idempotent, observe that

AoBoAsBy = AoBo(I, —A1B_1) = AgBo — AgBoA1B_1 = AgBy
by (i) and (ii)(a). O

Proposition 2.7.13 Let X be a compact Hausdorff space and let n be
a natural number. There exists a continuous function

£:PHn,C(8'X)) — I(n,C(S'X))
such that:
(i) for every idempotent E in M(n,C(X)),
&I, —E+Ez)=1,—E+Ez;

(ii) [E(P)] = [P] holds in K'1(S'X) for every P in Pl(n,C(S'X)).

Proof Write P = Ag + A;z and P! = Y okez Br2z*, and set F = AyB,
and E = I,, — F. We define

&(P)=F+E-z.

The map £ is continuous, because the Fourier coefficients of P and P~!
vary continuously. Part (i) of the proposition holds because the inverse
of I, —E+Ezis I, —E+Ez"1.

Verifying (ii) is harder. Define Ly(z) = E + P(2)F and Ly(2) = F +
P(z71)Ez. Parts (iv) and (v) of Lemma 2.7.12 imply that P commutes
with F and E, and because EF = FE = 0, we obtain

Ly (2)La (271 (E(P))(2) = (E+ P(z ) (F+P(2)Ez") (F+Ez)
(P(2)Ez~" + P(2)F) (F + E2)

(2)(F +E)
(2).

Furthermore, L; and Ly are invertble, with L7 !(2) = E + P~!(2)F and
Ly '(2) = F+ P~ (2=1)Ez~!. Therefore, to prove the proposition, it

P
P
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suffices to show that there exists a homotopy {H:} in GL(n,C(S8'X))
from Ly (2)La(271) to I,.

We construct our homotopy by extending L; and Lo and their inverses
from functions on X x S! to functions on the product of X and the closed
unit disk. For 0 < ¢ <1 and z in S!, we have

Ly (t2) = E+ P L(t2)F

=E+ Z BrAoBo(t2)*
keZ

=E+ BoF + Z BkAOBO(tZ)k;
k=1
the last equality follows from part (ii)(a) of Lemma 2.7.12. Because
there are no negative powers of tz, our formula for L7 !(tz) extends to
t =0, and Ly (tz)L{'(tz) = I, for all 0 <t < 1 and z in S*. A similar
computation yields

Ltz ) =F+P 1t 12)Et 12

=F+) BrAB_i(t'2)!
keZ
-2

=F+BE+ ) BpAB_(t7'2)"!

k=—o0

=F+B_1E+ ) B_(4nAiBi(tz71).

j=1

Thus La(tz~1) and Ly *(tz') are defined for all 0 < ¢ < 1 and z in
St and Lo(tz~ 1)Ly (t271) = I,,. Define Hy(2) = Ly(t2)La(tz~!). Then
{H;} is the desired homotopy. O

We need one final lemma.

Lemma 2.7.14 Let X be compact Hausdorff and let n be a natural
number. Then the mapping I, — E + Ez — E is a continuous function
from I(n,C(SX)) to idempotents in M(n,C(X)).

Proof The continuity of the map follows immediately from the equation

E= (1~ (1~ E+E(-D)).
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Theorem 2.7.15 For every compact Hausdorff space X, the map
B:KY(X) — K'(S'X)
s a natural isomorphism of groups.

Proof We showed in Proposition 2.7.2 that (3 is a group homomorphism
and a natural transformation, and the surjectivity of § follows imme-
diately from Propositions 2.7.9, 2.7.10, and 2.7.13. To show that 3 is
injective, suppose that

Choose a natural number n large enough so that E and F can be taken to
be idempotents in M(n, C(X)). By applying Lemma 2.7.7 and increasing
n if necessary, we know there is a homotopy {J;} in £™(n, C(S'X)) from
I, —E+Ezto I, — F+ Fz. Let m be the largest natural number that
appears in any of the J;, choose M so that —M is the most negative
power of z that appears in any of the J;, and for 0 < ¢t < 1 define
P, = diag(2™J;, Inrn). Then {P;} is a homotopy in PM+™(n, C(S'X))
from diag(2™ (I, — E+Ez), I(ar—1)n) to diag(z™ (I, — F +F2), [(apr—1)n)-
Repeated application of Proposition 1.3.3 gives us a homotopy {R;} in
PMrm(n, C(8'X)) from diag(l, —E+Ez, I(p/—1)n2) to diag(z" (I, —E+
EZ), I(M—l)n)-

Similarly, we can construct a homotopy {S;} in PM*™(n, C(5'X))
from diag(2"™ (I,, —F+Fz), I(apr—1)n) to diag(l,, —F+Fz, I(a1—1),). Define

Ri_gr 0<t<3
Hi={Ps1 3<t<3
Ssip 2<t<1

Then {&v(H:)} is a homotopy of idempotents from &v(diag(l, — E +
Ez, I(nm-1)n?)) to Ev(diag(ln — F + Fz, I(ar—1)n2))-
We can explicitly compute both ends of this homotopy. Note that

diag(l, —E+Ez, I(p—1)nz) = diag(l, —E,Oa—1yn) +diag(E, I(ar—1yn)2-

Let Ag = diag(I, — E,0(a_1yn) and A; = diag(E, I(as_1),). To simplify
the notation, we drop the subscripts on identity matrices, and apply the
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formula for 7 in Proposition 2.7.10 to obtain

Ao A 0 0 0 0 0
Iz I 0 0 0 0 0
0 —Iz I 0 0 0 0
D(Ag+Aiz)=| O 0 —-Iz I 0 0 O
0 0 0 —Iz I 0 0
0 0 0 0 0 - —Iz I

The equations Ag = /&0#&% = 7:\1,,&07:\1 = /X\lxo = 0 and IKO + ;&1 =1
imply

I A, 0 0 0 0 0
I Ay 0 0 O 0 0
I Ay, I 0 O 0 O
Ao+ A2)1) = [T A T T 0 00
I Ay I I I 0 0
I Ay I I I I I
Let 2=z —1. Then
I 0 0 0 0 0 0
-1z Ao+ Az 0 0 0 0 0
-1z —ApZ I 0 0 0 0
V(,KO+,K1Z): -1z —AogZ -1z I 0 0 0f,
—Iz —ApZ -1z —-Iz I 0 O
-1z —Ayz Iz -1z -1z -+ —I7 I
which has inverse
I 0 0 0 0
(A0—|—A12_1)g A0+A12_1 0 0 O
(A() —+ Alzil)Z’Zv Aog I 0 0
(Ag + A2~ 1222 Apzz Iz 0 0
(Ag + A1z~ 1237 Ag2?Z 12z 0 0

(ﬁ0+g1z_1)zm_15 Apz™=2z  [zm3% ... IF T
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In the notation of Lemma 2.7.12, we have

I 0 00 0 0 0
I A 0 0 0 0 0
I Ay I 0 0 0 0
Ag=|1 4 I I 0 0 0
I Ay I I I 0 0
I Ay I I I I I
and
I 0 0 0 0 0 0
Ai—Ay Ay 0 0 0 0 0
—A, -4y I 0 0 0 0
By = 0 0 -I I 0 0 0
0 0 0 —I I 0 0
0 0 0 0 0 -1 I
Thus

. Iy, O
AoBo = diag (( %1 5\0> »IMn(m—2)>

—diag(( Tatn 0 > I )
diag(E, I(p—1)n)  diag(L, — E,0qas_1y,)) " Mm=2) )

A similar computation with F gives us

diag(< e 0 ) . >
diag(F, I(ar—1yn) diag(ln —F,0ar—1)n) s dMn(m—2)

at the other end of our homotopy of idempotents. Lemma 2.7.14 then
implies that

08 (g 1, ) Ry |
diag(E, I(as_1yn)  diag(I, — E,O(ar_1yn) ) 7 Mm%

[ ( (o -]
diag(F7I(M—1)n) dlag(In - Fvo(M—l)n) Mn(m=2)
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in K°(X), whence

(o 1 e.0us )|
diag(E, I(pr—1yn)  diag(ln — E,0ar—1yn)

[ o).
diag(F, I(ar—1yn) diag(l, —F,0r—1yn)/] "

Conjugate the left side of this equation by

( Inrm diag(-[n - E7 0(M—1)n)>
—diag(EJ(M_l)n) IJV[n
and the right side by
< Inm diag(l,, — F, O(Ml)n))
_diag(Fvl(Mfl)n) IMn

to obtain

[dlag (IMna I, — Ev O(Mfl)n)jl = [dlag (IMna I, — F7O(M71)n)} .

Finally, using Lemma 1.7.3 and the definition of addition in K°(X), we
obtain

Unrn] + [In — E] + [0ar—1yn] = Inrn] + [In = F] + [0(ar—1)n]

[In - E] = [In - F]
[In] — [E] = [In] — [F]
[E] = [F]

O

Corollary 2.7.16 For every locally compact Hausdorff space X, there
exists a natural isomorphism 3 : K%(X) — K2(X).

Proof Consider the commutative diagram

0 ——K(X) ——K(X*) ——=K({oc}) ——0

|

K2(X) K2({oo}) —0

0 K2(X)

that has exact rows. The inclusion of {cc} into X+ makes the top row
split exact by Theorem 2.6.11. Moreover, if we take each topological
space in the top row and form its Cartesian product with R?, Definition
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2.6.14 and Theorem 2.6.11 yield that the bottom row is also split exact.
The desired result is then a consequence of Proposition 1.8.9. |

Corollary 2.7.17 Suppose that A is a closed subspace of a locally com-
pact Hausdorff space X, and let j denote the inclusion of A into X.
Then there exists an exact sequence

J*

KO(X\A)

KO(X)

KY(A4)

17} 1%}

L%

K (A) < KL(X) =——— KL (X\4),

and both connecting maps 0 are natural.

Proof We know from Theorem 2.6.16 that the map 0 : K''(4) —
K°(X, A) is natural and that the sequence is exact at the groups K1 (X),
K1(4), K°(X\A), and K°(X). Exactness at K°(A4) and K'(X\A) and
the naturality of the other connecting map are immediate consequences
of Theorems 2.6.16 and 2.7.15. U

Proposition 2.7.18 Let A be a closed subspace of a locally compact
Hausdorff space X and let 0 : K°(A) — KY(X\A) be the connecting
homomorphism in Corollary 2.7.17. Suppose that E is an idempotent in
M(n,C(A™")) such that E(co) = diag(Ix,0n—r). If B is an element (not
necessarily an idempotent) in M(n,C(X 1)) whose restriction to A is
E, then

O((E] - [14]) = fexp(~2riB)]
in K'H(X\A).
Proof We express 0 : KY(4) — K}(X\A) as a composition of maps.

The first comes from identifying (0,1) with S*\{1} via the homeomor-

phism t — e?™% and applying the Bott periodicity isomorphism
B:KY(A) — K1 (A x (0,1)).

The second homomorphism is the connecting map

9 KA x(0,1)) — K°((X\A) x (0,1))

that arises when we apply Theorem 2.6.12 to the inclusion of A x (0,1)
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into X x (0,1). The third map is the isomorphism
K (X\A) — K°((X\A) x (0,1))

that comes from Theorem 2.6.13 and the identification on R with (0, 1).
Then 0 = o~ 19'3; in other words, 8 : K°(A) — K(X\A) is the
unique homomorphism that makes the square

15}

K%(A) K (X\A)
B o
K (A x (0,1)) —Z= K°((X\4) x (0,1))

comimute.
We have

B([E] = [Ix]) = [In — E+ €*™E] [(Ix — I + €™ 11;) ]
— [In —E+ €2ﬂitE} [672””%].

For all 0 <t < 1, we obtain

8

2 t
exp(2mitE) = I, + Z m
k=1
oo
2 t
_ In n Z YW
k=1
B (2mit)k _,
=1, —E+ Z o E
k=0

_ In o E+ eZTrile7

and thus

B([E] — [Ix]) = [exp(2mitE)] [e~>""I;]
= [exp(27itE)] [diag(e ™2™ Iy, I, 1)
= [exp(2mitE) diag(e ™2™ Iy, I, _1)].
Note that
exp(2mitE) diag(e ™2™ Iy, I, 1) = I,
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when t equals 0 or 1, and at oo we have

exp(2mitE) diag(e ™ *™" Iy, I, 1)
= exp(2rit diag(Iy, 0n—k)) diag(e ™" Iy, I,_1)
= diag(e*™" Iy, I,_1.) diag(e *™" I, I, )
—1.

Therefore exp(27itE) diag(e= 2™ I}, I,,_x) determines an element of
GL(n,C(A* x (0,1)™)), and hence also an invertible matrix over the
one-point compactification of A x (0, 1), because (A4 x (0,1))T is homeo-
morphic to AT x (0, 1) with ({ooa}x(0,1))U(Ax{o0(0,1)}) collapsed to
a point. Use Corollary 1.3.17 to produce T in GL(2n, C((X x (0,1))T))
with the property that

TI(Ax (0,1))" =
diag (exp(27ritE) diag(e ™ Iy, I, _1), exp(—2mitE) diag(e*™ ' I}, In_k)).

Then &' ([E] — [Ix]) = [T diag (I, 0,)T~] — [L,,].

The next step is to choose an element B in M(n,C(X+)) whose
restriction to M (n,C(A")) is E; we can find such an element by ap-
plying the Tietze extension theorem to each entry of E. When restricted
to A, the matrix exp(—2miB) equals I,,, and therefore makes sense as an
element of GL(n, C((X\A)")). View the matrix T that we constructed
in the previous paragraph as a matrix over X x [0, 1] that is constant on
the set X x {0,1}, and define

T = T diag(exp(—2mitB), exp(27itB)).

When t = 0, the matrix T has the constant value I, because it has that
value when restricted to Ax {0}, and thus T|(X x {0}) = Is,. Moreover,
a simple computation shows that 'T'|(A x (0,1]) = I3, as well. Therefore
Theorem 2.6.13 gives us

olexp(—2miB)] = [T diag(1,,, 0,)T ] — [1,.]
= [T diag(1,,,0,)T '] — [I,,]
= 0'B([E] - [x]),

as desired. O

Corollary 2.7.19 For every compact pair (X, A), there exists an exact
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sequence

J*

K°(A)
o o

K1(A) < KI(X) < KY(X, A)

whose connecting homomorphisms 0 are natural.

Proof The naturality of d : K1(A) — K°(X, A) and the exactness
of the sequence at K1(A4), K1(X), K°(X, A4), and K°(X) come from
Theorem 2.4.1, and remainder of the result follows from Theorem 2.3.17,
Theorem 2.6.11, and Corollary 2.7.17. Theorem 2.3.17 and Proposition
2.7.18 imply that in the notation of Proposition 2.7.18, the connecting
homomorphism 8 : K°(A) — K1(X, A) is given by the formula

O([E] = [Ix]) = [exp(—2miB), I,,].
]

We close this section by noting that we can now define KP for every
integer p.

Definition 2.7.20 Let p be any integer.

(i) For every locally compact Hausdorff space X, define

K°(X) ifp is even

Krx) = {K-l(X) if p is odd.

(ii) For every compact pair (X, A), define

KP(X, A) — KO(X\A) ifp is even
T KN X\A) i p is odd.

2.8 Computation of some K groups

We are finally ready to compute the K-theory groups of some interesting
topological spaces.
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Example 2.8.1 (K-theory of R™ and S™) For each natural number
n, Theorem 2.7.15 gives us

Z if n is even

KY(R™) = K%((pt) x R") = K™ (pt) = {o i is odd

This in turn yields

0 ifn is even

K—1<Rn) o~ KO(Rn-i-l) o~
Z if n is odd.

Combining these isomorphisms with Definition 2.7.20, we obtain

Z if p+n is even
0 ifp—+mnisodd

KP(R™) = {

for all natural numbers n and integers p.

The n-sphere S™ is the one-point compactification of R™. Thus
KO(sm) = K°((R")") = K°(R"),
and therefore

K(S") =

Z®7Z ifn is even
Z if n is odd.

Similarly, K-*(S™) =2 K-1(R™), and therefore

K'l(S") ~ )0 if n is even
|z if n is odd.

Because the group K°(S1) is isomorphic to Z, the trivial line bundle
©1(SY) is a generator. On the other hand, the topological space S'(pt) is
homeomorphic to S*, so the group K1(S') is generated by

ple1(sH] =Bl =[(1 - 1) +12] = [¢].

If we represent R as ST\{1}, then [z] serves as a generator of K1 (R) as
well.

We can also write down generators for the groups K°(S?) and K°(R?).
We have the isomorphism K°(S?) =2 KO (R?) @K (pt); the trivial bundles
generate the second summand. To find a generator of K°(R?), apply
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Theorem 2.7.19 to the compact pair (B2, SY) to obtain the exact sequence

KO(B?, 8) — KO(B%) — 2= KO(5")

0 1%}

K1(5) <L M K1(B2, 51,

K (B?)

The disk B? is contractible, so K°(B?) = Z and the map j* from K°(B?)
to K°(S1) is an isomorphism. Thus uj : KO(B?, S') — K°(B?) is zero.
The contractibility of B? yields that K1 (B?) is trivial and therefore the
connecting map 0 : K1(S') — K°(B2, S') is an isomorphism.

For each integer k, define
P —y/1—|z]?k
T= K .
V1= |z]?k z
The matriz T is in GL(2,C(B?)) because det T = |2|2% + (1 — |2]?¢) = 1

for all z in B. Furthermore, the restriction of T to S' is diag(z*, 2%) =
diag(z*, 2=%). Theorem 2.4.1 gives us

9[zF] = [T diag(1,0)T~*, diag(1,0)] — [1, 1]
( |22k 1 |z|2k> (1 0)1 ]
ZF\ /1 — |2|2k 1—|z|?* "\0 0 T

and thus every element of K°(B2?\S1) can be uniquely written in the
form

A% ISR
1]

VIZEPE 1 s

for some integer k. Now, the function ¢(z) = z(1+ |z|?)~'/2 is a home-
omorphism from C = R? to B?\S*, and if we take k = 1 we obtain a

generator
oo ([l e VT )

“prer | (7))

of K°(R?).
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Example 2.8.2 (K-theory of (CIE”l) Because CP' is homeomorphic
to S2, the previous example computes the K -theory of CP' up to iso-
morphism. To explicitly write down a nontrivial generator of K°(CP™),
identify S? with the one-point compactification of C. Then the map
Y : CP' — 52 given by (21, 20]) = 21/ 22 is a homeomorphism and

1 |Zl|2 2’12’2):|
*b)= | ——> -1
v = [ (o )] -w
in the notation of Example 2.8.1. Via the monoid isomorphism between

Idem(CP") and Vect(CP'), we can express ¢*(b) as [H*] — [1], where
[H*] is the vector bundle we constructed in Example 1.5.10.

Definition 2.8.3 The wedge of pointed spaces (X, x0) and (Y,yo) is
the pointed space

XVY = (X x {go) U({mo} xY) S X x Y

endowed with the subspace topology and with (xo,yo) as basepoint.

Example 2.8.4 (K-theory of the figure eight) In this ezample we
compute the K-theory of the “figure eight” space S*V S*. Let j be the
inclusion of one of the copies of S* into SV S' and define a continuous
function ¢ : S v St — S by identifying the two copies of S' to a
single circle. Then 1] is the identity map on S*. The topological space
(St v SH\ST is homeomorphic to R, and hence Theorem 2.6.11 and
Ezample 2.8.1 yield

KO(StvSshH =K (SH e K R)=Z
K'Stvsh) =K (SHeK'(R)=ZaZ
The group K°(S' Vv S) is generated by trivial bundles. For each pair of
integers (k,1), define fuyy on STV S* to be the function that is z* on

one circle and z' on the other circle. Then the map (k1) — [fup)] is
an isomorphism from Z & Z to K*(S* v S1).

Example 2.8.5 (K-theory of the torus) Let j be the inclusion map
from S* x {1} = St into the torus S' x S and let ¢ be the projection
of St x St onto St x {1}. Then 1j is the identity. The complement of
St x {1} in St x St is homeomorphic to S* x R, whence

KO(sl % Sl) ~ KO(Sl) @KO(SI % R) ~ KO(SI) @K_l(sl) ~7D7
K1(S'x s =zKI(SHe K (S'xR) 2K (SHYeK?(SH)~2ZaZ.
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Example 2.8.6 (K-theory of the real projective plane) The real
projective plane is the compact Hausdorff quotient space RP? constructed
by taking the closed unit disk B? and identifying antipodal points on S*;
in other words, we identify z with —z when |z| = 1. Let q : B> — RP?
be the quotient map and let A = q(S'); we represent matrices over A
as matrices over S' that are equal at antipodal points. Corollary 2.7.17
gives us the exact sequence

J*

KO(RP*\ A) KO(RP?) K%(A)
4] o
K1 (A) <L K (RP?) < K- (RP?\ A).

The map ¢ : A — S given by ¢(z) = 22 is well defined and is a
homeomorphism, so K°(A) and K1 (A) are both isomorphic to Z. The
complement of A in RP? is a homeomorphic to R2, so we also know that
KO(RP?\ A) is isomorphic to Z and that K (RP*\ A) is trivial.

To compute the K -theory of RP?, we examine the connecting homo-
morphism

9:K'(A) — K°(RP?\A).

Example 2.8.1 tells us that [z] is a generator K1(S'), so q[z] = [2?]

is a generator of K1(A). The matriz diag(z2,272) over A lifts to the
invertible matrix

T_ 22 —/1—|z*
W1zt z2
over RP?, and Theorem 2.4.1 yields
8[2’2} _ |Z|4 2? V 1- |Z|4 _ [1]
Z2\/1 — |2|* 11—z '
From FEzample 2.8.1, we see that 0[z] is two times a generator of the

group K°(RP2\ A). Therefore K°(RP?) = Z&Zy and K1 (RP?) is trivial.

Example 2.8.6 shows that it is possible for K-theory groups to have
torsion.

2.9 Cohomology theories and K-theory

K-theory is an example of a cohomology theory:
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Definition 2.9.1 A cohomology theory with coefficients in Z is a doubly
infinite sequence H* = {HP} ez of contravariant functors from the cat-
egory of compact pairs to the category of abelian groups such that the
Eilenberg—Steenrod axioms hold:

e Homotopy axiom: If {f:} is a homotopy of morphisms from one
compact pair to another, then HP(fo) = HP(f1) for all p.

e Exactness axiom: For any compact pair (X, A), the inclusion of
A into X induces a long eract sequence

...48>HP(X7A)*>HP(X)4>

HP(A) *3>Hp+1(X,A) - ...

with natural connecting maps.

e Excision axiom: Given a compact pair (X, A) and open subset U
of X whose closure is in the interior of A, the inclusion mor-
phism from (X\U, A\U) to (X, A) induces an isomorphism from
HP (X, A) to HP(X\U, A\U) for all p.

If a cohomology theory satisfies

e Dimension axiom:
Z ifp=0
0 ifp#0’

we say that H* is an ordinary cohomology theory; otherwise H* is called

HP(pt) = {

an extraordinary cohomology theory.

We have shown in this chapter that K-theory is an extraordinary
cohomology theory. All ordinary cohomology theories agree, up to iso-
morphism, on a large subcategory of the category of compact pairs;
this subcategory covers most topological spaces of interest. In contrast,
K-theory is only one of many extraordinary cohomology theories. We
will explore the connection between K-theory and ordinary cohomology
theories in Chapter 4.

2.10 Notes

The original definition of K-theory for topological spaces goes back to
Atiyah and Hirzebruch [4]. Our definition for K-theory of compact pairs
largely comes from [15]; the reader can find alternate definitions in [12]
and [3]. There are many proofs of Bott periodicity in the literature; ours
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contains elements of the proofs in [12] and [16], which are in turn are vari-
ations on Atiyah’s original proof in [3]. For more information about co-
homology theories and the Eilenberg—Steenrod axioms, the reader should
consult [8].

Exercises

2.1 Compute the K-theory groups of

(a) @

(b) the wedge of n copies of St

(c) Stv Sty §?

(d) R™\{0}

(e) the closed Mébius band; i.e., the quotient space obtained
by taking [0, 1] % [0, 1] and identifying (1,¢) with (0,1—¢)
forall0<t<1

(f) the open Mdbius band; i.e., the closed Mobius band with
its boundary removed

(g) the Klein bottle

2.2 Write the 3-sphere S® as the subspace
S3 = {(z,w) € C* : |z> + |w|* = 1}

of C2. For each natural number n, let L(n) denote the quotient
space constructed by identifying (z,w) and (e27%/7z, e>™F/ ")
for each point (z,w) in S3. Show that K°(L(n)) & Z & Z,
and that K'1(L(n)) & Z. The spaces L(n) are examples of lens
spaces.

2.3 Let (X, A) be a compact pair. A continuous function r : X —
A is a retract if r(a) = a for every a in A.

(a) Prove that there does not exist a retract from the closed
unit disk B? to the unit circle S!.

(b) Prove the Brouwer fixed point theorem: Every continuous
function ¢ : B2 — B? has a fixed point; i.e., a point z
in B? such that ¢(z) = 2.
Hint: Assume that ¢ has no fixed point, and for each x
in B2, define r(z) to be the intersection point of S* and
the ray that starts at « and contains ¢(x).

2.4 Give an example of a function that is continuous at infinity but
not proper.
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2.5

2.6

2.7

2.8

2.9

2.10

2.11

K-theory

Suppose that (X, A) and (A, Z) are compact pairs. Prove that
there exists a six-term exact sequence

KO(X, A) K°(X, Z)

KO(A, Z)
4] o

K1 (A, Z) <— KX, Z2) <—— K(X, A),

and write down formulas for the two connecting maps.

Prove that K°(X x S1) 2 K%(X) & K1(X) =2 K1(X x S?) for
every compact Hausdorff space X.

Let X be a compact Hausdorff space. The cone on X is the
topological space formed by taking the product space X x [0, 1]
and identifying X x {1} to a point. Prove that K°(X) and
K-1(X) are always trivial.

The smash product of compact pointed spaces X and Y is the
pointed space X A'Y obtained by taking X x Y and collapsing
X VY to a point; the basepoint is the image of X VY in X AY.
Prove that for p = 0, —1, there exist isomorphisms

KP(X xY) 2 KP(X AY) & KP(X) @ KP(Y).

For each compact pointed space (X, ), define the reduced sus-
pension SX of X to be S1 A X, and for n > 1, inductively define
S"X to be S(S"1X).

(a) Prove that S" defines a covariant functor from the cate-
gory of pointed spaces to itself for each n > 1.

(b) For each natural number n, define K™(X) to be the ker-
nel of the homomorphism from K™ (X) to K™(x). Prove
that there is an isomorphism K™(X) = K°(S"X).

For each compact Hausdorff space X, define the unreduced sus-
pension SX of X to be the quotient space obtained by forming
the product X x [0, 1], identifying X x {0} to one point, and
identifying X x {1} to a second point. For n > 1, inductively
define S"X as (8" 'X). Prove that K™(§"X) = K°(S"X) for
every natural number n.

For each compact pair (X, A) and integer n, show that the rel-
ative group K™ (X, A) in Definition 2.7.20 can be alternately
defined as the kernel of the homomorphism

15 K(D(X, A)) — K™(X).
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Additional structure

In this chapter we will discuss various aspects of K-theory. Some of these
results have to do with additional algebraic structures, while others are
facts that we will need in Chapter 4.

3.1 Mayer—Vietoris

The Mayer—Vietoris exact sequence relates the K-theory of a compact
Hausdorff space X to the K-theory of two closed subspaces of X. In ad-
dition to being a useful computational tool, the Mayer-Vietoris sequence
will play an important role later in the chapter. The existence of the
exact sequence is a consequence of the following homological algebra
fact.

Lemma 3.1.1 Suppose
1 ¢2 @3 P4 [

g1 Go g3 G4 Gs Ge
H, Y1 Ho P2 Ha V3 H, on He ¥s He

s a diagram of abelian groups that is commutative and has exact rows.
Further suppose that cy and oy are isomorphisms. Then the sequence

(a2,¢2) —tat pacy ' (05,¢5)
92$>H2€B93 e Hs e Gs ‘ Hs @ Ge

is exact.

Proof Take go in Go. Then azda(g2) = Paaa(ge) and so —aa(ga) +
azPa(ge) = 0 in Hs. Thus the kernel of —1)5 + a3 contains the image of

111
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(g, ¢2). To show the reverse containment, take (hs, g3) in Ha € G3 and
suppose that —t(hs) + a3(gs) = 0. Then

as¢3(93) = Y3as(g3) = Y32 (ha) =0

in Hy, and ¢3(g3) = 0 in G4 because ay is an isomorphism. Thus there
exists an element go in G such that ¢2(g2) = g3. Because

Yoa(G2) = azda(g2) = az(gs) = Y2(ha),

we see that as(§2) — he is in the kernel of ¥5. Choose hy in H; with the
property that ¢ (h1) = aa(g2) — he, let g1 = cufl(hl)7 and consider the
element go — ¢1(g1) in Go. Then

$2(g2 — 01(91)) = D2(g2) — p201(91) = ¢2(G2) = g3

and

(g2 — ¢1(91)) = a2(g2) — a2¢1(g1) = a2(g2) — PYra1(g1)
= az(g2) — Y1(h1) = a2(g2) — (a2(g2) — h2) = ha,

whence our sequence is exact at Ha @ Gs.
To show exactness at Hs, take (hs, g3) in Ha @ G3. Then

pacy "3 (—ba(h2) + as(gs)) =
— ¢aay "hstha(ha) + daoy "hsas(gs) = 0+ dags(gs) = 0.

Now suppose that ¢say *3(hs) = 0 in Gs. Then a; '43(hs) = é3(73)
for some g3 in G3, and

Y3a3(g3) = a3 (Gs) = aaay "P3(hs) = ¥3(hs).

Thus a3(gs) — hg is in the kernel of ¢3 and therefore in the image of 1)s.
Choose hy in Hy with t2(ha) = a3(gs) — hs. Then

—a(h2) + az(gs) = —(as(ds) — hs) + az(gs) = hs.
Finally, we show exactness at Gs. Take hg in Hs, and note that
(aspacy " Ys(hs), ¢sdacy "3(hs)) = (Yaauay " s(hs),0) = (0,0).

Going the other way, suppose (as5(gs), ¢5(g5)) = 0 in Hs ® Gg for some
g5 in Gs. Then ¢4(g4) = g5 for some g4 in G4, and

Yaay(ga) = aspa(ga) = as(gs) = 0.
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Thus we may choose hs in Hs with the property that 1s(hs) = as(g4),
whence

paag P3(hs) = daay u(gs) = dalga) = g5,
as desired. O
Theorem 3.1.2 (Mayer—Vietoris) Suppose that X is locally compact

Hausdorff and that Ay and As are closed subspaces of X whose union is
X. Then there exists an exact sequence

KO(X) —— KO(Al) D KO(AQ) I KO(A1 N Az)

K! (Al n AQ)

K1 (A;) @ K (Ay)

K (X).

Proof For p=0,—1, consider the commutative diagram

KP(X\As2) KP(A1\(41 N Ag))
KP(X) KP(Ay)
KP(Asy) KP(A4; N Ay)

KD (X\Ay) — K P+ (A4,\(4; N A4y))

K-+ (X)) K- (A))

K- Pt (4y) ——————= K- Pt (4, N Ay)

whose horizontal homomorphisms are induced by inclusion maps. The
columns of the diagram are exact by Corollary 2.7.17, and because
A\A; N Ay = X\ Ay, the theorem immediately follows from Lemma
3.1.1. O
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3.2 Tensor products

Given a compact Hausdorff space X, the addition on K°(X) comes from
the internal Whitney sum of vector bundles. We can also define a mul-
tiplication on vector bundles called tensor product; we will show that
tensor product makes K(X) into a commutative ring with unit. We
begin by looking at the tensor product of modules.

Definition 3.2.1 Let R be a ring with unit. A (left) R-module is an
abelian group M equipped with an action of R on M; i.e., a function
R x M — M, denoted by juztaposition or a dot, such that for all r
and ' in R and a and a’ in M:

(i) r(a+da')=ra+ra;
(i)
(iii) r(r'a) = (rr')a;
) la =

r+ra=ra+ra;
(r+7') ;

(iv

A map ¢ : M — M’ is an R-module homomorphism if ¢ is a group
homomorphism with the additional property that ¢(ra) = r¢(a) for all r
in R and a in M. If there exists a finite subset {a1,as,...,a,} of M
with the feature that every element a of M can be written (not necessarily
uniquely!) in the form a = riay +reas+- - -+rpa, for somery,ro, ...,y
i R, we say that M is finitely generated. Finally, if M is isomorphic
to R™ for some natural number n, we say that M is a free R-module of
rank n.

Example 3.2.2 Fvery abelian group is a Z-module and an abelian group
is a free Z-module if and only if it is a free abelian group; i.e., isomorphic
to a direct sum of copies of Z.

Example 3.2.3 Let F be a field. An F-module is a vector space over F,
and thus every F-module is free.

Example 3.2.4 Let R be any ring and suppose a1, as, . . . , Ay, are objects
that are not in R. The free module generated by ai,as,...,a,, is the
set of formal sums

{ria1 +raa2 + - 4+ rmam 1 11,72, ..., € R}
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with addition and the action of R defined by the formulas

(riay +maag + -+ + rimam) + (riar +rhas + -+ 1 amy) =

(r1+r))ar + (ro +715)ag + -+ (rm + 75, am
r'(ria1 +r2ag + -+ riam) = r'riar +r'roas + o+ ' rpam.

Definition 3.2.5 Let R be a commutative ring with unit and suppose
that M and N are R-modules. The tensor product of M and N (over
R) is the R-module M @ N generated by simple tensors

{a®@b:ae M,be N}
subject to the relations

(a+d)®@b=axb+d @b
a®(b+b)=a@b+ax b
rla®b) = (ra) @b =a® (rb)

for all a and a’ in M, allb and b in N, and all v in R.

We could also define the tensor product of modules over a noncom-
mutative ring, but we will not need this. In fact, the only module tensor
products we will use in this book are tensor products of abelian groups
(Z-modules) and tensor products of vector spaces (C-modules).

Example 3.2.6 Let G be an abelian group. For each natural number k,
there is a Z-module isomorphism

k
g®zkg@g.

i=1
We can produce such an isomorphism in the following way: for each
1<i<k, let 0; be the element of Z™ that is 1 is the ith position and is
0 elsewhere. Then every element of G ® Z™ can be uniquely written in
the form Zle gi ® 0;, and this is mapped to the k-tuple (91,92, ..., 9k)-

Tensor products with Z* have an important property that does not
generally hold when tensoring with other abelian groups.
Proposition 3.2.7 Suppose that

[l o} Prn—1
Gi Gy = Gn
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is an exact sequence of abelian groups. Then for every natural number
n, the sequence

®id

id n—1®id
91®Zk 1 P2®1 On—1Q1

Go @ ZF Gr ®ZF

is also exact.

Proof Using the isomorphism described in Example 3.2.6, the sequence
in question becomes

k k k
DP1 Dp2 Dpn—1
Po———Pa Pa..
i=1 i=1 i=1
which is exact. ]

Example 3.2.8 Let V and W be vector spaces. The tensor product
V®&W (over C) is also a vector space. If {e; : 1 < i < m} and {f; :
1 <j < n} are bases for V and W respectively, then {e; ® fj : 1 <i <
m,1 < j <n} is a vector space basis for V@ W.

Proposition 3.2.9 Let V and W be inner product spaces. Then there
s a unique inner product on YV @ W for which

e w, o @) = (v,0/) (w, w)
for all simple tensors v @ w and v/ @ w'.
Proof Choose orthonormal bases {e; : 1 <4 <m} and {f; : 1 <j <n}
for V and W respectively. Then {e; ® f; : 1 <i<m,1<j<n}isa

vector space basis for V@ W. Define an inner product on V ® W by the
formula

<Z aije; @ fj, Zﬁzjei ® fj> = Zaijﬁij'
.7 1,3 1,7

This inner product satisfies the desired equation when applied to simple
tensors and is unique because every element of V® W is a complex linear
combination of simple tensors. |

Definition 3.2.10 Let V, V', W and W' be vector spaces, and suppose
that ¢ :V — V' and v : W — W’ are linear maps. We define

PRV VIW —V oW
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by setting
(@@ Y)(vew) = ¢(v) ®p(w)

on simple tensors and extending linearly.

By its very definition ¢ ® 1 is linear, and an easy check shows that
¢ ® 1 is well defined.

We can also write the tensor product of linear transformations in terms
of matrices. Choose an ordered basis {e1,es,...,e,,} of V and let A be
the matrix of ¢ with respect to this basis. Similarly, let B be the matrix
representation of ¥ with respect to an ordered basis {f1, fo,..., fn} of
W. Then

{e1® fr,e1® f1,...,e1 @ frn,e2® f1,...,6m @ fr_1,em @ fn}

is an ordered basis for V® W. The matrix for A® B with respect to this
basis is the mn-by-mn matrix obtained by taking each entry of A and
multiplying by the matrix for B. For example, if

a a bi1 bz bis
11 12
A= ( > and B= bgl b22 b23 y
agy a2
bsi b3y basz
then
aiibir  anbio apibiz apebir  aebia  aigbis
aribgr  aibaa aiibas  aigbor  aigbas  aigbos
aribzr  aiibsa aiibss aigbsr  aiebsa  aigbss
A®B=

agibir  asibia  azibiz  agebir  azebia  agebis
agibgr  asibaa  azibasz  agebor  agzobas  aggbos
agibzr  asibsy  azibssz  azebsy  agzebsa  aggbss

The tensor product of matrices is sometimes called the Kronecker

product.

Definition 3.2.11 Let X and Y be compact Hausdorff spaces, let m
and n be natural numbers, and let A and B be elements of M(m,C(X))
and M(n,C(Y)) respectively. The external tensor product AX B is the
matriz in M(mn, C(X xY)) defined by the formula

(AR B)(z,y) = A(z) © B(y)

forallz in X andy inY.
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Proposition 3.2.12 Suppose X and Y are compact Hausdorff spaces.
For all natural numbers m and n:

(i) If E in M(m,C(X)) and F in M(n,C(Y)) are idempotents, then
EXF is an idempotent in M(mn,C(X x Y)).

(ii) IfS is in GL(m,C(X)) and T is in GL(n,C(Y)), then S® T is
in GL(mn,C(X xY)).

Proof Compute. |

Proposition 3.2.13 Let X and Y be compact Hausdorff spaces. Then
external tensor product defines a map from Idem(C(X)) x Idem(C(Y"))
to Idem(C'(X x Y)).

Proof Suppose E in M(m,C(X)) and F in M(n,C(Y)) are idempotents.
Then

diag(E, Ok) X diag(F, OZ) = dlag(E X F, EX Ol, Ok X F7 Ok X Ol)
= diag(E & F, Okh Okl, Okl)

for any two natural numbers k and [. Therefore [EXF] in Idem(C(X xY))
is independent of the sizes of matrices used to represent E and F in
Idem(C(X)) and Idem(C(Y)). Next, choose S in GL(m,C(X)) and T
in GL(n,C(Y)). Definition 3.2.10 implies that

(SESTHX(TFT ) = (SRT)EXF)(ST'XT)
=(SHT)(ERF)(SKT)™,

and thus [EXF] does not depend on the similarity classes of Eor F. [

Construction 3.2.14 Let V and W be vector bundles over compact
Hausdorff spaces X and Y respectively, and write V = RanE and W =
RanF for idempotents E over X and F over Y. The external tensor
product of V and W is the vector bundle VIRW = Ran(EXF) over X xY'.
If V and W are Hermitian vector bundles, we define a Hermitian metric
on VXIW by employing the inner product formula from Proposition 3.2.9
on each fiber.

Propositions 1.7.6 and 3.2.13 guarantee that V XIW is well defined up
to isomorphism. For each point (z,y) in X x Y, the fiber (VW) .
is the vector space V, ® W,,.
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Construction 3.2.15 Let V and W be vector bundles over the same
compact Hausdorff space X and let A : X — X x X be the diagonal
map. The internal tensor product of V and W is the vector bundle
VoW =A"(VRW). As in Construction 3.2.14, Hermitian metrics
on'V and W determine a Hermitian metric on V @ W.

3.3 Multiplicative structures

Proposition 3.3.1 Let X and Y be compact Hausdorff spaces. The
external tensor product determines a group homomorphism

K'(X)®KO(Y) — KX xY).

Proof Given elements [V] — [V'] and [W] — [W’] of K°(X) and K°(Y)
respectively, we define the product on simple tensors to be

(VI-v)e(w]=[W') = VEW] - [VRW] - [V EW]+ [V ZW']

and then extend by the distributive law.

Suppose that [V] —[V'] = [V] —[V'] in K°(X). Definition 1.6.6 states
that

VEB"}/EBV//%V@V/EBV//

for some vector bundle V" over X. External product distributes across
internal Whitney sum, whence

VEW)e(VRW)a (V'EW)2VEW)® (V' BRW)a (V' BW).
Therefore
VRW] - [V RW]=[VRW] - [V'RW],
and replacing W with W yields
VRW]-[V'RW]=[VRW]—[V'RW].

Therefore the formula for the product does not depend on the choice of
representative in K°(X). A similar argument shows that the product
is independent of our choice of representative in K°(Y). Finally, an
easy check shows that the defining relations of the tensor product are
respected, so the homomorphism is well defined. |

If X and Y are the same space, we can say more.
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Theorem 3.3.2 Let X be compact Hausdorff. Then K°(X) is a com-
mutative ring with unit under internal tensor product.

Proof The tensor product of vector spaces is commutative and associa-
tive and distributes across internal Whitney sum. Propositions 3.2.13
and 3.3.1 then imply that K°(X) is a commutative ring with [©1(X)] as
the multiplicative identity. |

Proposition 3.3.3 The assignment X — K°(X) determines a con-
travariant functor KO from the category of compact Hausdorff spaces to
the category of commutative rings with unital ring homomorphisms as
the morphisms.

Proof We know from Proposition 2.1.6 that K° is a functor into the
category of abelian groups. Let X and Y be compact Hausdorff spaces
and suppose that ¢ : X — Y is continuous. Then a computation shows
that ¢* : M(n,C(Y)) — M(n,C(X)) is a unital ring homomorphism
for every natural number n, whence the desired result follows. O

Example 3.3.4 Let X be any compact Hausdorff space with the prop-
erty that K°(X) = Z as groups. For all natural numbers k and 1, the
definition of tensor product immediately yields [It) @ [I}] = I, and thus
K°(X) and Z are isomorphic rings.

To compute the ring structure of K°(X) in some more interesting
cases, we extend the definition of multiplication in K° to locally compact
Hausdorff spaces. First we record a result we will need later and that is
interesting in its own right.

Proposition 3.3.5 For every compact Hausdorff space X, the subset
of KO(X) consisting of isomorphism classes of line bundles forms an
abelian group under internal tensor product.

Proof The only nonobvious point to check is the existence of multiplica-
tive inverses. For each line bundle V', let V* denote its dual bundle, and
define v: V* ® V — O1(X) by setting v(¢ ® v) = ¢(v) and extending
linearly. Then 7 is a bundle isomorphism from V* @ V to ©%(X). O
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Theorem 3.3.6 For every pair X, Y of locally compact Hausdorff
spaces, there exists a unique group homomorphism

K(X) @ K%(Y) — K°(X xY)

with the following property: let ix and iy be the inclusions of K(X)
and K°(Y) into K°(XT) and K°(Y'T) respectively, and let ¢ be the homo-
morphism in K-theory induced by the inclusion of the open subspace
X x Y into the compact Hausdorff space X+ x Y. Then the diagram

KO(X) @ KO(Y) KO(X x Y)

1x Rty L

KO(X+) ® KO(Y+) m KU(X+ % Y*)

commutes.

Proof The image of the map ix X iy contains all points of Xt x Y+
except for those of the form (z,0c0y) for some z in Xt or (cox,y) for
some y in Y. Thus the complement of (ix x iy )(X xY)in Xt xY ™ is
a subspace homeomorphic to X+ VY T; the basepoint co of Xt VYT is
(0ox,00y). If j denotes the inclusion of X VY™ into Xt x Y+, then
Corollary 2.7.17 yields the exact sequence

K (Xt x YH) — =K (Xt vy ) —2 >

KO(X x V) —= KO(X* x Y) ——= KO(X+ v V).

Suppose that S is an element of GL(n, C(X* VY ™)) for some natural
number n. Let Sx+ and Sy+ be the restrictions of S to GL(n,C(X ™))
and GL(n, C(Y 1)) respectively and define S in GL(n, C(X+ x Y1) by
the formula

S(@,y) = Sx+(x)Sx+(00)Sy+(y)

for all (z,y) in X* x Y*. Then S restricts to S and therefore the
homomorphism j* : KH(X*xY+) — KH(XTVY™) is surjective. Thus
the connecting map 0 is zero and we obtain the short exact sequence

00— KX x V) —=KO(X+ x Y) — = KO(X+ Vv YH)

Let ¢y : Xt VYT — Y+ be the function that collapses all of X to
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the basepoint of Xt V Y+ and similarly define 9x : Xt vY+t — X+,
Theorem 2.2.10 gives us an isomorphism
Wi+ KUXT VYT Yo KO(YT) — KO(XT vy )

that maps the subgroup of K°(Y *) generated by trivial bundles to the
subgroup of K?(X*VY™*) generated by trivial bundles. We also have an
isomorphism ¢* : KY(X*) — K% X v Y+ Y*) from Theorem 2.2.14
and Proposition 2.5.3, and these combine to give us the isomorphism

Uk + vy KX T e K'Yt — KO(xt vyt
If jx and jy denote the inclusions of X and Y"‘Nrespectiveily into
XTVYT, then (j% @43) (¥ +93%) is the identity on KO(X ) e K (Y™T)
and hence

J et R VY ) — RO e R
is also an isomorphism. N
__ Take elements [E]—[I;] and [F]—[[}] in K°(X) = K%(X ") and K°(Y) =
K°(Y™) respectively; we may assume by Proposition 2.5.6 that E(cox) =
I, and that F(coy) = I;. Then ([E]—[Ix])®([F] —[[;]) is in K°(X T xYT)

and j*(([E] — [1x]) ® ([F] = [£;])) is an element of K%(XT VY ™), and
Jic (3 (6~ [0 B (F] — 1)) = (ELX*] — (1) 8 ({1~ (1) =0
Jy (j*(([E] — [L]) ®([F] - [Il]))) = ([Ix] = L) B (FY*] = [1]) = 0.

Therefore the image of ([E] — [I]) X ([F] — [[}]) in K%(XT VY ™) is zero,
whence ([E]—[I;])X([F]—[1;]) is an element of K°(X xY’), as desired. The
diagram in the statement of the proposition commutes by construction
and uniqueness of the homomorphism follows from the injectivity of ¢.

O

Corollary 3.3.7 Let (X, A) and (Y, B) be compact pairs. Then there
exists a unique group homomorphism

KX, A) @ K*(Y,B) — K (X x Y, (X x B)U (A xY))
such that the diagram
K(X,A) x K%Y, B) ——=K°(X x Y, (X x B)U (A xY))

T i

K°(X) x KO(Y) KO(X xY)
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commutes.
Proof The existence and uniqueness of the desired homomorphism follow

immediately from Theorem 2.2.14, Proposition 2.5.3, Theorem 3.3.6, and
the homeomorphism

(X x Y)\((X x B)U (A4 x Y)) ~ (X\A) x (Y\B).
An easy check verifies the commutativity of the diagram. |
Corollary 3.3.8 Let X be compact Hausdorff and suppose that A and

A’ are closed subspaces of X. Then there erxists a unique group homo-
morphism

K(X,4) o KX, 4") — KX, AU A

that makes the diagram

KO(X, A) @ KO(Y, A) KO(X, AU A')
Ky ®pT I
K%(X) © K°(X) = KO(X)

commute.
Proof Take X =Y in Corollary 3.3.7 and compose external multiplica-
tion with the diagonal map
A:(X,AUud) — (X x X,(XUA)U(AUX)).
|

Before leaving this section, we use external multiplication to define
some isomorphisms that are closely related to the Bott periodicity iso-
morphism.

Proposition 3.3.9 For every compact Hausdorff space X, external mul-
tiplication by

= [(Z\/% ZW) ,diag(l,())} — [1,1]

in KY(B2,SY) defines an isomorphism K°(X) 2 K°(X x B2 X x S1).

T
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Proof If E is an idempotent in M(n, C(X)), then the Bott periodicity
isomorphism maps [E] to [I,, — E+Ez] in K1(8'X) = K1(X x (S*\{1}).

Let j be the inclusion of X into X x B? as X x {1} and let v :
X x B2 — X be the projection map onto the first factor. Then 17 is the
identity on X, and the contractibility of B2 implies that j is homotopic
to the identity map on X x B2. Therefore j* : KP(X x B?) — KP(X)
is an isomorphism for p = 0, —1, and Theorems 2.2.10 and 2.3.15 imply
that the K-theory of X x (B2\{1}) is trivial. Thus an application of
Corollary 2.7.19 to the compact pair (X x (B?\{1}), X x (S'\{1})) yields
an isomorphism

9 KX x (SN\{1})) — KO(X x (B2\{1}), X x (S"\{1})).

The matrix

T I,—E+Ez —Ey/1—|z?
~\Ey/1—[22 I,-E+Ez

in GL(2n, C(X x (B*\{1}))) restricts to diag(l,, —E+Ez, I, —E+Ez71)

on X x (S1\{1}), and the formula for the connecting map 9 in Theorem
2.6.16 gives us

O[I,— E + Ez] = [T diag(I,,0,) T, diag(I,,0,)] — [In, I,)]

I, —E+E|z]? Ezy/1—]z]2 .
= d In7 n)| — Inv-[n .
(hyioir el ) anstrnon] - nt

By Corollary 2.2.15, there exists a group isomorphism
K°(X x (B\{1}), X x (S"\{1}) 2 K°(X x B*, X x §")),

and the expression for d[I,, — E+4 Ez] does not change under this isomor-
phism. Therefore the map

defines a isomorphism from K%(X) to K°(X x B?, X x S'). On the other
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hand, from Lemma 1.7.3 we have

[ E|z|? Ezy/1— |2|? .
diag(I,, 0y,
_(Ez\/1—|z|2 E(L— |of2) ) 18 0n) | +

[diag(In - ann)adiag(In - Ea On)] - ([E’ E] + [In - Ev In - E])

[ (I, — E+E|z|> Ezy/1-— |22\ ..
= d In; n - Ina-[na
(brtre S ) amscrn00] - s

whence the proposition follows. |

[E] X

Corollary 3.3.10 Let (X, A) be a compact pair and let b be the element
of KY(B?, S') defined in Proposition 3.3.9. Then external multiplication
by b defines an isomorphism

K°(X,A) 2 K°(X x B, (X x S') U (A x B?)).

Proof Consider the commutative diagram

KO(X, A) K%(X x B?, (X x SY) U (A x B?))

KO((X\A)+) —ZP o KO((X\A)* x B, (X\A)* x §')

KO({o0}) — 2> K°({oo} x B2, {o0} x ).

The first column is exact by Theorem 2.2.14 and Proposition 2.5.3. Note
that the homomorphism

7K ((XN\A)T x (BA\SY)) — K" ({00} x (B*\S))
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induced by inclusion has a splitting. Therefore Theorem 2.6.11 and the
isomorphisms
K°((X\4) x (B*\S")) 2 K°(X x B (X x S')U (4 x B?))
KO(X\A)* x (BX\8") 2K ((X\A)" x B> (X\A)" x 5")
K°({oo} x (B*\S")) 2 K°({oo} x B2, {oo} x S*)

from Theorem 2.2.14 imply that the second column is exact as well. The
corollary then follows from Proposition 1.8.9. |

Corollary 3.3.11 Let b be the element of K°(R?) from Example 2.8.1.
Then for every locally compact Hausdorff space X, external multiplica-
tion by b defines an isomorphism from K°(X) to K°(X x R?).

Proof If we identify K°(B?, S1) with K°(B?\S?!), then the isomorphism
¢* from Example 2.8.1 maps b to b. Therefore the corollary for X com-
pact follows directly from Proposition 3.3.9. If X is locally compact but
not compact, Proposition 1.8.9 and the commutativity of the diagram

K°({oo})

Xb Xb

0

KY(X)

KO(X)

0 —= KO(X x R?) — = KO(X* x R?) —= K°({o0} x R?)

yield the desired result. |

Corollary 3.3.12 For every natural number n, the group K°(R?") is
generated by the element b™.

Proof Take X to be a point in Corollary 3.3.11 and induct on n. |

We now compute a nontrivial example of the ring structure on K.

Example 3.3.13 We can use Corollary 3.3.8 to compute the ring struc-
ture of KO(S™) when n is even (Example 5.3.4 tells us that KO(S™) 2 Z
when n is odd). Write n = 2m, and for each closed subset A of S*™, let
k(A) be the kernel of the homomorphism K°(S*™) — KY(A) induced
by inclusion. If we denote the product defined in Corollary 3.3.8 by a
dot, then that corollary implies that k(A) - k(B) C k(AU B) for any two
closed subsets A and B of S*™.

View S®™ as the one-point compactification of R®™. Ezample 2.8.1
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and Corollary 3.3.12 imply that K°(S?™) is generated as a group by
[©1(S?™)] and b™. We know from Ezample 3.3.4 that [©'(S*™)] gen-
erates a subring of K°(S?™) isomorphic to Z. To determine the rest
of the ring structure of K°(S*™), let N and S be the closed northern
and southern hemispheres of S>™. Both N and S are contractible, and
Corollary 2.1.8 implies that K°(N) and K°(S) are each generated by
trivial bundles. Thus the element b™ of K°(S?™) restricts to elements
of both k(N) and k(S). But

k(N)-k(S) C k(N US) = k(5*™) =0,

whence b™ - b™ = 0.

To give a succinct description of the ring K°(S?™), let Z[t] denote the
ring of polynomials in the indeterminate t that have integer coefficients,
and let (2 — 1) be the ideal of Z[t] generated by t> — 1. Then we have a
ring isomorphism

KO(SQm) o~

We end this section by showing how the external tensor product can
be used to compute the K-theory groups of a product space, at least
when the spaces are sufficiently nice.

Definition 3.3.14 Let X be a locally compact Hausdorff space. A col-
lection A of subsets of X is called a closed adapted cover if it has the
following properties:

(i) each set in A is closed;
(ii) the union of the sets in A is X;
(iii) the intersection of any finite number of sets in A is either empty
or the product of a compact contractible space with some finite
number of copies of R.

We say that X is of finite type if X admits a closed adapted cover.

Obviously R™ is of finite type for every natural number n. Compact
smooth manifolds (see Chapter 4) are of finite type, and the product of
spaces of finite type is also of finite type.

Proposition 3.3.15 (Kiinneth theorem) Let X be a locally com-
pact Hausdorff space of finite type and suppose Y is any locally compact
Hausdorff space such that K°(Y) and K1 (Y) are free abelian groups.
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Then there exist natural group isomorphisms

KX xY) 2 (KYX)oK'(Y)) @ (K'(X) @ K(Y))
KX xY)=(K(X)oK!(Y)) & KX)o K (Y)).

Proof We prove the first isomorphism; the second isomorphism follows
immediately from the first one and Theorem 2.6.13. Let 7o : K°(X) ®
K°(Y) — K% X x Y) be the external multiplication map, and define
yo1 : KN X) @ KHY) — KX x Y) to be the composition

KYX)oKY(Y)2K)(X xR) @K (Y xR) —
KX xRxY xR) — KX xY xR?) 2 KX x Y);

the first isomorphism comes from Theorem 2.6.13, the second map is 7y
applied to X xR and Y xR, the next isomorphism is the one induced by
swapping the last two factors, and the final isomorphism is the inverse
of external multiplication by the element b from Corollary 3.3.11. We
will prove that 7y @ y_1 is an isomorphism by using induction on the
number of sets in a closed adapted cover of X.

Suppose that X = Z x R?* for some compact contractible space Z
and some natural number &, and let Y be any locally compact Hausdorff
space. The contractibility of Z implies that we have isomorphisms
K%(Z x R?) = KO(R?) and K°(Z x R?* x V) = K(R?! x Y), and
k applications of Corollary 3.3.11 yield that 7y is an isomorphism. On
the other hand, Example 2.8.1 and Theorem 2.6.13 give us

K—l(Z % R2k) ~ KO(Z % R?k-‘rl) ~ KO(R2k+1) — 07

whence y_1 is the zero map. Therefore vy 6 y—;1 is an isomorphism.

Now suppose that the theorem is true for n. Choose a closed adapted
cover A = {41, As,...,Ap, Any1} of X and set A = AoUA3U---UA, U
An41. Proposition 3.2.7 and Theorems 2.6.13, 2.7.15, and 3.1.2 imply
that we have an exact sequence

(K°(A1) @ K°(4)) ® KOY) ——= K (A4 nA) o K(Y) ——
KO(X) ® KO(Y) —2— (K°(4; x R) @ K°(A x R)) ® K°(Y)

——>K°((4; N A) x R) @ KO(Y).
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Similarly, the sequence

(K1(4)) @ K1 (A4) @ KH(Y)

K1(A, N A)@KL(Y)

17}

KY(X)K'(Y) (KA xR) @ K1 (AxR)) @ KN(Y)

— =K ((A1 NA) x ]R) R K(Y)
is exact. For each closed subspace Aof X , set
K#(A) @ K#(Y) = (K°(A) @ K°(Y)) @ (K (4) @ K (V).

Then Theorem 3.1.2 and the exactness of the two sequences above imply
that the diagram

(K#(Al) ©® K#(A)) o KO(Al xY)
® YoDY-1 ®
K#(Y) KO(A xY)

YoDv-1

K# (A1 N A) @ K#(Y) K°((A1NA) xY)

YoBv-1

K#(X) @ K#(V) KO(X x Y)

(K#(A; x R) @ K#(A x R))] . K°(A; x RxY)

by @
K#(Y) K'(AxRxY)
YoBv-1 0
K#(A; N A) @ K#(Y) K°((A1NA) xY)
YoDv-1

K#(X) @ K#(Y) K°(X x Y)

has exact columns, and the commutativy of the diagram is due to the
naturality of all the maps involved. The desired result follows from
Proposition 1.8.10 and the principle of mathematical induction. |



130 Additional structure
3.4 An alternate picture of relative K°

In this section we consider another way to define the relative version of
K°. This alternate picture is especially helpful when considering prod-
ucts and will play a crucial role in our proof of the Thom isomorphism
theorem later in the chapter.

Definition 3.4.1 For every compact pair (X, A), define the set

V(X,A) ={(V,W,0) : V and W are vector bundles over X
and o is a bundle isomorphism from V|A to W|A}.

Triples (V,W, o) and (‘N/, W, o) in V(X, A) are isomorphic if there exist
bundle isomorphisms v : V. — V and w : W — W with the property
that the diagram

VIA—"—=W|A

lM

WA

v|A

c

V|A

commutes. In this case, we say that v and w implement the isomorphism.

Definition 3.4.2 For every compact pair (X, A), let Vect(X, A) denote
the set of isomorphism classes of elements of B(X, A). The isomorphism
class of (V,W,o) in Vect(X, A) is denoted [V, W, o].

Proposition 3.4.3 Let (X, A) be a compact pair. Then Vect(X, A) is
an abelian monoid.

Proof Given elements [Vi, W7, 01] and [Va, Wa, 09] in Vect(X, A), define
[‘/la Wl) 0'1} + [V27 W2a 02] = [‘/1 &® V27 Wl @ W2701 b 02]~
Supposgvthat the trip}es N(Vl’ Wi,01) and (Va, W, 02) are isomorphic

to (‘71,W1,51) and (Vo, Wy, 05) respectively. Then for i = 1,2, there
exist bundle isomorphisms v; : V; — V; and w; : W; — W, with the
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property that the diagram

VilA —"=W;|A

‘Z|AL>,V[V/¢|A

commutes. Then v; ® 1o and w; ® wy are bundle isomorphisms that
make the diagram

o102

(Vi@ V2)lA (W1 @ W2)[A
(ror2)|A (w1Bw2)|A

~ ~ 1B —~ —~

(Vi & Vo)|[A——— (W) @ W,)|A

commute, and therefore the addition of elements of Vect(X, A) does not
depend upon the choice of representative for each isomorphism class.
The class [0,0,id] is the additive identity in Vect(X, A), and addition
is commutative and associative because the internal Whitney sum of
vector bundles has these properties up to isomorphism. O

The reader might surmise that we next take the Grothendieck com-
pletion of Vect(X, A), but that does not give us the abelian group we
want. Instead, we proceed in a different way.

Definition 3.4.4 Let (X, A) be a compact pair. We declare an element
of Vect(X, A) to be trivial if it can be written in the form [V, V,id], where
V is a vector bundle over X and id is the identity map on V|A. The set
of trivial elements of Vect(X, A) form a submonoid denoted Triv(X, A).

Lemma 3.4.5 Let (X, A) be a compact pair, let V be a vector bundle
over X, and suppose o : VIA — V|A is homotopic through bundle
isomorphisms to the identity map on V|A. Then there exists an element
(W, W,id] of Triv(X, A) with the property that [V,V,o] + [W,W,id] is
trivial.

Proof Tmbed V into a trivial bundle ©"(X), choose a Hermitian metric
on ©"(X), and let V+ be the orthogonal complement bundle of V in
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©™(X). Then
V,V,ol+ [VEVviid=[VeVviVveVvioeid,

and o @id can be homotoped through bundle isomorphisms to the iden-
tity map on (V @ V4)|A. Identify V @ V1 with ©"(X) and let & be the
bundle isomorphism on ©"(A) = ©™(X)|A that corresponds to o ®id. If
we choose a basis for C", then & determines a matrix S in GL(n, C'(A))o.
By Proposition 1.3.16 there exists a matrix Sin GL(n,C(X))o such that
S\A S, and S determines a bundle isomorphism & from 0" (X) to itself.
This gives us the commutative diagram

0"(4) —Z— on(A)

e"(4),
and therefore [O"(X),0"(X),5] = [V VLV @ VYo @id] is in
Triv(X, A). O

Definition 3.4.6 Let (X, A) be a compact pair. For any two elements
Vi, Wy,01] and [V, Wa, 03] of Vect(X, A), define

offdiag(cy,02) = <£1 o(’)2> .

Lemma 3.4.7 Let (X, A) be a compact pair and suppose that [Vi, Wy, o]
and [Va, Wa, 02] are elements of Vect(X, A). Then

[‘/1, W1,0'1] + [VQ,WQ,O’Q] = [Vi D VQ,WQ D Wl,oﬂ?diag(al, 7(72)].

Proof From the definition of addition on Vect(X, A), we have
Vi, W, 01] + [Va, Wa, 00] = [V1 & Vo, W1 & Wa, 01 & 09).

Define v : Wy @ Wy — Wy @ W1 as vy(wy,w2) = (—wa,wy). The map
7 is a bundle isomorphism, and the diagram

o102

(Vi@ Vy)|A (W1 © Wy)|A

(V1 & Vo)|A ——— (W @ W7)[A
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commutes, where offdiag(cy, —o3) is the bottom arrow in the diagram.
Therefore

(Vi@ Vi, Wy @ Wa, 01 @ 02) = (Vi @ Vo, Wy @ Wy, offdiag(o1, —02)).
]
Lemma 3.4.8 Let (X, A) be a compact pair, let V and W be vector
bundles over X, and suppose that o : V|A — W|A is a bundle isomor-

phism. Then the matriz offdiag(c, —o 1) is homotopic through bundle
isomorphisms on (V & W)|A to the identity map.

Proof The product

id —tot id 0 id —to !
0 id to id 0 id

produces such a homotopy. O

Proposition 3.4.9 For every compact pair (X, A), the quotient monoid
Vect(X, A)/ Triv(X, A) is an abelian group, and [W,V,c=1] is the in-
verse of [V, W, o] for every element [V, W, o] of Vect(X, A)/ Triv(X, A).

Proof Because elements of a monoid do not necessarily have inverses,
we must be careful in defining the quotient monoid. In our case, ele-
ments [Vi, W1, 01] and [Va, Wa, 03] of Vect(X, A) are in the same coset
of Triv(X, A) if and only if there exist vector bundles V' and W’ over
X such that

[Vla Wl7 Ul] + [VI, V/a ld} = [‘/25 W27 02] + [W/7 W/7 ld]
Take [V, W, 0] in Vect(X, A). Lemma 3.4.7 implies that
V. W,0]+ W, V,0~'] = [V & W,V & W, offdiag(c, o).

Lemmas 3.4.5 and 3.4.8 imply that we can add an element of Triv(X, A)
to [V,W, o] + [W,V,0~!] and obtain an element of Triv(X, A), which
yields the proposition. |
Definition 3.4.10 For each compact pair (X, A), set

L(X,A) = Vect(X, A)/ Triv(X, A).

We will abuse notation and let [V, W, o] denote both an element of
Vect(X, A) and the coset it defines in K°(X, A).



134 Additional structure

Proposition 3.4.11 Let (X, A) be a compact pair, let [V,W,oq] and
[V,W,01] be elements of L(X, A), and suppose that oy and o1 are homo-
topic through bundle isomorphisms from V| A to W|A. Then [V, W, o¢] =
[V,W,01] in L(X, A).

Proof From Lemma 3.4.7 and Proposition 3.4.9, we have

[V, W, 0] = [V.W.on] = [V, W, 0] + [W, V07 ']
= [V e W,V aW,offdiag(—a; ', 00)].
Choose a homotopy {o:} of bundle isomorphisms from o to 1. Then
offdiag(—oy !, 04) is a homotopy of bundle isomorphisms. Concatenate

this homotopy with the one from Lemma 3.4.8; the result then follows
from Lemma 3.4.5 and the definition of L(X, A). U

Proposition 3.4.12 Let (X, A) be a compact pair. Then every element
of L(X,A) can be written in the form [V,0"(X),o] for some vector
bundle V' and some natural number n.

Proof Suppose X has components X1, Xo, ..., X;, and suppose for each
1 < k < I, we have an element [Vj, O™ (X}),0k] of L(Xk, AN X).
Choose n to be larger than any of the ngs. Then

Vi, " (X), 01] =
Vi, @™ (Xg), 0] + [O" ™ (Xg), O™ ™ (Xg),id |[(A N Xi)]
=[Vi @ O" " (X}), 0" (Xi)o @ id |(AN X))
for each 1 < k < [. Collectively these elements determine an element of
L(X,A). Therefore we may assume for the rest of the proof that X is
connected.

Take [V,W, o] in L(X,A). Imbed W into a trivial bundle 0" (X),
equip ©"(X) with a Hermitian metric, and let W+ be the orthogonal
complement of W in ©"(X). Then

V. W.o] = [V, W.o] + W W, id]
=Vewtwaewt soid],

and the desired result follows by identifying W @ W+ with ©7(X). O
Proposition 3.4.13 The assignment (X, A) — L(X, A) is a contravari-

ant functor from the category of compact pairs to the category of abelian
groups.
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Proof Suppose that ¢ : (Y,B) — (X, A) is a morphism of com-
pact pairs and let [V, W, o] be an element of L(X,A). Define ¢*o :
(¢*V)|A — (¢*W)|A by the formula (¢*0)(a,v) = (¢(a),o(v)). Then
[0*V, *W, ¢*o] is an element of Vect(Y, B).

Suppose that (V, W, o) is isomorphic to (V/, W', o’). Then there exist
isomorphisms v : V — V' and w : W — W’ that make the diagram

* ¢7o *
(@*V)|B —— (¢"W)|B
(¢™v)|B (¢"w)IB

(¢"V")|B —22

(¢"W")|B

commute. Thus ¢* determines a well defined map from Vect(X, A) to
Vect(Y, B). The fact that ¢* distributes across internal Whitney sum im-
plies that ¢* is a monoid homomorphism and that ¢* maps Triv(X, A)
to Triv(Y, B). Therefore ¢* : L(X,A) — L(Y,B) is a group homo-
morphism, and the reader can easily verify that the axioms of a con-
travariant functor are satisfied. |

Lemma 3.4.14 For every pointed space (X, ), there exists a natural
isomorphism from L(X,zg) to K°(X,x).

Proof Let j denote the inclusion of zy into X. We begin by constructing
a homomorphism v that makes the sequence

L(X, 0) — > KO(X) — > KO(zy)

0

exact. Define ¢ by the formula [V, W, o] = [V] — [W]. If (V4,W7,01) is
isomorphic to (Va, Ws, 03), then there exist isomorphisms v and w from
V1 to Vo and Wy to W5 respectively, and thus

Y[Vi, Wi, o1] = [Vi] = [Wh] = [Vo] — [Wa] = ¢[Vo, Wa, 04].

We have ¢[V, V,id] = 0 for every vector bundle V over X, and thus ¢ is
well defined. The definition of ¥ immediately implies that it is a group
homomorphism and that j*i» = 0. On the other hand, suppose that
7*([V] = [W]) = 0 in K%zo). The fibers of V and W over the point
ro must have the same dimension, and therefore there exists a bundle
isomorphism o from V|{zo} to W|{zo}. Thus ¢[V,W,o] = [V] — [W],
and hence our sequence is exact at K°(X).
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To show exactness at L(X, zo), suppose that
YlV,W,ol =[V] - [W] =0

in K°(X). Then there exists a vector bundle V and an isomorphism
v: Ve V ——>WaV. By imbedding V & V in a trivial bundle and
replacing V by V @ (V & V)1, we may assume that V@&V and W & V
are trivial bundles of some rank n. Fix isomorphisms V & V = ©"(X)
and W & V = ©"(X); then ~ determines an element in GL(n, C(X)).
We have the isomorphism

c@id: (Ve V)|{z} — WaV)|{z},
and hence an isomorphism
ao = (Y@} (e @id)™" : (W @ V) {zo} — (W @ V) [{zo}.

Restrict the isomorphism W & V = ©"(X) to {20} and write ag as an
element of GL(n,C). Proposition 1.3.11 states that ag is an element of
GL(n,C)g, and Proposition 1.3.16 allows us to extend «q to an element
of GL(n,C(X)), which in turn gives us a bundle isomorphism « from

W eV toW & V. We have the commutative diagram
~ o®did ~

Ve V){zo} ———= (W a V){zo}

TH{@o} al{zo}

WeV){z} ——= W a V)[{zo},
and therefore
[V, W,0] = [V,W,0] + [V, V,id] =
VoV.WaV,ecoid=WaoV,WaeVid =0
in L(X, o).

We also have a commutative diagram

0

L(X, .’Eo)

0 —— KO(X, 29) — > KO(X) —— K(z0)

with exact rows, and Proposition 1.8.9 implies that the assignment
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[V, W, o] — [V]—[W] is well defined and is an isomorphism from L(X, z¢)
to K%(X,xp). Finally, this isomorphism is natural because the other
maps in the diagram are natural. Ul

Theorem 3.4.15 There exists a natural isomorphism x : L(X, A) —
KO(X, A) for every compact pair (X, A).

Proof Let [V,W, o] be an element of L(X, A) and form the clutched
bundle V U, W over D(X, A). Let ¢ : D(X, A) — X be the map that
identifies the two copies of X in D(X, A). Then the short exact sequence

*

Hy

K(X,A) ——=K°(D(X, A))

KY(X)

e
that defines K°(X, A) is split exact, and we use Proposition 1.8.7 to
define

X[V, W,o] = [V Us W] = 4" ui[V Ug W]

for every element [V, W, o] of L(X, A).
Suppose that (V,VV,U)V% (V,W,5) and choose isomorphisms v :
V — Vand w: W — W so that the diagram

V|A —7 5 W|A
v|A w]A
ViA—2— WA
commutes. Then v and w define a bundle ismorphism

vUyw: VU, W — VUs W

with inverse v~! U, w™!. Thus [V U, W] = [V Us W] in K(D(X, A)),
and so x does not depend on the isomorphism class of (V, W, ¢). Second,
for each vector bundle V over X we see that ¥*V = V Uiq V, whence
X[V, V,id] = 0. Therefore x is well defined. Furthermore, let [V, W, 0]
and [V, W, 5] be arbitrary elements of L(X, A). Then

(VeV)Ues (WaW) = (VU, V)a (WU, W),

which implies that x is a homomorphism.
Suppose that ¢ : (Y, B) — (X, A) is a morphism of compact pairs
and take [V,W,o] in L(X,A). From the definitions of pullback and
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clutching we find that ¢*(V U, W) is isomorphic to (¢*V') Uge (¢*W),
which implies that the diagram

L(X,A) —X > KO(X, A)

@ "

L(Y, B) —~—=K°(Y, B)

commutes, and therefore x is a natural transformation.
Let q : (X,A) — ((X\A)",00) be the quotient morphism. Using

Proposition 2.5.3 to identify the reduced group K°((X\A)*,oc) with
the relative group K°((X\A)™,00), we obtain a commutative diagram

L((X\A)T, 00) ——=K((X\A)*, c0)

* *

q q

L(X,A) ——>K°(X, A).

The homomorphisms on the top and right of the diagram are isomor-
phisms, and therefore yq* is also an isomorphism, whence x is surjective.
To show that y is injective, suppose that x[V, W, o] = 0 in K°(X, A).
Then [V U, W] = ¢¥*u;i[V U, W] in K°(D(X, A)), and therefore there
exists a vector bundle W over D(X, A) such that

VU, W)W (VU V) W.
Distributing W, we have a bundle isomorphism
v (V@/W) Uosaid (W@W\) — (VEBT//V\) Uid @ id (V@/W)-

Let 77 and 7, be the restrictions of 7 to the two copies of X in D(X, A).
The compatibility of v with the clutching maps implies that the diagram

— o®id —~
VaW)A—— (W o WA

71lA 72|A

o®did

(VaW)A——— (VaW)A
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commutes. Therefore
VeW,WeW,caid =[VaeW,VeW,idasid
[V.W, o]+ [W,W,id] = [V, V,0] + [W,W,id]
[V.W, o] = [V, V,id],

and so [V, W, o] =0 in K°(X, A), as desired. O

In light of Theorem 3.4.15, we will use the notation K°(X, A) for both
our original K°(X, A) and also for L(X, A); the reader should be able to
tell from the context which picture of relative K-theory we are using.

We record a special case of Theorem 3.4.15 that we will need later in
the chapter.

Proposition 3.4.16 Let b be the element of K°(B2,SY) constructed in

Proposition 3.3.9. Then x[0'(B?),0'(B?),2] = b.

Proof We maintain the notation of Theorem 3.4.15. Every vector bundle
over B? is trivial, which implies that

x[0'(B*),0'(B%),2] = [0'(B*) U, ©'(B?)] — ¢"111[0"(B?) U. ©'(B?)]
=[0'(B*) U. ©'(B?)] - [1,1].

Take one copy of B? to be the closed unit disk in C and take a second
copy of B? to be (homeomorphic to) the complement of the open unit
disk in the one-point compactification C* of C. Then ©'(B?)U, ©1(B?)
is a vector bundle over CT = D(B? S!). Extend

|22 zy/1— |22
ZV/1— 212 1|22

to an idempotent E over all of CT by setting it equal to diag(1,0) outside
of the unit disk. Inside the unit disk, the range of E at a point z is the
span of the vector (z,4/1 —|z|?), and the definition of clutching then
implies that

RanE = 0'(B?) U, ©'(B?),
which yields the desired result. Ul
Theorem 3.4.17 Let (X, A) and (Y, B) be compact pairs and suppose

that [Vo,Vi,a] and [Wo, W1, 3] are elements of L(X,A) and L(Y, B)
respectively. Choose bundle homomorphisms & and (3 so that @|A = «
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and §|B = 0, equip the vector bundles VbLVl, Wy, and W1 with Hermi-
tian metrics, and let a* : Vi — Vi and 8* : W, — Wy be the adjoint

maps. Define
(@RI —IRp*
T \Ixp awmr )

[V07 Vlaa] X [W07 Wla/B] =
[(Vo R Wo) & (Vi RWY), (Vi R Wo) & (Vo B W), 7]

Then

s a formula for the external product

L(X,A) ® L(Y,B) — L(X x Y, (X x B)U (A xY)).

Proof Proposition 1.5.19 guarantees the existence of o and B To show
that  is an isomorphism when restricted to (X x B)U(AxY'), first note
that if (z,y) is a point in X x Y and that V(z,y) V() 15 an isomorphism
from (V1) X (W), to itself, then v, ,y is surjective. Moreover, because
(V1)e ® (Wy), is finite-dimensional, the vector space homomorphism
Y(a,y) is an isomorphism. Because

. (@aRI+IRES, 0
V) Vw,y) = 0 Ao, NI+ 1XEB,6 )

we see that v(; ) is an isomorphism precisely when a,a; X1+ T X B;‘ Ey
and aya, X1+ 1K 3,6, are both isomorphisms.

Suppose that (a,a; X1+ 1K G;B)w = 0 for some w in (Vy), X (W),
Then

0= ((@a; R+ KB Bw,w)
= (0% B Nw, w) + (I K B} f)w, w)
= (@ M w, (@ B Nw) + (I K B,)w, (I ¥ By)w).

Both summands are nonnegative and Definition 1.1.1 implies that both
(e ¥ w and (I X ﬁy)w are zero. The homomorphism I X By is an
1sornorphlsm when y is in B, and Proposition 1.1.9 implies that (a} X I)
is an isomorphism when z is in A. Therefore a,al X1+ 1 X B;Ey is
an isomorphism when restricted to (X x B) U (A x Y), and a similar
argument shows that the same is true of afa, X1+ I X By/g’; Hence

(Vo X Wo) & (Vi )W), (Vi R Wo) @& (Vo K Wh), 7]
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is an element of L(X x Y, (X x B) U (A x Y)), and the uniquess of the
external product completes the proof. 0

3.5 The exterior algebra

To prove many of the main results of this chaper, we need a vector bundle
construction called the exterior product. As with the tensor product, we
begin with vector spaces.

Definition 3.5.1 Let V be a vector space, define ®0 Y = C, and for
each positive integer k, define ®k V to be the tensor product of k copies
of V. The tensor algebra of V is the set

T(V) = P (@kv) .

k

e
=0

The tensor algebra is an algebra with unit; the scalar multiplication and
addition come from the corresponding operations on each ®k V, tensor
product serves as the multiplication, and 1 is the multiplicative identity.

We are primarily interested not in 7 (V), but a quotient algebra of it.

Definition 3.5.2 Let V be a vector space and let J(V) be the ideal in
T (V) generated by all simple tensors of the form v ® v; i.e.,

IV ={roveveu:T,ucTV),veV}

The exterior algebra of V is the quotient algebra

AWV =TWV)/TV).

The binary operation A in \(V) is called the exterior product or wedge
product. For each nonnegative integer k, we let /\k(V) be the image of
Q" V in A(V) and say that elements of \*(V) have degree k. We also
set

/\even(v) _ @ /\k(V)

k even

AV = P A W)

k odd

Finally, for each simple tensor v1 ® v9 ® -+ ® v, we denote its image
in A(V) by vy Ava A--- Awvg and call such an element a simple wedge.
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Proposition 3.5.3 Let V be a vector space. For all complex numbers A
and elements w, @, ¢ and ¢ in \(V):
() W+ AC=wAC+OAC;
(i) WA+ =wAl+wA(;
(iil) M) AC=wA (X)) = AMw A Q).

In addition, simple wedges v1 N vy A -+ AN vk equal zero if vy,va, ..., Uk
are not distinct, or, more generally, when wvi,vs,...,vr are linearly
dependent.

Proof Apply Definitions 3.2.5 and 3.5.2. O

Note that Proposition 3.5.3 implies that A" (V) = 0 whenever n is
greater than the rank of V.

Proposition 3.5.4 Let V be a vector space, let k and | be nonnegative
integers, and suppose that w and ¢ are in \*(V) and N (V) respectively.
Then ( Aw = (—1)Mw A .

Proof Using Proposition 3.5.3 and induction, we need only show that
wAv=—vAw for all v and w in V, which follows from the equations

0=@w+w)A (v+w)
=vANv+vANwF+wAv+wAw
=vAw+wAw.

O

Proposition 3.5.5 Suppose that {e1,es,...,e,} is a basis for a vector
space V. Then for each 1 < k <mn, the set

{eil/\eiz/\~--/\eik Zi1<i2<"'<ik}

is a basis for the vector space /\k(V), and therefore has dimension (:)

Proof Write elements of V in terms of the basis, and observe that
n n n
Zaiei ® Zaiei = Z aZe; @ e; + Z aa(e; ®ej +e; @ e;).
i=1 i=1 i=1 i<j

Elements of J (V) are linear combinations of quantities of the form that
appear on the right-hand side of this equation, which implies that if
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szzl Bijei ®e; is in J(V), we must have ; ; = §;; for all i and j. In
particular, e; ® e; is not in J (V) when ¢ # j.

For k£ > 2, let S; denote the symmetric group. For each o in Sk,
let sign(o) denotes its sign; i.e., we take sign(o) to be 1 if o is an odd
permutation and 0 if o is even. Then a computation shows that if

E : ﬂilgi2,~»~7ikei1 ® Ciy X ® €ip

1<y i, i <n

is in J(V), then

Z (_1)Sign(o)5ia<1)’ia<2)’~~-’ia(k> =0

o€S),
for all k-tuples (i1,42,...,i;). Thus ;, ® e;, ® --- ® e;, is not in J(V)
whenever iq,1o,...,1; are distinct, and therefore the elements of the
exterior algebra that appear in the statement of the proposition are
all nonzero. Clearly such elements span A\"(V); to show that they are
linearly independent, suppose that

Z Qs ig,.in€iy N €ig N -oo Neg, = 0.
i1 <ip <o <ig

Fix a k-tuple (i1,4z,...,4x) of distinct elements and let e;, ..., e;, be
the remaining basis elements of V. By taking the exterior product with
€irs1 AN+ Aeg, on both sides of the above equation, we see that all the
terms except the one we have singled out vanish, and Proposition 3.5.4
gives us

:l:Oéq',l7 61/\62/\"'/\67,,:0,

12,050k

whence «;, i,,...i, = 0. Our choice of k-tuple with distinct elements was
arbitrary, and thus we have linear independence. Finally, we see that
the dimension for A" (V) equals the number of ways to choose k objects
out of n with a prescribed order; i.e., the number of combinations of n
objects taken k at a time. O

The next result shows that the exterior algebra behaves nicely with
respect to direct sums.

Proposition 3.5.6 Let V and W be vector spaces. For each natural
number n, there exists an isomorphism

N'vew = @ AW eANmw).

k+l=n
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Proof Let {ej,ea,...,em} and {f1, fa,..., fn} be bases for ¥V and W
respectively. Then the set

{(61,0)7 (€2a 0)7 RN} (ema O)a (Oa fl)a cey (Oa fm)}
is a basis for V & W, and we define

T((6i17€i27"'761k) ® (fjl?sza"'afjl)) =
(6,‘1,0) A (ei270) ARERRA (eik’o) N (07fj1) A (07fj2) AEarA <O’sz)
for all k-tuples (e;,, €4, ..., ei,) and I-tuples (fj,, fi, ..., f;) with k& +
Il =n. We can extend 7 by linearity, and Example 3.2.8 implies that 7

is an isomorphism. Furthermore, by writing everything out in terms of
the bases, we find that

T((Ul,vg,...,’l)k) ® (w1, wa,...,w)) =

)
(’01,0) A (1)2,0) ARERRA (Ukao) A (val) A (Oaw2) ARERNA (0,11)1)

for all k-tuples (v1,vo,...,vg) and I-tuples (wy,ws, ..., w;) of elements
for ¥V and W respectively, which shows that our isomorphism does not
depend on the choice of bases. O

We next put an inner product on the exterior algebra.

Proposition 3.5.7 Let V be an inner product space. There exists a
unique inner product on \(V) with the following property: given simple
tensors vi Ava A -+ Ao and wy Awa A -+ Awg in A(V), let {{vi, w;)}
denote the k by | matriz whose (i, j) entry is (v;,w;). Then

{0 if k£ 1
(Vi ANug A+ Avg,wy Awa A -+ Awy) =

det{(vi,wj>} kazl
Proof Take {1} to be an orthonormal basis for C = A°(V), fix an
orthonormal basis {e1, ez, ...,em} of V= A'(V), and declare the basis
defined in Proposition 3.5.5 to be orthonormal for each 1 < k < m. We
then obtain an inner product on all of A (V) by decreeing that the vector
subspaces /\k(V) are pairwise orthogonal.

The inner product of any two of the orthonormal basis elements of
A (V) satisfies the desired formula. To show the formula holds in general,
write each element of A (V) as a linear combination of the orthonormal
basis, use Propositions 3.5.3 and 3.5.4 to decompose the inner products
of arbitrary elements of A (V) into linear combinations of inner products
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of the orthonormal basis elements, and repeatedly invoke the following
two properties of the determinant:

(i) the interchange of any two rows of a matrix changes the determi-
nant by a factor of —1;

(i)

/) ! ! /)
Aair +Naj, Aaia+MNajs - Aa, +Naj,
a21 a22 te a2n
det . . . . =
an1 an2 T Ann
/ I /
aip  aiz -0 Qlp ay; Qg 0 Qg
az; Q22 -t 42p , az1 Q22 - A2p
Adet ] . . . + A\ det
an1 an2 e Ann an1 an2 e Ann

The inner product we have constructed is unique because we can write
every element of /\(V) as a unique linear combination of our orthonormal
basis. Ul

We next extend the idea of exterior product to vector bundles.

Definition 3.5.8 Suppose that V and W are vector spaces and that
¢V — W is a linear transformation. Then ¢ extends to a linear map
on A(V) by declaring

(,25(1)1 ANvg A= A Uk) = (25(1)1) A\ (,25(1)2) A A d)(’Uk)

for all simple tensors and extending ¢ linearly to all of N(V).

Construction 3.5.9 Let V be a vector bundle over a compact Hausdor(f
space X, use Proposition 1.7.9 to imbed V' into a trivial bundle ©™(X),
and apply Corollary 1.7.18 to write V.= Ran E and for some idempotent
E:O0"(X) — V in M(n,C(X)). For each integer k, apply the rule in
Definition 3.5.8 to obtain an idempotent

A"(E) : AT(O7(X) — A" (V)

observe that

A(SES™) = A" SN EBA" (S = A" SN E)(A"(5) ™

for every invertible S. Take the standard basis {e1,ea,...,en,€nt1} Of
C" L, use Proposition 3.5.5 to obtain a basis for \*(C"*1), and view
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these basis elements as elements of \*(©" (X)) that are constant in
X. The idempotent

AF (diag(E,0)) : AF(©™(X)) — A" (V)

kills basis elements of \*(O"+1(X)) that end in eni1, and therefore
Lemma 1.7.1 gives us an invertible matriz U with complex entries such
that

A (diag(E, 0)) = U diag(A"(E),0)U~".

We define N*(V) to be the vector bundle Ran \*(E); Proposition 1.7.6
implies that \"(V') is well defined up to isomorphism. We then set

=PA (v
k=0

which makes sense because only a finite number of the vector bundles
A (V) are nonzero. We define N (V) and \°*(V) in a similar
fashion. Finally, if V is a Hermitian vector bundle, we make \(V') into
a Hermitian vector bundle by applying the inner product in Proposition

3.5.7 to each fiber.

We use the exterior product to define an object we will need in sub-
sequent sections.

Definition 3.5.10 Let X be compact Hausdorff and let K°(X)[[t]] de-
note the ring of power series in t with elements of K°(X) as coefficients.
For each vector bundle V over X, define

oo

AV) =D A ()],

k=0

The power series /\, (V') is in fact a polynomial because A" (V) is trivial
for k sufficiently large. As the next propostion shows, these power series
are particularly well behaved with respect to internal Whitney sum.

Proposition 3.5.11 Let V and W be vector spaces over a compact
Hausdorff space. Then \,(Ve W)= N\,(V)® A\, (W).

Proof Proposition 3.5.6 and Construction 3.5.9 imply that

AN'Vew) = P AW W)

k+l=n
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for every nonnegative integer n; the proposition follows by multipying

out A\, (V) @ A(W). U

3.6 Thom isomorphism theorem

Suppose that V is a vector bundle over a compact Hausdorff space X.
Then V is a locally compact Hausdorff space, and we might hope that the
K-theory of V is somehow related to the K-theory of X. For example,
if V.= 0"(X) for some natural number n, then V' is homeomorphic to
X x R?", and the Bott periodicity theorem and Theorem 2.6.13 imply
that there are natural group isomorphisms KP(V) = KP(X) for p =
0,—1. In fact, as we shall show in this chapter, the groups KP(V) and
KP(X) are isomorphic even when V is not trivial. The point of this
section is to prove this result, known as the Thom isomorphism theorem.

Definition 3.6.1 Let V be a Hermitian vector bundle over a compact
Hausdorff space X. We say that V is equipped with a fiberwise norm if:

(i) there exists a continuous function ||-|| from V to [0,00) whose
restriction to each fiber of V is a norm;
(i) there exist constants ¢ and C' such that

cllvlly, < llvll < Clvlly,
forallvinV.
Example 3.6.2 If V is a Hermitian vector bundle over any compact

Hausdorff space, then obviously the Hermitian metric defines a fiberwise
norm on V.

Example 3.6.3 Let V and W be vector bundles over the same com-
pact Hausdorff space, and suppose that V. and W are each equipped with
fiberwise norms ||-||,, and ||-||;, respectively. Then the function |-|| on
Ve W defined by

[[(v, w)| = sup{llvlly , [lwllyy }

s a fiberwise norm on V@& W ; we can take c =1 and C = V2.

There are many other examples, but we shall only need these two.

Definition 3.6.4 Let V be a vector bundle over a compact Hausdorff
space and suppose that V is equipped with a fiberwise norm ||-||. The



148 Additional structure

ball bundle B(V) and the sphere bundle S(V) of V' with respect to |||
are the sets

B(V)={veV:|uv] <1}
S(V)={veV:|v|=1}

Definition 3.6.5 Let V be a vector bundle over a compact Hausdorff
space X, let w be the projection map of V onto X, and suppose that V
1s equipped with a fiberwise norm. We construct a map

K°(X) @ K"(B(V),S(V)) — K(B(V),S(V))
in the following way: define the compact pair morphism
p:(B(V),5(V)) — (X x B(V), X x 5(V))

by the formula p(v) = (w(v),v). Then compose the external multiplica-
tion map

K(X)®KB(V),S(V)) — KX x B(V),X x S(V))
with the homomorphism
p* K%(X x B(V),X x S(V)) — K°(B(V),S(V)).

The function in Definition 3.6.5 makes K°(B(V'), S(V)) into a K°(X)-
module.

There is a related construction involving K*(X) and K1(V); first we
need some preliminary results.

Lemma 3.6.6 Let V' be a vector bundle over a compact Hausdorff space
and suppose that V' is equipped with a fiberwise norm. Then B(V)\S(V)
is homeomorphic to V.

Proof The map ¢ : B(V)\S(V) — V defined as ¢(v) = (1 — ||v||)~"tv
is a homeomorphism. |

Lemma 3.6.7 Let V' be a vector bundle over a compact Hausdorff space
X and suppose that V' is equipped with a fiberwise norm. Then there
exists a natural tsomorphism

K (B(V),5(V)) 2K*(B(V) x S, (B(V) x {1}) U (S(V) x §1)).
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Proof We have homeomorphisms

(B(V) x SH\(B(V) x {1} U (S(V) x §1)) =
(BV)\S(V)) x (S"\{1}) =V x R;

the second homeomorphism comes from Lemma 3.6.6. The result then
follows from Theorem 2.2.14. |

Definition 3.6.8 Let V be a vector bundle over a compact Hausdorff
space X, let w be the projection map of V onto X, and suppose that V
is equipped with a fiberwise norm. We construct a map

K'(X) @K' (B(V),S(V)) — K(B(V),S(V))
in the following way: Theorems 2.3.17 and 2.6.13 yield an isomorphism
KH(X) 2 KX xS, X x{1}). Apply external multiplication to produce
a map
KX x S, X x {1}) @ KY(B(V),S(V)) —
K°(X x S' x B(V),(X x {1} x B(V)) U (X x S' x S(V))).

Identify X x St x B(V) with X x B(V') x S via the obvious homeomor-
phism, let p be as in Definition 3.6.5, and compose with

(pxid)* : KO(X x B(V)x 8", (X x B(V) x {1HU(X x S(V)x ")) —
K°(B(V) x §*,(B(V) x {1} U (S(V) x §1))

to obtain a function

KY(X x 81, X x {1}) @ K*(B(V), S(V)) —
KO (B(V) x S*,(B(V) x {1}) U (S(V) x S1)).
Finally, use Lemma 3.6.7 to make the identification
K (B(V) x S',(B(V) x {1}) U (S(V) x §1)) 2 K(B(V),S(V)).

Suppose that 7 : V' — X is the projection map of a vector bundle.
For each nonnegative integer k, we let A7 denote the projection of the
vector bundle A" (V) to X, and we use Construction 1.5.12 to pull back
/\k(V) to the vector bundle

T (A"(V) = {(v.w) €V x A"(V) s w(v) = (AFm) (w)}

over V. This vector bundle is naturally isomorphic to /\k(7r*V), and for

the sake of notational parsimony, we will use this latter notation for the
bundle.
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Lemma 3.6.9 Let X be a compact Hausdorff space, suppose that V is a
Hermitian vector bundle over X, and let k be a natural number. Define
e: N V) — NTHEV) by setting e(v,w) = (v,0 Aw) for all v in
V and w in /\k(ﬂ'*V). For each element v of V' that appears in a wedge
product, let U indicate omission of v. Then

k+1
e (v,vp A Awug) = v,z:(—l)jJrl (Vj,v1) V1 A= ATF A= AV
j=1

for all simple wedges in \*(V

Proof For all simple wedges in A"(V), and A" (V),, we have
(e(w,v1 Av e Avg), 0 Ao Ay ) =(U AL A+ Avg, UL A AU ).

Let A denote the matrix whose (1, j) entry is (v, v;> for1 <j <k+1land
whose (7, j) entry is {<vi_1,v;->} when 1 <i<k+land1<j<k+1
Next, let A be the matrix obtained from A by removing the first
row and the jth column. Then Definition 1.1.1, Proposition 3.5.7, and
properties of the determinant give us

(e(w,v1 Av e  Avgg), V) A Ay ) = det A
k+1

*Z 1)7+t vv>detA1m)

k+1
—Z 17+ v,v;-><v/\vl/\~-~/\vk+1,v’1/\---/\v’j/\---/\v;€+1>

k41
= <v1 A-~-Avk+1,2(—1)j+1<v;,v>vi /\"'/\U’j/\'--/\v;€+1>,

j=1

from which the desired formula follows. J

Proposition 3.6.10 Let V and W be vector bundles over a compact
Hausdorff space X. There exists a natural bundle isomorphism

A (mhew(Vew) = @ A@pV)RA (x W)
k+l=n

for every nonnegative integer n. Via this isomorphism, the map

€t /\n(ﬂ'\*/@w(v ewW)) — /\n+1(77?/@w(v o W))
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takes the form

e N V)R (w5 W) —
(N @A W) o (A V) RAT (@5 W)
for all k and | summing to n, and
evew =cy K14 (—1)" Rey.

In addition, suppose that V. and W are Hermitian bundles and endow
V @ W with the product Hermitian metric; i.e, ((v1,wr), (ve,ws2)) =
(v1,v2) 4+ (w1, wa). Then

Evow =y K1+ (—1)"Rej,.

Proof By applying Proposition 3.5.6, we obtain a bijection

T @ AN EVIRA (W) — A" (1 ew (Ve W)
k+l=n

that maps fibers to fibers. Local triviality of vector bundles and the
formula for 7 in Proposition 3.5.6 imply that 7 is continuous, and so T
is a bundle isomorphism by Lemma 1.7.8.

To verify the alleged formula for £, we only need to check it on simple
wedges. Take (v,v1 A--- Awvg) and (w,wy A -+~ Awy) in A¥ (73 V) and
/\Z(W;VW) respectively. Then

evewT((V,v1 A Avg) @ (w,wy A+ Awy))

=cvew ((v,w), (v1,0) A -+ A (0g,0) A (0, w1) A--- (0 wy))

= ((v,w), ( ) (v1,0) A=+ A (vg,0) A (0,w1) A (0,w;))
= ((v,w), ((v,0)+(0, w))A (v1,0) A -+ A (vg, 0) A (O, wl)/\ A (0,w))
= ((v,w), (v,0) A (v1,0) A -+ A (vg, 0) A (0, 1) A (0,w;))
+ (=1)*((w, )(vl,O)/\~-~/\(vk,O) (0, w) A (O,wl)/\--~ (0,w)),

whence eygw = ey M1+ (—1)¥Kew. An easy computation shows that
the desired formula for €}, holds as well. O

Proposition 3.6.11 Let V' be a Hermitian vector bundle over a compact
Hausdorff space X and equip V with any fiberwise norm. Then

(A" (@ V), N (7 V) e+ &7)
determines an element Uy of K°(B(V), S(V)).
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Proof The vector bundles above are restricted to B(V), but we omit
that dependence in order to simplify the notation. Local triviality and
our formulas for £ and * imply that both maps are continuous. To
show that € + ¢* is a bundle isomorphism, it suffices to show that its
square is a bundle isomorphism. Proposition 3.5.4 and the definition of
¢ immediately give us €2 = 0, and thus (¢*)? = 0 by Proposition 1.1.9.
Therefore (e + €*)? = ec* + e*e. A straightforward computation then
yields

(e*e+ec)(v,v1 Ava A= Avgyr) = (v, (1, V1) V2 AU A+« A Vkyr)

The vector v is not zero and hence (¢ + £*)? is the identity map times a
strictly positive function on S(V'), implying the conclusion of the propo-
sition. H

Definition 3.6.12 The element Uy constructed in Proposition 3.6.11
is called the Thom class of V.

Lemma 3.6.6 and the following result justify calling Uy the Thom
class of V' and not the Thom class of (B(V), S(V)).

Proposition 3.6.13 Let V be a vector bundle over a compact Hausdorff
space X. For k = 0,1, let Vi, denote V equipped with a Hermitian
structure (-, ), and a fiberwise norm |-||, Then there exists an morphism

¢ from (B(Vh), S(Vo)) to (B(V1),S (V1)) with the properties that
KY(B(V1), S(V1)) — K(B(Vo), S(Vo))

is an isomorphism and that 1*(Uy,) = Uy, in K°(B(Vp), S(V)).

Proof We first consider the case where the Hermitian structure changes
but the fiberwise norm does not, and second the case where the fiberwise
norm changes but the Hermitian structure remains fixed; the general
result follows easily from these two special cases.

In the first case, we have B(Vp) = B(V1) and S(Vp) = S(V1), so we
can take ¢ to be the identity map. For each 0 < ¢ < 1, define a Hermitian
metric on V' by the formula

(0,0"), = (1 —1t) (v, ")y +t{v,0);.

The map ¢ in the definition of the Thom class does not depend on the
Hermitian structure, while £* varies continuously in ¢. Thus Uy, = Uy,
by Proposition 3.4.11.
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In the second case, € + €* does not change, but the ball and sphere
bundles of V' do. Define ¢ : (B(Vy),S(Vo)) — (B(V1),S(V1)) by the

formula
llvllg
o(v) = { w0 V70

0 v=0.

The definition of fiberwise norm implies that ¢ is continuous. Moreover,
if we define ¢/ by reversing the roles of (B(V}), S(V)) and (B(V1), S(V1))
in the definition of ¢, then the compositions ¢+ and «t/ are the identity
maps on B(Vy) and B(V7) respectively, whence +* is an isomorphism.
Finally, an easy check shows that ¢*(Uy,) = Uy,. U

Proposition 3.6.14 Let V and W be Hermitian vector bundles over
a compact Hausdorff space X, each endowed with the fiberwise norm
coming from the Hermitian structure. Endow V & W with the fiberwise
norm

(v, w)|l = sup{[vll;,, , wll }-
Then
B(VaeW)=B(V)x B(W)
S(VoW)=(BV)xSW))U(S(V)x B(W))
and Uygw = Uy X Up.
Proof The facts about B(V @& W) and S(V & W) follow directly from

the definitions of the fiberwise norms; Theorem 3.4.17 and Proposition
3.6.10 imply the last equality. |

In the lemma and theorem that follow, we denote the operations
defined in Definitions 3.6.5 and 3.6.8 by a dot.
Lemma 3.6.15 For every compact Hausdorff space X and every natural
number n, the map
() Uen(x) : KP(X) — KP(B(O"(X)), S(6"(X)))
is an isomorphism for p =0, —1.
Proof We proceed by induction on n; to simplify notation we shorten

O"(X) to just ©™. Proposition 3.6.13 implies that our choice of fiberwise
norm on each ©" is not important; for n = 1, we choose the fiberwise
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norm that comes from the standard Hermitian metric on O, and thus
B(©') = B? and S(©') = S'. For n > 1, we choose the product
fiberwise norm.

To minimize confusion, we denote ©! by V and let 7 be the projection
map to X. Because 7*V is a line bundle, we have

A" (@ V) = A(@V) = ©1(B(V))
and
A (7 V) = NN (xV) = 77V
In this case €(v,z) = vz for every v in B(V) and z in C, while * is
identically 0. Thus

(W] Uy = [p"(WRO(B(V))),p"(WRV),p* (I Ke)]

for every bundle W over X. Because V is a trivial line bundle, the space
B(V)) is homeomorphic to X x B2, and

pPrWHRTV)(,, —{(mewl xbvz>:wieVV,vi€V}

for each point (z,b) in X x B2. We also have

(W QT V) (pp) = {Zwl ® (x,b,v;) : w; € Wy, € V} ,
and hence
pPrWHRTV)ZWK*V.
A similar argument yields
P (WROYB(V)) =W R (B(V)).
Therefore, using the notation of Proposition 3.3.9, we obtain
W]- Uy = [p"(W RO (B(V))),p"(WRV),p*(I Ke)]
= [WROe'(B(V)), W Kr*V,id Xe|
= [W]Xb.
Proposition 3.3.9 then implies that the map defined as
x = x-Ugi(x)
for all x in K°(X) determines an isomorphism

K°(X) = K"(B(©"),5(0")).
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Similarly, take [Wo, W1, 0] in KO(X x S, X x {1}), let & be an extension
of ¢ to a bundle homomorphism from Wy to W7, and define a matrix

_(GRI 0
TTIxe ®I)

Then Theorem 3.4.17 yields

[Wo, W170'] . UV
=(WoRON(B(V)) & (W, Ra*V), (Wi RO (B(V)) & (WyRx*V),y)
= [W(),Wl,O'] & B,

and therefore we have an isomorphism K(X) = K!(B(0'), 5(0')) as
well.

Now suppose the lemma is true for ©". Proposition 3.6.14 implies
that the diagram

‘Ugn+1

K?(X)

‘Ugn l

K°(B(O"),5(0M)

K°(B(©") x B2, (B(O™) x S*) U (S(0™) x B?))

KO (B(9n+l), S(@nJrl))

R

is commutative, and thus K°(X) = K°(B(©"*1), S(6"11)).

Finally, define groups

G1 =K°(B(®") x S' x B?,

(B(O™) x §* x S U (B(O™) x {1} x B*) U (S(O") x S* x B?))
G» =K°(B(®") x B> x S,

(B(O") x S* x S U (B(O") x B> x B*) U (S(0") x B* x 5")).

Let v : B(O") x B? x S — B(0") x S! x B? be the map that swaps
the second and third factors. Then v* : G; — G5 is an isomorphism,
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and the diagram

Ugn+1

K (X)

K (B(O"),S(OM)) Go
&B\L /
g1

commutes by Definition 3.6.8 and Proposition 3.6.14. Therefore the
Thom class of ©"*! determines a group isomorphism from K*(X) to
K (B(@”“),S(@"‘H)). Ul

Theorem 3.6.16 (Thom isomorphism theorem) IfV is a vector
bundle over a compact Hausdorff space X, then the Thom class Uy of
V' defines group isomorphisms KP(X) =2 KP(B(V),S(V)) forp=10,—1.

Proof Suppose we have a finite collection A of closed subsets of X whose
union is X and such that V is trivial when restricted to each set in .A. We
prove the theorem by induction on the number of sets in A. If A consists
of only one set, i.e., X, then the desired result follows immediately from
Lemma 3.6.15. Now suppose the theorem is true when A4 has n sets,
and consider the commutative diagram

(Uyja, ®Uv)a)
KP(A;) ® KP(4) KP(B(V),S5(V))

‘Uviaina

KP(A; N A) KP(B(V|A1 N A), S(V]A; N A))

KP(X) v

KP(B(V),5(V))

(Uyja, ®Uvy|a)
_— >

K-+ (4;) @ K-(P+D (A) K-®e+tD(B(V),S(V))

‘Uvyjana

K-+ (A, 0 A) KPH(B(V|ALN A), S(V]A1 N A)),
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where A = {A17A2,. .. 7An,An+1} and A=A, UA3U---UA, UAn+1.
The first column is exact by Theorem 3.1.2. Moreover, Lemma 3.6.6
provides a homeomorphism B(V|A)\S(V|A) = V|A for every closed
subset A of X , so Theorem 3.1.2 also tells us that the second column
is exact. Each of the horizontal maps except the middle one is an iso-
morphism, either by the inductive hypothesis or Lemma 3.6.15, and the
naturality of all the relevant maps implies that the diagram commutes.
The theorem then is a consequence of Proposition 1.8.10. |

3.7 The splitting principle

The splitting principle states, roughly speaking, that we can assume in
many applications of K-theory that every vector bundle is an internal
Whitney sum of line bundles. In proving the splitting principle, we will
obtain along the way some computations of the K groups of the complex
projective spaces CP™ for all natural numbers n.

In Example 1.5.10 we defined the tautological line bundle over complex
projective space CP"™. We now generalize that construction.

Definition 3.7.1 Let V be a vector bundle over a compact Hausdorff
space X. For each point x in X, identify x with the zero element in
Vi; this defines an imbedding of X into V. Identify v with Av for every
complex number A. The resulting quotient of V\X is denoted P(V) and
is called the projective bundle assoctated to V.

For each element £ of P(V), there is some x in X such that ¢ can be
viewed a line in V,, that passes through the origin; i.e., a one-dimensional
vector subspace of V.

Note that P(V') is not a vector bundle.

Definition 3.7.2 Let V be a vector bundle over a compact Hausdorff
space X and let p : P(V) — X be the continuous function determined
by the projection from V to X. The dual Hopf bundle associated to V
is the subbundle

Hy, ={(l,v) e (V)@ V : £ contains v}
of the vector bundle p* (V') over P(V).
Definition 3.7.3 Let V be a vector bundle over a compact Hausdorff

space X. The Hopf bundle Hy associated to V is the vector bundle
(Hy)* over B(V).
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When the vector bundle V is clear from the context, we will write Hy
as just H.

Proposition 3.7.4 Let n be a natural number, suppose that V is a rank
n vector bundle over a compact Hausdorff space X, and let H denote the
Hopf bundle associated to V. Then in K°(P(V')) we have the equation

S EDFAN V)] @ [H]F = 0.

k=0

Proof Let p:P(V) — X be as in Definition 3.7.2 and use Proposition
1.7.15 to construct a vector bundle W such that W & H* is (isomorphic
to) p*V. From Proposition 3.5.11 and the fact that H* is a line bundle
we obtain

Al V] = A(WD) @ A(H?]) = A (W) @ ([01(X)] + [H]t).
If we evaluate this last factor at ¢ = —[H|, Proposition 3.3.5 gives us
[©'(X)]) = ([H] @ [H"]) = [6'(X)] - [0 (X)] =0,

and therefore

Lemma 3.7.5 Let X and Y be compact Hausdorff spaces and suppose
that ¢ : Y — X is continuous. Choose elements y1,¥2,...,Yn Of
K°(Y), let G be the free abelian group generated by these elements, and
let ¢ : G — KO(Y) be the quotient homomorphism. Suppose that each
point x in X has a neighborhood U with the feature that for each closed
subspace A" of U, with j : ¢~ 1(A’) — Y denoting inclusion, the homo-
morphism @ : G ® KP(A') — KP(¢~1(A")) defined by the formula

o’ (Z 9i ® ai> = Zj*p(gl) ® (¢lo~1(A) (ay)

s an isomorphism for p = 0,—1. Then for every closed subspace A of
X, the map @' determines an isomorphism ® from G @ KP(X, A) to
KP(Y, ¢ 1(A)). In particular, there exists an isomorphism

P :GRKP(X) — KP(Y).
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Proof For every compact pair (X, A), we have a diagram

00— G KP(X,A) GoKP(D(X,A) ——= G KP(X)
‘b/ @/

0

KP(Y, ¢~ (A))

KP(D(Y, ¢~ (4))) —=K»(Y)

for p = 0,—1. Theorem 2.2.10, Theorem 2.3.15, Proposition 3.2.7, and
Definition 2.2.2 imply that the rows are exact, and then Proposition
1.8.9 gives us @ as the leftmost map in the diagram.

Let x1 and x5 be distinct points in X and choose neighborhoods Uy
and U of ;1 and xo respectively that satisfy the hypotheses of the
lemma. Let U = U; UUs, suppose that A is a closed subspace of U, and

set
B=U,UA
A =ANU;
AQZBOUQ.

From Theorem 2.7.17 and the fact that U\B = ((U\A)\(B\A4)) we
obtain the six-term exact sequence

K(U\B)

|

K (T\B) <—— K (TU\A4) < K1 (T\B).

KO(U\A) K%(B\A)

But U\B = Ujy\A4y and B\A = U;\A;, so Proposition 2.6.8 implies
that the sequence

KO (U, Ay)

|

KUy, A)) =——K!'U,A) =——K'(Us, A2)

KU, A) KO(Uy, A1)

is exact. We get a second exact sequence by taking by taking the inverse
image under ¢ of each of the spaces that appear in the above exact
sequence. Proposition 3.2.7 then implies that for p = 0, —1, we have a
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diagram

P

G & KT, A1) —2r KO (671 (T1), 671 (Ay)

G @ KP (T, Ay) ———>KP(¢~ 1 (T3), 671 (As))

G KP(U, A)

KP (o™

=
°

.
&

GOKP(T1, 4)) —— = KP(¢~1(T1))

G @ K P+ (T,, Ay)

K- (¢=1(T))

with exact columns. Straightforward computation shows the diagram
commutes, and thus Proposition 1.8.10 implies that

©:G@KP(U,A) — KP(¢~'(U),¢7'(4))

is an isomorphism for p = 0,—1. The general result follows by math-
ematical induction on the number of sets in a finite open cover of X.

O

Proposition 3.7.6 Let V be a line bundle over a compact Hausdorff
space X and let H be the Hopf bundle associated to V & ©(X). Then
KO(P(V @ ©'(X))) is a free K°(X)-module on the generators [H] and
[0 (P(V @ ©Y(X)))]. Furthermore, we have the equation

([H]- V] = [0'(P(V @ 0! (X)))])  ([H] - [6'(P(V © ©'(X)))]) =0.

Proof To simplify notation in this proof, we write Y = P(V @ ©1(X)).

Let p : Y — X be the projection map. We make K°(Y) into a
K°(X)-module by applying p* to elements of K°(X) and then performing
internal multiplication with elements of K°(Y").

Let U be an open subspace of X such that V|U is trivial. Then

P(V|U & 4(T)) = P(0'(T) @ 0(T)) = T x CP',
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and Proposition 3.3.15 gives us

K°(U x CP") = (K°(U) ® K°(CP")) & (K (U) ® K (CP))
= K%(U) ® K°(CP").
Example 2.8.2 implies that K°(CP') is generated by [©'(CP")] and the
dual Hopf bundle over CP', and because tensor product with [H] is a
bijection, we see that KO(CP") is alternately generated by [©'(CP') and

[H]. Therefore Proposition 3.3.15 implies that K°(TU x CP') is generated
by the trivial bundle and the Hopf bundle over U x CP!.

Now consider the trivial bundle ©(Y). Because H restricts to the
Hopf bundle over P(U @ ©'(U)) for every open subspace U of X, the
hypothesis of Lemma 3.7.5 are satisfied. Thus if G is the free abelian
group generated by [©'(Y)] and [H], we have an isomorphism

G2 K(X) = K(Y).

In other words, every element of K°(Y) can be uniquely written as a
linear combination of [©1(Y)] and [H] with coefficients from K°(X).
This proves the first statement of the proposition.

To establish the second statement, note that because H and V are
line bundles, Proposition 3.5.11 implies that

AN (Ve o' (X)) =A@ V)e N'(O'(Y) =p' Ve (Y)=pV.
Thus Proposition 3.7.4 yields
= (Ve el (X))e H] +[pV]e [H]?
= (V] +[0'(Y)] ®[H |+ [pV]e[H]?
[H] @ [p'V] - [0'(V)]) @ ([H] - [0'(V)])
[H] - [V] - [0'(V)]) ® ([H] - [@1(Y)])~
O

Proposition 3.7.7 Let n be a natural number and let H be the Hopf
bundle over P(©"H1(pt)) = CP". Then K°(CP") is a free abelian group
on generators [©Y(CP™)], [H], [H]?,...,[H]|". Furthermore, we have the
equation

((H] - [e'(cPm) " = 0.

Proof Apply Proposition 3.7.4 to the vector bundle ©"*!(pt) and use
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Proposition 3.5.5 to obtain the string of equalities

n+1

0= (D) A e (pt) © [H]*
k=1
n+1

= Z )FIN (e (CP™))] @ [H]

n+1
=S (") et o e

=S v (" et o e

= ([©'(cP™) - [H])""
([H] - [o (P ™.

To establish the first part of the theorem, we proceed by induction.
For n = 1, the result is a consequence of Proposition 3.7.6. Now suppose
the result is true for an arbitrary n. To avoid confusion, we will denote
the Hopf bundle of CP" by H,

Consider the vector bundle V = H} & ©!(CP") over CP". Let p be
the projection map from P(V) to CP", and define s : CP" — P(V)
by sending each x in CP" to the line through the point (0,2,1). Each
element of H} is a line in C"*!, and so we can define a continuous
function ¢ : P(V) — CP™ "' by sending the line through a point (h, z, z)
to the line through (h, z). The map ¢ determines a homeomorphism

q: (P(V)\s(CP"))" — CP"*'.

Furthermore, if H is the Hopf bundle over P(V), then ¢*H, 1 = H and
s*H = ©'(CP").
Next, we have a split exact sequence

0 ——K°(B(V), s(CP")) ——K(P(V)) —= K°(s(CP")) ——0;

the splitting map takes the line through a point (h,z,z) to the line
through the point (0, z, z). Theorem 2.2.10 gives us a group isomorphism

K°(P(V)) 2 K°(P, s(CP")) & K°(CP").

By Proposition 3.7.6, the group K°(P(V)) is a free K°(CP")-module on
the generators [©1(P(V))] and [H]. Combining the exact sequence above
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with our inductive hypothesis, we see that every element of the group
K(P(V),s(CP™)) can be uniquely written in the form

(Z kq;[Hn]Z) - ([H] - [' (V)
i=0

for some integers ko, k1,...,k,. Next, apply Proposition 3.7.6 to the
line bundle H to obtain the equation

([H] - () ~ (0" (BWV))) @ (H] - [0} B(V))]) =0,

which from the definition of the K°(CP")-module becomes

([H ® [ H;) — [0 (P(V)))) ® ([H] - [0'(B(V))]) = 0.
Tensor both sides of the equation by [H,] ® [©*(P(V))] to obtain

([H] - [pHa)) © ([H] — [ (B(V))]) =0,

which can be rewritten in the form

H] ® ((H] — 0" (P(V))]) = [Ha] - ([H] - [0 (B(V))]).-
Thus the set

{1y - (1|2 (P(V))]) : 0 <i<n}

is a basis for K°(P(V), ((CIP’")) and via Theorem 2.2.14 and the bundle
isomorphism ¢*H,,+1 = H we see that

{[Hpial' - (Hos] - [0 (CP™)]) : 0 < i <}

is a basis for the group IN(O(CIP’"H). Finally, we combine this fact with
Corollary 2.5.4 to conclude that K°(CP™ ") is a free abelian group on
generators

[el(CPnJrl)]: [Hn+1]a [Hn-&-l}Qa cey [Hn+1]n+1a

thus proving the theorem. O

Lemma 3.7.8 For each natural number n, the complex projective space
CP" imbeds into CP" 1!, and the complement is homeomorphic to R#"+2.

Proof We write elements of complex projective space in homogeneous
coordinates (see Example 1.5.10). The inclusion

[21, 22, - -y Znt1] = [21, 225 - - -5 Znt1, 0]
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is an imbedding of CP" into CP""!. The quotient map from C"*2 to
CP™*! restricts to a quotient map ¢ : $2"+3 — CP""'; here we are
identifying C"*2 with R?"*4. Consider the set

{(21,22, -, Zn41, Znt2) € S22 1 2,45 real}.

This set is homeomorphic to the equator S2"*2 of §?"+3  and taking
Zni2 > 0 gives us the northern hemisphere N of S?"*2. The quotient
map ¢ sends N into the complement of CP" in CP"*'; we show that ¢
is a homeomorphism.

Suppose that q(z1, 22, ..., 2n+2) = q(wi,wa, ..., w,42) for two points
in N. Then from some nonzero complex number A we see that zp = Awg
for 1 < k < n+ 2. In particular, z,42 = Aw,42. Because both z,9
and wy, 49 are nonnegative, the number A\ must also be nonnegative, and
because we are on a unit sphere, the modulus of X is 1. Therefore A =1,
and thus ¢ is injective when restricted to N.

To show surjectivity, take [21,22,...,2n42] in CP"™'\CP™. Then
Znyo # 0. Write 2,49 as re? with » > 0. Then

q(e_wzl, e 02, ..., r) = q(e_m(zl, 29,y Znt2))
= [e_w(zl, 29,y Zni2)]
= [Z17 B2y v+ ZTL‘FQ}-

Therefore g is a continous bijection, and because it is a quotient map,
g is a homeomorphism. The subspace N is homeomorphic to R?"+2,
whence the lemma follows. |

Proposition 3.7.9 For every compact Hausdorff space X and every
nonnegative integer n, external multiplication defines isomorphisms

K%(CP") ® KP(X) = K°(CP" x X)
forp=0,—1.

Proof We proceed by induction on n. The space CP° is just a point,
in which case the proposition is obviously true. Now suppose the result
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holds for n and consider the diagram

X

K (CP") @ KO(X) K1 (CP" x X)

KO(R2n+2) ® KO(X) X 5 KO(R2n+2 X X)

KO(CP™!) ® KO(X) —— KO(CP™*! x X)

X

K°(CP") © K°(X) K°(CP" x X)

K1 (R21+2) @ KO(X) —2— K-1(R?"2 x X).

Corollary 2.7.19 and Lemma 3.7.8 imply that the second column is exact.
Futhermore, because the groups KP(CP") are free abelian, Corollary
2.7.19 and Lemma 3.7.8 also imply that the first column is exact. More-
over, direct computation shows that the diagram commutes. The first
and fourth horizontal maps are isomorphisms by our inductive hypoth-
esis, and Corollary 3.3.11 implies that the second and fifth horizontal
maps are also isomorphisms. Therefore Proposition 1.8.10 gives us

Ko(CP"™) @ KO(X) = KO(CP"™! x X),

and induction yields a proof of the desired isomorphism when p = 0; a
similar argument establishes the isomorphism when p = —1. |

Theorem 3.7.10 Suppose that X is a compact Hausdorff space, let n
be a mnatural number, and suppose that V is a vector bundle of rank n
over X. Let H denote the Hopf bundle over P(V) and let p : P(V) —
X be the projection map. Then K°(P(V) is a free K°(X)-module on
generators [0 (P(V))], [H], [H]?, ..., [H]"". Moreover, [H] satisfies the
single relation

n

STEDIAN V)] @ [H] = 0.

i=0

In particular, the homomorphism p* : K®(X) — KO(P(V)) is injective.
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Proof If V is a trivial bundle, the theorem is a consequence of Proposi-
tions 3.7.7 and 3.7.9. The general result then follows from Lemma 3.7.5
and the fact that V is locally trivial. 0

Corollary 3.7.11 (Splitting principle) Let V be a vector bundle
over a compact Hausdorff space X. There exists a compact Hausdorff
space F (V) and a continuous function f : F(V) — X such that:

(i) the homomorphism f* : KO(X) — KO(F(V)) is injective;
(ii) the vector bundle f*V is isomorphic to the internal Whitney sum
of line bundles.

Proof Without loss of generality, assume that X is connected. We
proceed by induction on the rank of V. If V is a line bundle, we take
F(V) = X and let f be the identity map. Now suppose that the splitting
principle holds for vector bundles of rank less than some natural number
n and let V' be a vector bundle of rank n. Let p : P(V) — X be the
projection map, and equip p*(V) with a Hermitian metric. Let V be
the orthogonal complement of H* in p*(V). The bundle V is a rank
n — 1 vector bundle over P(V'), and we invoke our inductive hypothesis
to produce a compact Hausdorff space F’ (17) and a continuous function
f: F(V) — P(V) such that f* is injective and such that f*V is
isomorphic to the Whitney sum of line bundles. Theorem 3.7.10 states
that p* is an injection, and thus we obtain the splitting principle for V'
by setting F(V) = F(V) and f = pf. O

3.8 Operations

For notational convenience in this section, we will often use bold lower
case letters to denote elements of K-theory, and we will denote multi-
plication in K° by juxtaposition.

Definition 3.8.1 An operation s a natural transformation from K° to
itself.

An operation does not necessarily respect either addition or multi-
plication on K°. There are many examples of operations, but we only
consider two families of operations in this book. The definition of each
family relies on the following fact.
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Lemma 3.8.2 For every commutative ring R with unit, the set

1+ KOt +{Zakt }

s a group under multiplication.

Proof The only nonobvious point to check is the existence of multi-
plicative inverses. Given a power series Y o, apt® in 1+ KO[[t]]*, we
construct its inverse >~ bt”.

We proceed by induction on k. Obviously by = 1. Suppose we know
bg, b1, ..., b, multiply the two power series together, and look at the
coefficient of t*+1, We have

ar+1 + agby +ag—1ba + -+ a1by + bpy1 =0,

and thus we can write by41 in terms of known quantities. ]

Construction 3.8.3 Let X be a compact Hausdorff space, and consider
the power series from Definition 3.5.10. For each t, we have a map

A, : Vect(X) — 1+ KO[[#]]*

and Proposition 3.5.11 implies that A, is a monoid homomorphism.
Theorem 1.6.7 allows us to extend the domain of N, to K°(X). For
each positive integer k, the coefficient of t* determines an operation that
is denoted /\k. By Proposition 3.5.11, we have for each natural number
n the equation

A'x+x)= > A

k+l=n
for all x and x' in K°(X).

Construction 3.8.4 For each compact Hausdorff space X, define a
function 1 : KO(X) — KO(X)[[t] by the formula

() = 10 (1og \_,(x))
=t (AL 09) 5 (AL 69).

For each positive integer k, the coefficient of t* determines an operation
that is denoted w these are called the Adams operations.
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Construction 3.8.3 describes a straightforward way to produce oper-
ations, but obviously we must justify defining the ostensibly strange
operations in Construction 3.8.4.

Proposition 3.8.5 Let X be a compact Hausdorff space, let k and [ be
nonnegative integers, and take x and x' in KY(X). Then:

(1) " (x+x') = 9" (x) + " (x');
(i) " ([L)) = [L])* for every line bundle L over X ;

(iii) the Adams operations are uniquely determined by (i) and (i7).

Proof From Construction 3.8.3 and properties of the logarithm, we have

= 2 (105 A_,(x) +los A_,(x))
= 1(x) + 9(x),

and this implies (i) for all k.
Observe that /\k(L) =0 for all £ > 1, and therefore

and hence (ii) follows.

To establish (iii), let V' be a vector bundle over X. By Corollary 3.7.11,
there exists a compact Hausdorff space F'(V) and a continuous function
f: F(V) — X such that f* : K°%(X) — K°(F(V)) is injective and
f*V is isomorphic to the sum of line bundles. Parts (i) and (ii) therefore
determine ¥[f*V] = f*[V], and because f* is injective, they also
determine 1[V]. Theorem 1.6.7 then implies that (i) and (ii) determine
P(x) for all x in K°(X). O
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The preceding proposition shows that the Adams operations are well
behaved with respect to addition; the next proposition shows that they
are also multiplicatively well behaved.

Proposition 3.8.6 Let X be a compact Hausdorff space, let k, I, and n
be nonnegative integers, and take x and x' in K°(X). Then:

(i) ¢k(XX ) = ¥* ()9 (x);

i) 9"’ (x) = M (x);

(111) P?(x) — x% = 2y for some y in KO(X);
) *(u) = k™u for every u in KO(S2").

Proof Theorem 1.6.7, Corollary 3.7.11, and Proposition 3.8.5(iii) imply
that we can prove each part of this proposition by verifying it for isomor-
phism classes of vector bundles that are internal Whitney sums of line

bundles. Suppose that x = 37| [L;] and x" = >°7_, [L’]. Tensor prod-

ucts of line bundles are line bundles, so parts (i) and (ii) of Proposition
3.8.5 give us

wHood) =9 | AL | =39t (i
_Z'/’ L; ® L)) Z([L@L;])’C
= D LML) =t gt ()

and

¢w()¢w<z
= ’l/)k (Z[Lz}l> _ (Z",bk([l/z]l)) _ Z[Lz]kl _ 'l,bkl(X).

We also have

x2<zm)2§: S ILE] = w0 2 Y

i=1 i#s i#s

N
| |
/\
-]
S
=

which establishes (iii).
Consider the element [H*] — [1] from Example 2.8.2 as an element of
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K°(52). We know from Example 3.3.13 that ([H*] — [1])2 = 0, and thus
([H*] — [1])* = 0 for every integer k > 1. Therefore

[H)F —1=((H] - 1) +1)" —1=k(H"] - 1).

Because [H*] — [1] generates K°($2), this proves (iv) when n = 1. For
n > 1, identify K°(R?") with RO(SQ”); then Corollary 3.3.12, along with
the multiplicativity and naturality of the Adams operations, imply the
desired result. Ul

3.9 The Hopf invariant

We use the results of the previous section to solve a classic problem in
topology concerning continuous functions between spheres. We begin by
defining two topological spaces that can be associated to any continuous
function.

Definition 3.9.1 Let X and Y be compact Hausdorff spaces and sup-
pose ¢ : X — Y 1is continuous.

(i) The mapping cylinder of ¢ is the topological space Z, constructed
by identifying (z,0) in X x [0,1] with ¢(x) inY for all x in X.

(ii) The mapping cone of ¢ is the pointed topological space Cy con-
structed by identifying the image of X x {1} in Z4 to a point;
this point serves as the basepoint.

X
AN
$(X) ¢(X)

Theorem 3.9.2 (Puppe sequence) For every continuous function
¢ : X — Y between compact Hausdorff spaces, there exists an exact
sequence

R(y) L= R (X) — RO(Cy) —= RO(Y) ——= RO(X).
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Proof Imbed X into Z4 by « — (2,1). From Theorem 2.5.7 we obtain
an exact sequence

K (24) —= K (X) —=K%(Zy, X) —=K°(2;) —= K°(X).

The map 9 : £, — Y that collapses the image of X x [0,1] in Z4 to
Y is a homotopy inverse to the inclusion of Y into Z,, and therefore
Z4 and Y have isomorphic reduced K-theory groups. Our map ¢ is
the composition of the inclusion of X into Z, with the map v, and
this gives us the homomorphisms ¢* at the beginning and end of the
sequence in the statement of the theorem. Finally, the space (Z,\X)"
is homeomorphic to Cy, so the remainder of result follows from Theorem
2.2.14 and the definition of reduced K-theory. |

Suppose that for some natural number n we have a continuous function
¢: 841 — §2" Then Theorem 2.6.13, Example 2.8.1, and Theorem
3.9.2 yield a short exact sequence

0 R KO(R4TL) @ KO(C¢) v S KO(RQn) > 0.

Corollary 3.3.12 states that b™ and b?" are generators of K°(R?") and
KO (R*") respectively, and we can construct a splitting of our short exact
sequence by sending b™ to any element u in I~{0(C¢) with the property
that y(u) = b™. Therefore KO(C¢) ~ 7 @ Z, and if we set v = a(b?"),
then u and v are generators of K° (Cy). Example 3.3.13 and the fact that
52" is homeomorphic to the one-point compactification of R?” imply
that (y(u))? = b? = 0 in K(5?") and thus v = h(¢)u? for some integer
h(¢). This integer is called the Hopf invariant of ¢.

Proposition 3.9.3 The Hopf invariant is well defined.

Proof We maintain the notation of the previous paragraph. Suppose
that vy(u) = b™. Then u = u + mv for some integer m. Example
3.3.13 and the injectivity of o imply that v = 0. Moreover, y(uv) =
v(u)y(v) = 0, so uv is in the kernel of 7. Thus uv is in the image of a by
exactness, and therefore uv = kv for some integer k. This implies that
0 = v? = h(¢)u?v = h(p)kuv. If h(¢) = 0, then v = 0, contradicting
the fact that v is a generator of I~(0(C¢). Hence kuv = 0, which implies
that uv = 0. Therefore

u? = (u+mv)? = u? + 2muv + m?v? = u’.
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Theorem 3.9.4 Suppose that for some natural number n there exists
a continuous function ¢ : S¥"~1 — S2" whose Hopf invariant h(®) is
odd. Thenn =1,2, or 4.

Proof By Proposition 3.8.6(iv), we know that " (b") = k"b™ for every
positive integer k. The functorality of the Adams operations implies that
for each k we have " (1) = k™ u-+my,v for some integer my. Proposition
3.8.6(iii) implies that there exist integers p and ¢ such that

2(pu+ qv) = *(u) — u?
= 2"u + myv — u?

= 2"u+ mav — h(P)v.

Comparing the coefficients of v, we see that ma—h(¢) = 2¢, and because
h(¢) is odd by hypothesis, the integer ms is also odd. Next, for every
positive integer k, we have

'djk(v) — 04(1/1k(b2n)) _ a(anan) _ k2na(b2n) _ k2nV.

Proposition 3.8.6(ii) gives us

B (u) = ¢F (9 () = 9" (2"u + mov) = 2" () + magp(v)
= 2"(k"u + mpv) 4+ K2 mov = (2k)"u + (2"my + E*"ma)v,

and a similar computation with the roles of 2 and k reversed yields
P (0) = 2 (" (w) = (2k)"u + (K"mg + 22" my)v.

Thus 2"my+k>"mg = k"mo~+22"my,, which implies that 2" (2" —1)my, =
k™ (k™ — 1)mg. We know that mg is odd, so if £ > 1 is also odd, the
factor 2" must divide k™ — 1. In other words, we seek values of n that
solve the congruence k™ =1 mod 2" for all odd values of k.

If n = 1, then this congruence holds for all odd k. Now suppose
n > 1 and consider the multiplicative group (Zg»)* of units in the ring
of integers modulo 2". This group has order 2"~! and thus the order
of k in (Zgn)* is even by Lagrange’s theorem. Lagrange’s theorem also
implies that the order of k in (Z9n)* divides n, whence n is even. Set
k =1+ 2"/2. From the binomial theorem we know that k" = 1 + n2"/?
mod 2™, or, in other words, that 2" divides k™ —1—n2". We are assuming
that k” = 1 mod 2", so 2" divides n2"/2. But 2" > n2"/2 for n > 5,
and because n is even, we must have n =2 or n = 4. ]
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3.10 Notes

Most of the results and proofs in this chapter are an amalgam of the
presentations in [7] and [12]. Our version of the Kiinneth theorem is not
the most general one possible; see [3].

We have not proved that there are any maps ¢ : S4"~! — §2" with
odd Hopf invariant when n = 1,2, 4, but, in fact, for each of these values
of n, there exists a function with Hopf invariant one. This is closely
related to the question of which R™ admit a reasonable definition of
multiplication; the reader should consult [11] for more information.

The original proof of the theorem on the existence of maps with odd
Hopf invariant was due to Adams in [1] and did not use K-theory; that
paper was over 80 pages long. By constrast, the K-theoretic proof we
give is due to Adams and Atiyah ([2]) and is only eight pages long. This
was an early example of the power and utility of K-theoretic methods
in topology.

There are many other applications of topological K-theory; for some
examples, see [14].

Exercises

3.1 For each natural number n, what is K-1(CP™)?

3.2 Let X be a compact Hausdorff space and suppose that A; and
Ao are closed subspaces of X whose union is X and whose in-
tersection is nonempty. Fix a point xg in A; N As and take
o to be the basepoint of X, Ay, and A,. Establish a reduced
Mayer—Vietoris exact sequence

KO(X) ———K%A;) @ K°(4y) — K°(A4; N 45)

K1(A; N Ap) K (A)) @ K (Ay) K1(X).

3.3 (a) Show that G ® Z = 0 for every finite group G.
(b) Find a short exact sequence of abelian groups

0 g1 Go gs 0
with the property that the sequence

0—G01QZL—GRL—G3Z ——0

is not exact.
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3.4

3.5

3.6

3.7

Additional structure

Suppose that X is a compact Hausdorff space and that V' and
W are vector bundles over X. Prove that Hom(V, W) 2 V*@W
(see Exercise 2.4).

Let X be a connected compact Hausdorff space with basepoint

xg, and suppose that X is a union of n contractible closed sets.

Prove that the product of any n elements in KO (X, z) is zero.

Let X and Y be nonempty compact Hausdorff spaces. The join

of XY is the topological space obtained by forming the product

X xY x[0,1] and making the identifications:

o (z,9,0) ~ (¢, y,0) if y =/

o (z,y,1) ~ (2,9, 1) if x = 2.

(a) For each z in X, define ix (x) to be the image of (z,y,0)
in X xY for any y. Show that ix is well defined and is
am imbedding of X into X %Y. Similarly, for each y in
Y, define iy (y) to be the image of (z,y,1) in X xY, and
show that iy is a well defined imbedding.

(b) Prove that ix and iy are homotopic to constant func-
tions.

(¢) Prove that for p = 0,—1, there is a short exact sequence

0—= K@ (X +Y) —=KP(X xY)
—=KP(X xY)—>KP(X)®»KP(Y) —=0.

(d) Suppose that X of finite type and that K°(Y") and K-} (Y)
are free abelian groups. Prove that there exist isomor-
phisms

KOX «Y) = (KO(X) @ K'(Y))® (K(X) @ K'(Y))
KX *Y) = (K(X)®K(Y)) @ (K (X) @ K1(Y)).

A finitely generated R-module P is projective if it satisfies the
following property: given a surjective R-module homomorphism
¢ : M — M and any R-module homomorphism ¢ : P — M,
there exists an R-module homomorphism 1[ : P — M such
that 1 = ¢,
(a) Prove that a free R-module of rank n is projective for
every natural number n.
(b) Prove that P is projective if and only if there exists a
R-module Q such that P & Q is free.
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3.10

FExercises 175

Let V be a vector bundle over a compact Hausdorff space X,
and let Sect(V') denote the collection of sections of V.

(a) Show that Sect(V) is a C'(X)-module, and that Sect(V)
is a finitely generated free module if and only if V is
trivial.

(b) Prove that Sect(V') is finitely generated and projective.

(c) Verify that the correspondence V +— Sect(V') determines
a covariant functor from the category of vector bundles
over X and bundle homomorphisms to the category of
finitely generated projective C'(X)-modules and module
homomorphisms.

(d) Let P be a finitely generated projective C(X)-module.
Show that P 2 Sect(V') for some vector bundle V' over
X.

(e) (Serre-Swan theorem) Let Proj(C(X)) denote the col-
lection of isomorphism classes of finitely generated pro-
jective modules over X. Verify that direct sum makes
Proj(X) into an abelian monoid, and show that there is
a monoid isomorphism from Vect(X) to Proj(C(X)).

Suppose X and Y are compact Hausdorff spaces. Use Theorem
2.6.13 to identify K!(Y) and K'*(X x Y) with K°(Y x R) and
K°(X x Y x R) respectively. Show that the external product

KO(X) x KHY) — KYX xY)

has the following formula: take an idempotent E in M(m, C(X))
and an element S in GL(n,C(Y)). Then

[E] R [S] = [(ER L,)(In RS)(ER I,) + (I, — E) K I,,].

Let X be a compact Hausdorff space, take x in K%(X), and let
p be a prime number. Prove that

PP (x) = xP mod p.

In other words, show that 1P (x) —x? = px for some X in K°(X).
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Characteristic classes

In general, it is quite difficult to tell if two vector bundles are isomorphic.
The theory of characteristic classes is designed to remedy this problem.
The idea of characteristic classes is to assign to each isomorphism class
of vector bundles (or more generally each K-theory class) an element in
a cohomology theory in which it is easier to distinguish distinct objects.

While we could define characteristic classes quite generally, we will
simplify matters greatly and only consider smooth vector bundles over
smooth compact manifolds. Because not all readers may have had a
class in differential topology, we begin this chapter with a crash course
in the subject, paying particular attention to the cohomology theory we
will use, de Rham cohomology.

4.1 De Rham cohomology

Let z1,29,...,2, be the standard coordinate functions on R™ and let
U C R"™ be an open set. A real-valued function on U is smooth if it
possesses partial derivatives of all orders. A complex-valued function is
smooth if its real and imaginary parts are both smooth; the reader is
warned that this is not the same as saying a function is holomorphic.

For each of the coordinates zy, associate an object dxy, and let Q(U)
denote the set of formal sums

QYU) = {z frdxy : each f a smooth C-valued function on U} .
k=1

The elements of Q' (U) are called (complex) differential one-forms, or

usually just one-forms. One-forms are added in the obvious way, which

makes Q!(U) into a vector space. We then define Q°(U) to be the

collection of smooth functions on U and set Q™(U) = A" (QY(U)) for

176
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each natural number m. Elements of Q" (U) are called m-forms or forms
of degree m. Finally, we define Q*(U) to be A\(Q'(U)), and we usually
denote the wedge of forms by juxtaposition.

There are two important operations on Q*(U). The first of these is
integration. In vector calculus, integration is defined by taking limits of
Riemann sums; we denote this integral by fU fldxy dxs ... dzy| to high-
light the fact that in the Riemann integral, the order of the dxj) does not
matter. However, the order does matter in the form fdx; dzs ... dx,.
For this reason, given a permutation p of {1,2,...,n} we define the
integral of the n-form fdz, dzs ... dz, so that it satisfies the equation

/ fdz,qydeygy ... deypy = signp/ fldzydas ... dxy,),
U U

where signp is 1 if p is an even permuation and —1 if it is an odd
permutation.

The other operation on Q*(U) we consider is exterior differentiation,
denoted d.

For zero-forms (smooth functions) f, the exterior derivative is defined
by the formula

k=1

More generally, given an m-form w = fdxy, dzy, ... dzi,,,
derivative is the (m+ 1)-form dw = df dzy, dxg, . .. dzy,,; we extend the
definition of d to general m-forms by linearity.

There are three crucial properties of the exterior derivative. First, d
is an antiderivation, which means that given a k-form « and an [-form
(3, we have

its exterior

d(a ) = (da) B+ (=1)*a (dB).
The second important property of d is that
d*(w) = d(dw) =0

for every w € Q*(U); this follows from the fact that d is an antiderivation
and that mixed partial derivatives are equal.

Finally, suppose we have open sets U C R™ and V' C RP and a smooth
map ¢ : U — V (in other words, each component of 1 is a smooth
real-valued function). Then given a smooth function f on V, we can
define the pullback of f to be the smooth function ¢*f on U given by
the formula

(W ) (@) = f(¥ ().
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To extend the notion of pullback to forms, take the standard coordinate
functions x1, x2, ..., 2, and y1,y2,...,yp on U and V respectively. Then
for each m, define ¥* : Q™ (V) — Q™(U) by requiring that ¢* be linear
and that

Y (f dyk, Ay, - - - dyr,,) = @) (W Yk, ) AV Yk, ) - AP Yk,,). ()

A computation using the chain rule shows that d(y*w) = *(dw) for all
w in Q*(V); this fact is often stated “the exterior derivative commutes
with pullbacks.”

Our next goal is to extend the notion of differential forms to spaces
more general than open subsets of R”. Let M be a topological space
that is Hausdorff and second countable. A chart on M is a pair (U, ¢),
where U is an open subset of M and ¢ is an imbedding of U into R" for
some n. Two charts (Uy, ¢1) and (Usa, ¢2) on M are smoothly related if
the composition ¢; 0 ¢y ' : ¢po(Us) — ¢1(U) is a smooth map. An atlas
for M is a collection A of smoothly related charts that cover M, and a
maximal atlas is an atlas A that contains every chart that is smoothly
related to some chart (and therefore every chart) in A; any atlas can
be enlarged to a maximal one. If M admits a maximal atlas A, the
pair (M, A) is called a smooth manifold. We usually suppress the atlas
and the word “smooth” and simply refer to M as a manifold. If all the
charts of M map into the same R™ (which is necessarily the case if M is
connected), we say M is n-dimensional. In this chapter, we will assume
that our manifolds are compact.

A complex-valued function f on a manifold M is smooth if for each
chart (U, ¢) in the atlas, the composition (f|y) o ¢~ : ¢p(U) — C is
smooth.

To define forms on M, we begin by defining them on charts. Let (U, ¢)
be a chart on M, let x1, xo,...,x, be the standard coordinate functions
on R” restricted to ¢(U), and for each 1 < k < n, let yx = x 0 ¢. The
functions yy, are called local coordinates, and an m-form on U is a linear
combination of terms that look like f dyg, dyx, - .. dyk,, for some smooth
function f on U. For each f and each point y in U, we define

of . _0(foo™t)

o (y) A

(@(y))-

Then

df = Z 7dykv
pt Ok



4.1 De Rham cohomology 179

and for every m-form w = f dyg, dyk, - .. dyk,,, we have

dw = df dyk, dyk, - . . dyr,, .

Let (U, ¢y) and (V, ¢y ) be charts on manifolds M and N, respectively,
let w be a differential form on V', and suppose ¥ : U — V is smooth.
Then the pullback ¥*f € Q°(U) of a smooth function f € Q°(V) still
makes sense, and extends as in (x) to allow us to pull back forms. If
A denotes the maximal atlas for M, we define a form w on M to be a
collection of forms {wy € Q*(U) : U € A} with the following property:
for every pair (U, ¢1) and (Us, ¢2) of charts on M such that Uy NUs is
nonempty, define i; and is to be the inclusions of U; N Us into U; and
Us respectively. Then i} (wy, ) = i5(wy,)-

The notions of pullback and exterior derivative carry over to the set
Q*(M) of forms on M, and it is still true that d* = 0 and that the
exterior derivative commutes with pullbacks.

We can also integrate forms on manifolds. The first step is to see how
the integral transforms under change of variables. Let U and U be open
subsets of R™, and let ¢ : U — U be a smooth map with an inverse
that is also smooth. Then a computation using the change of variables
formula from vector calculus shows that

[oa-x [

for every n-form w on U. If the integrals above are equal, we say that ¢
is orientation-preserving, and if the integrals differ by a sign, we say ¢
is orientation-reversing.

In order to define integration on a manifold M, we must be able to
choose an open cover of M consisting of charts (Uy,, ¢o) with the fea-
ture that whenever U, N Ug is nonempty, the composition ¢, o ¢El is
orientation-preserving. This is not always possible, but if it is, we say
that M is orientable. Many manifolds are orientable, but the real pro-
jective plane, for example, is one that is not. Even if M is orientable, the
orientation is not unique; when M is connected, there are two distinct
orientations. Roughly speaking, an orientation amounts to consistent
ordering of the dy; in the local coordinates of M. For the manifold R"™,
one orientation corresponds to the n-form dx; dxs ... dx, (or more gen-
erally, dz 1) dz () . .. d,(,) for any even permutation p), and the other
orientation corresponds to the n-form dzs dxy ... dz, (or more generally,
dz (1) dzp(2) - . . dx () for any odd permutation p). If we have specified
an orientation for M, we say M is oriented.
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Suppose M is oriented. Choose a collection of orientation-preserving
charts U = {U,, ¢o } that cover M and choose a partition of unity {ps }
subordinate to I such that each p, is smooth; such partitions of unity
always exist. Then for any n-form w, we define

Jom 2 ([ 09)

The integral is independent of the choice of U and the partition of unity
{pa}. If the orientation on M is reversed, this integral changes by a
sign.

If w is a form that has degree not equal to n, we declare the integral
of w to be 0.

The most important theorem concerning integration of forms on mani-
folds is the following.

Theorem 4.1.1 (Stokes’ theorem) Letw be a differential form on a
manifold M. Then
/ dw = 0.
M

We know what differential forms look like locally, but what about
their global behavior? An important tool in understanding the large-
scale structure of forms is de Rham cohomology, which we now discuss.

Definition 4.1.2 Let M be a manifold. A differential form w on M is
closed if dw = 0 and exact if w = da for some form a on M. The set of
closed m-forms on M is denoted Z™(M), and the set of exact m-forms
on M is denoted B™(M).

Both Z™(M) and B™(M) are vector spaces for every nonnegative
integer m. Moreover, because d?> = 0, every exact form is closed, and
so B™(M) is a vector subspace of Z™(M). The elements of B™ (M)
are viewed as being “trivially” closed. The search for more interesting
closed forms prompts the following definition.

Definition 4.1.3 (de Rham cohomology) Let M be a compact mani-
fold. For each natural number m, the mth de Rham cohomology group
of M is

Hp (01 = 270
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The direct sum of the de Rham cohomology groups of M is denoted
H;eR(M>'

Proposition 4.1.4 For every compact manifold M, the wedge product
defines a ring structure on H} o (M).

Proof We show that the wedge of an exact form with a closed form is
exact; the proposition easily follows from this fact. Suppose that w is
exact and that 3 is closed. Choose a form « such that w = da. Then

d(aB) = (da)B £ ad(B) = (da)8 = wB.
[

Our interest in de Rham cohomology is as a tool to distinguish K-
theory classes, so we will not discuss this theory in any great detail.
However, here is a list of some of the important features of de Rham
theory:

e If M is a manifold of dimension n, then H},(M) = 0 for m > n.

e If M is connected and has dimension n, then H}, (M) = C if M is
orientable and 0 if M is nonorientable; in the former case, a represen-
tative of HY}, (M) is called a volume form.

e Let ¢y : M — N be a smooth map between manifolds. Then for each
nonnegative integer k, the pullback map ¢* from QF(N) to QF(M)
induces a group homomorphism ¢* : HY (N) — H%, o(M).

e If M and N are homotopy equivalent, then the groups H}, (M) and
H}_p(N) are isomorphic.

4.2 Invariant polynomials

In this section we gather some definitions and facts about polynomials
that we will need in the next section.

Definition 4.2.1 Let n be a natural number. A function
P:M(n,C)—C

is called an invariant polynomial if P is a polynomial function of the
entries of the matriz and P(BAB~Y) = P(A) for all A in M(n,C) and
B in GL(n,C). The set of invariant polynomials on M(n,C) is denoted
IP(n,C).
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The constant functions are obviously invariant polynomials. The fol-
lowing construction provides some more interesting examples.

Proposition 4.2.2 Let n be a natural number, and for each A in
M(n, C), define c1(A), ca(A), ..., cn(A) by the equation

det (1 +2A) =1+ c1(A)z + ca(A)z? + - - -+ cn(A)2™.

Then for each 1 < k <n, the function c is an invariant polynomial.

Proof An inspection of the equation in the statement of the proposition
shows that each ¢ (A) is a polynomial in the entries of A, and the simi-
larity invariance of the determinant implies that each ¢ is an invariant
polynomial. Ul

Observe that ¢1(A) and ¢, (A) are the trace and determinant of A
respectively.

Proposition 4.2.3 An invariant polynomial is determined by its values
on diagonal matrices.

Proof Any invariant polynomial P : M(n,C) — C is a continuous
function. Therefore to prove the proposition, we need only show that
every element of M(n,C) is a limit of matrices with distinct eigenvalues,
because such matrices are similar to diagonal matrices.

Let A be in M(n,C). Then A is similar to an upper triangular matrix

tin tiz tiz -0 tin
0 too ta3 -+ ton
T=|0 0 33 - 3o |,
0 0 0 - tpy
and so the eigenvalues of T, and therefore A, are t11, ta2, ..., tp,. For

all sufficiently small € > 0, the matrix

t11 +e€ t12 t13 e tin

0 oo + 2¢ ta3 e ton

T, = 0 0 tzz + 3¢ - -- t3n
0 0 0 coo tpn + ne

has distinct eigenvalues. O
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Definition 4.2.4 Let n be a natural number and let Clxy,xg, ..., xy)
be the ring of complex polynomials in the indeterminates x1,Ts, ..., Ty.
A (complex) symmetric function is a polynomial p in Clzy, T2, ..., xy]
such that

M(fﬂp(l),%(z), cee ,ffp(n)) = p(z1,22,...,7n)

for every permutation p of the set {1,2,...,n}.
Our interest in symmetric functions stems from the next result.
Lemma 4.2.5 Let n be a natural number and suppose that P is an in-

variant polynomial on M(n,C). Then there exists a symmetric function
wp in Clzy, xa,. .., T,] such that

P(diag(dy,da,...,d,)) = pp(di,da, ..., dy)
for every diagonal matriz diag(dy,da, ..., dy,).
Proof For every permutation p of the set {1,2,...,n}, Lemma 1.7.1
states that there is a matrix S in GL(n, C) such that
Sdiag(dy,da, ..., d,)S™" = diag(d,), dp@)s - - - dp(n))
for every diagonal matrix. |

In light of Lemma 4.2.5, we seek more information about symmetric
functions.

Definition 4.2.6 Let n be a natural number. For 1 < k < n, define
Ry :{(i17i2,...,ik) 1< <o < < g S?’L}

The kth elementary symmetric function in Clxy,xa,...,x,] is defined
by the formula

or(x1, 22, ..., Tn) = E Xy iy +* T, -
Ry

For example, for n = 4, the elementary symmetric functions are
01 =21+ 2o +x3+ 24
09 = X1X2 + T1T3 + T1T4 + T2X3 + ToTy4 + T3y
03 = X1T2X3 + T1X2X4 + T1X3T4 + T2T324
04 = X1X2X3%4.

Note that each elementary symmetric function is, in fact, symmetric.
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Proposition 4.2.7 Let n be a natural number. Then for all 1 < k < n,
we have

ck(diag(dl,dg, .. ,dn)) = 0k (dl,dg, .. .,dn)

for every diagonal matriz diag(dy,ds, ..., dy,).

Proof Apply Proposition 4.2.2 to diag(ds,ds, ..., d,), multiply out the
left side, and collect terms. |

Proposition 4.2.8 Every symmetric function is a complex polynomial
in the elementary symmetric functions.

Proof Fix n, let p1,pa,...,p, be the first n prime numbers in ascending
order, and for each monomial x7* 252 - - - x%", set

¢ (27t al® - ay) = pripet -y
Given any symmetric function p in Clzy,22,. .., 2], let ®(u) be the
maximum value of ¢ applied to every (nonzero) monomial of p. In
particular, ® does not detect the coefficients of the monomials. We
prove the proposition by induction on the value of .

Suppose ®(u) = 1. Then pu is necessarily a constant monomial, and
therefore is trivially a complex polynomial in the elementary symmetric
functions. Now suppose that the proposition is true for all symmetric
functions p such that ®(u) < N, and choose a symmetric function v
such that ®(v) = N = p{'p3? - pin; thus the “largest” monomial in v

51 .82

: s
1S 1" Ty H

on.
For each elementary symmetric function oy, we have
®(o%) = ¢ (Tn—k+1Tn—k+2" " Tn—1Tn) = Pp—k+1Pn—k+2 " Pn—1Pn-
Moreover, the function ® is multiplicative on the elementary symmetric
functions, and therefore

t1 _to t _ otp tnttn—1 tnttn_1+tla t,4t, 14 Ftott
(I)(01 0y o) = Pty P Pyt e

for all natural numbers t¢1,ts,...,t,. Comparing this expression with
the factorization of IV, we see that

Sn—Sn— Spn—1—"Sn— —
(I)(O'ln n 10_271 1=Sn—2 | 82 81JZI>:N.

n—1
Let a be the coefficient of the monomial x5 - - - zi» in v. Then
Sn=8n—-1 _Sn—-1—"Sn-2 _S3—S1 _S1
v —ao; T o oy
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is a symmetric function, and
Spn—=8n—-1 __Sn—1—"8n-2 S2—5S1 _S1
@(V—aol o, 0 Un> <N,
whence the result follows. |

Theorem 4.2.9 For each natural number n, the set TP(n,C) is a ring
generated by c1,ca,...,Cpn.

Proof 1Tt is easy to see that the set of invariant polynomials forms a ring.
The rest of the theorem follows from Proposition 4.2.3, Lemma 4.2.5,
Proposition 4.2.7, and Proposition 4.2.8. UJ

Proposition 4.2.10 (Newton’s identities) Letn be a natural number
and define

by =ab a4+ 4ok

C = Uk(xl,xg, N ,xn)
for 1 <k <n. Then
k—1 .
br+ > (1) ejbpj + (=1)Fker, = 0 (%)
=1

for each k.

Proof For notational convenience in this proof, write each by and cj as
bi,n and ¢y, respectively and let Fy ,, denote the left-hand side of (x).
We prove the theorem by induction on n — k.

Suppose that & = n, and define

n
f@) =[] —a)
j=1
n—1
=z" 4 Z im0 4+ (=1)"Cpn,

Jj=1
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where the second equality is obtained by expanding f. We have

0=f(z1) =27+ Z c] n®y I 4 (—1)"cpn

n—1

0= f(xe) =ah + Z c] nTy I (=) "cpn

n—1
0= fzn) =) + D> (1) ¢jnal ™ + (=1)"Cp,n.
j=1
Adding together these n equations gives us

- nn+z Cjnn]n""( )ncn,na

and so the result holds for n — k = 0.

Now suppose the theorem is true for n —k < N < n, and consider the
case n — k = N. Observe that

bin(1,22,. ., Tn-1,0) =bjp_1(z1,22,...,2n_1)

ijn(xl,xg, ey n—1, 0) = ijnfl(l'l,l’g, ey anl)

for all 1 < j <n. Thus
Fk,n(mla T2y Tn-1, O) = Fk,nfl(mla Zo,... 7xn71)~ (**)

Because n — 1 — k= N — 1 < N, our inductive hypothesis implies that
right-hand side of (%) is zero. This implies that z,, is a factor of Fy .
Because Fy, ,, is a symmetric polynomial, the monomials z1, z2,...,Zp—1
are also factors of Fj, ,,. Therefore Fj, ,, must be identically zero, because
otherwise F} , would be a polynomial of degree £ < n with n distinct
factors. |

Corollary 4.2.11 Let n be a natural number. For each 1 < k <n and
each matriz A in M(n,C), define by(A) = Tr(AF). Then each by is an
invariant polynomial on M(n,C), and

S

bi(A) + 3 (1) e; (A)biy (A) + (1) ker(A) = 0.

Jj=1
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Proof The similarity invariance of the trace immediately implies that
each by is an invariant polynomial. Proposition 4.2.10 tells us that the
equation above holds for diagonal matrices, and Proposition 4.2.3 yields
the desired result for general matrices. 0

Corollary 4.2.12 For each natural number n, the set TP (n,C) is a ring
generated by by,ba, ... by,.

Proof For each n, Proposition 4.2.10 implies that the set {b1,b2,...,b,}
determines the set {c1, ¢, ..., c,}, and converely; the corollary is there-
fore a consequence of Theorem 4.2.9. 0

4.3 Characteristic classes

Given two vector bundles over the same topological space, how can we
tell if they are isomorphic or not? If the vector bundles have different
ranks, then they are not isomorphic, but at this point in the book, we
have no other way of distinguishing vector bundles. In this section we
define and discuss the theory of characteristic classes, which is an im-
portant tool for answering this question. The easiest approach to this
theory is generally known as Chern—Weil theory, and involves differen-
tiation. For this reason, we only consider topological spaces M that are
manifolds, and we will assume that our vector bundles are smooth. A
priori, it is not obvious that every element of KY(M) can be represented
by a difference of smooth vector bundles. Fortunately, the additional
hypothesis of smoothness does not affect K-theory. More precisely, the
following statements are true:

e Every vector bundle over a compact manifold admits a unique smooth
structure.

e If two vector bundles are isomorphic via a continuous isomorphism,
they are isomorphic via a smooth isomorphism.

e Every idempotent over a compact manifold is similar to a smooth
idempotent.

e If two smooth idempotents are homotopic via a continuous homotopy
of idempotents, then they are homotopic via a smooth homotopy of
idempotents.

The fact that continuous functions can be approximated by smooth
ones makes these statements plausible, but the proofs are not particu-
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larly edifying and would take us somewhat far afield, so we simply state
the results without proof.

Definition 4.3.1 Let M be a compact manifold and let n be a natural
number. For each o = (a1, iz, ..., ap) in (Q*(M))", define the function
D: (*(M)" — (2*(M))" as Da = (day,das, ..., doy,), where d

denotes the exterior derivative.

Definition 4.3.2 Let M be a compact manifold and let n be a natural
number We call an idempotent E in M(n, C*°(M)) a smooth idempotent
over M.

Definition 4.3.3 Let M be a compact manifold, let n be a natural
number, and suppose that E is a smooth idempotent in M(n,C*(M)).
The Levi-Civita connection on E is the map

EDE : (Q*(M))" — (" (M))".
We write the Levi-Civita connection on E as V.

Our notion of Levi-Civita connection is an algebraic formulation of
the Levi-Civita connection in differential geometry.

Definition 4.3.4 Let E be a smooth idempotent over a compact mani-
fold. Then dE is the matrix of one-forms obtained by applying the
exterior derivative d to each entry of E.

Do not confuse dE with the composition DE.
For each natural number n and each manifold M, there is a bilinear
product

(Q°(M))" x Q*(M) — (" (M))"

defined by componentwise wedge product, and for a € (Qk (M ))n and
w € QY(M), two applications of the Leibniz rule give us

Ve(aw) = EDE(aw)
= E(dE)(aw) + E(Da)w + (—1)*Eadw
= (Vea)w + (—1)’“Eo¢dw.
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Thus the Levi-Civita connection is not Q*(M)-linear. However, because
d?w = 0 and EVEg = VeE, we obtain
Vi(aw) = Ve ((Vea)w + (—1)* Eadw)
= (Via)w + ( D E(Vea)dw + (-1)"E (Ve(a dw))
(VEa) ~DFE(Vea)dw 4 (—1)*E(Vea)dw + Ea d*w
whence V2 is Q*(M)-linear.

Definition 4.3.5 Let E be a smooth idempotent over a compact manifold
M. The curvature of E is the Q*(M)-linear operator VZ.

We record two lemmas that are useful in computing curvature of an
idempotent.

Lemma 4.3.6 Let M be a compact manifold, let n be a natural number,
and suppose that E in M(n,C>(M)) is a smooth idempotent. Then

E(dE) = (dE)(I, — E)
(dE)E = (I,, — E)(dE).

Proof Take the exterior derivative on both sides of the equation E? = E
and apply the Leibniz rule on the left side to obtain

(dE)E + E(dE) = dE.
Then solve for (dE)E and E(dE). O

Lemma 4.3.7 Let M be a compact manifold, let n be a natural number,
and suppose that E in M(n,C*°(M)) is a smooth idempotent. Then

Vi = E(dE)? = (dE)(I,, — E)(dE) = (dE)’E

Proof For all a in (Q*(M))", we compute

Via = EDEDEa
= EDE ((dE)a + E(Da))
= EDE(dE)a + EDE(Da)
= E(dE)(dE)a — E(dE)(Da) + E(dE)(Da) + E(D%a)
E(dE)*a.
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The rest of the lemma comes from applying Lemma 4.3.6 to the expres-

sion E(dE)(dE). O

Note that in contrast to the scalar situation, the product of a matrix
of one-forms with itself is not usually zero.

Proposition 4.3.8 (Bianchi identity) Let M be a compact manifold
and let V& be the curvature of a smooth idempotent E over M. Then

dVE = (dE)VE — VE(dE).

Proof From Lemmas 4.3.6 and 4.3.7, we obtain

(dE)VE = (dE)E(dE)? = (dE — E(dE))(dE)?* = (dE)® — E(dE)?,
and therefore

(dE)VE — VE(dE) = (dE)® — E(dE)® — E(dE)® = (dE)® = dV3.

O

Definition 4.3.9 Let n be a natural number and suppose that P is
an invariant polynomial on M(n,C). For each smooth idempotent E in
M(n, C>=(M)), define the differential form P(VZ) by formally evaluating
P at V.

Theorem 4.3.10 (Chern-Weil) Let M be a compact manifold, let n
be a natural number, and suppose that E in M(n,C*°(M)) is a smooth
idempotent. Then for every invariant polynomial P on M(n,C):

(i) the differential form P(VZ) is closed;
(ii) the cohomology class of P(VE) in H} z(M) depends only on [E]
in Idem(C(X)).
(iii) for f : N — M smooth, we have P(f*(E)) = f*(P(E)) in
Hyer(N).

Proof The sum and wedge of closed forms are closed, so to prove (i), it
suffices by Corollaries 4.2.11 and 4.2.12 to verify that Tr (V%k) is closed
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for each k. We have the string of equalities
4 (T (VE)) =T (4 (v2)
— kT (d(vg) vﬁ(’f—”)
= kT ((aE)VEVEF D - VR (ap) vt V)
=0;

the first line follows from the linearity of the exterior derivative, the
second line is obtained by repeatedly applying the Liebniz rule and em-
ploying the cyclic invariance of the trace, the third line is the substitution
of the Bianchi identity into our expression, and the fourth line is again
a consequence of the cyclic property of the trace.

To prove (ii), first note that

Tr(vfl?ag(E,O)) = Tr(vék)

for every natural number k£ and every smooth idempotent E. This ob-
servation, paired with Corollaries 4.2.11 and 4.2.12, shows that for any
invariant polynomial P on M(n,C), the cohomology class of P(VZ) in
H n(M) does not depend on the size of matrix we use to represent E.

To complete the proof of (ii), we will show that if {E;} is a smooth
homotopy of idempotents, then the partial derivative of P (V%t) with
respect to t is an exact form. To simplify notation, we will suppress the
t subscript, and we will denote the derivative of E with respect to t as E.
The sum and wedge product of exact forms are exact, so from Corollary
4.2.12 we deduce that we need only show that the partial derivative of
br(VZ) with respect to t is exact for each k.

We begin by noting three facts. First, from the equation E2 = E, we
have EE + EE = E, and thus EE = E(In —E). Second, if we multiply this
last equation by E, we see that EEE = 0. Third, because mixed partials
are equal, the partial derivative of dE with respect to t is dE.

For each k, we have

D bi(v2) = Tr ((E(dE) (0E))")
= Tr (E(dE)**)
2k
~Tr (E(dE)Qk) +3 T (E(dE)j—l(dE)(dE)%—j) ,

where the second line follows from & applications of Lemma 4.3.7. We
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also have

Tr (E(dE)%) _ (EE + EE) (dE)%)

I
o

|
=
AA/r—n\/—\/—\
m
m
—
U
M
N
DN
>
~—
+
=
—~
m
m
m
—
U
m
~—"
V)
=~
~—

and thus the first term of the derivative vanishes. From the remaining
terms, we obtain

2k
Zﬁ( E(dE)/ ~(dE)(dE)2"~ J) 3 Tr ((dE)**7E(dE) 1(dE))
=
> Tr<dE)2k TE(dEY~Y( dE)

j even

-3 T ((dE)%*l(In )

( (dE)2~ 1E(dE))

((@®)

2k] j-1
2; (dE E(dE) (dE))
Z
odd

S Tr ((dE)%*l(dE) - (dE)Q’“*lE(dE)) + 3 T ((dE)%*lE(dE))
j even j odd

— kTr ((dE)%*l(dE))
—d (k Tr ((dE)%—lE)) .

Therefore2-by, (V) is exact.

Finally, to establish (iii), note that the exterior derivative commutes
with pullbacks, which implies that V ¢-g = f* (Ve). Moreover, the func-
torial properties of f* give us P(V?C*E) = f* (P(VE)) for every invariant
polynomial, and thus P (f*E) = f* (P(E)). O

An important consequence of Theorems 1.7.14 and 4.3.10 is that for
every invariant polynomial P, the cohomology class of P(Vg) depends
only the (smooth) isomorphism class of the vector bundle RanE. We
can therefore make the following definition.

Definition 4.3.11 Suppose that V is a smooth vector bundle over a
compact manifold M and let P be an invariant polynomial. We define
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the de Rham cohomology class [P(V)] to be the de Rham cohomology
class of P(Vg) for any smooth idempotent E with the property that V is
isomorphic to RanE.

Definition 4.3.12 Let V be a smooth vector bundle over a compact
manifold M and suppose that P is an invariant polynomial. The de
Rham cohomology class of P(V') is called a characteristic class of V', and
the integral of P(V) over M is called a characteristic number. The de
Rham cohomology classes c1(V'), ca(V), ..., em(V) are called the Chern
classes of V', and their integrals over M are called Chern numbers.

Theorem 4.3.13 Let V' be a smooth vector bundle over a compact mani-
fold M and suppose that P is an invariant polynomial. Then P(V) is a
polynomial in the Chern classes of V.

Proof Follows immediately from Theorems 4.2.9 and 4.3.10. |

Example 4.3.14 Let V be the vector bundle on S? associated to the
smooth idempotent
E_ L/l+z y+iz
S 2\y—iz l—=x

from Example 1.4.3. We compute

dE—1< dx dy+zdz>

T2 \dy—idz —dx
and
1 —idy dz dz dy + idx dz
dE)(dE) = =
(dE)(dE) 2 <—d33 dy + idx dz idy dz )
Thus

V2 — E(dE)(dE) = (O‘“ 0‘”) ,

4 \ao1 oo
where aq1, a2, a1, and age are two-forms. Therefore

1 + l0411 l0[12
det (14 VE) = det( 4 4
( E) iOle 1 + iOCQQ

1+ ! 1+ - !
= - - — —appo
7o 7922 161202

1
=1+ Z(au + a92),
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because all four-forms on S are zero. We also know in this case that
det (14 Vi) = 141 (VR).

Comparing the two expressions and doing an easy computation yields

7
—5(0411 + a2)

c1(Vg)

—%(zdwdy—ydxdz—!—xdydz).

We will show that ¢1(VE) determines a nontrivial de Rham cohomology
class by showing that the first Chern number is not zero. This is most
easily accomplished by converting to spherical coordinates:

/cl(V%):—i/ zdrdy+ydrxdz —xdydz
5‘2 2 SQ

. T P27
% / / (sin ¢ cos® ¢ + sin® Osin® ¢ + cos® Osin® ¢) df do
o Jo
= 2ms.
Thus we have shown that V is not trivial.

The ease with which we worked out the previous example may leave
the reader with a false impression of the computations typically involved.
If a vector bundle appears from some topological construction, it may be
difficult to realize it as the range of an idempotent. In addition, the forms
representing the Chern classes of bundles that are not line bundles can
be vastly more complicated. For this reason, we often look for indirect
ways to compute Chern classes and numbers (see the exercises).

There are several characteristic classes that arise naturally in geometry
and topology. To describe them, let

f(z)=ao+arz+az® +-- +aps" +---
be a power series with complex coefficients. For each matrix A in
M(m, C), define
I (A) = det(f(A)).
We are only taking wedge products of forms of even degree, so wedge

product is commutative and the determinant is well defined. Note that
II; is an invariant polynomial for each f.

Definition 4.3.15 Let V' be a smooth vector bundle over a compact
manifold M, let f(z) be a complex formal power series, and choose a
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smooth idempotent with the property that V' = Ran E. The multiplicative
(characteristic) class II;(V) is the cohomology class of det (f(VE)) in
H@UGTL(M)

deR .

Note that the convergence of the power series f is not important here
because VZF = 0 for 2k greater than the dimension of M.

Example 4.3.16 The multiplicative class associated to the polynomial
1+ z is called the total Chern class; for a smooth vector bundle, this
class is usually writen ¢(V'). If we write out this characteristic class, we
obtain

M =1+ea(V)+ca(V)+- +ex(V)+---.
Example 4.3.17 The multiplicative class associated to

T
T—e>z 2771297

is called the Todd class. The Todd class measures the way in which the
Thom isomorphism in K-theory differs from its analogue in de Rham
cohomology.

Example 4.3.18 The multiplicative class associated to

Vi L1,
=14 —p— —
tanh /2 +3Z 45° +

is called the L-class. The L-class is intimately connected to a topological
mwvariant of a manifold called the signature.

Example 4.3.19 The multiplicative class associated to

Vz 1

7

S R—— VI 2. S
: z 24 5760

sinh (g)

is called the A-class. The A-class arises in the study of spin structures

and manifolds that admit Riemannian metrics with positive scalar curv-
ature.

3

The next proposition justifies calling the characteristic classes “mul-

tiplicative.”
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Proposition 4.3.20 Let V and W be smooth vector bundles over a
compact manifold and let f(z) be a formal power series. Then

(Vo W) =TI (V)L (W),

where the product on the right-hand side is induced by the wedge product.

Proof Choose smooth projections E and F whose ranges are V and W
respectively. Then V @ W is isomorphic to Ran(diag(E, F), and

Vaiag(e,F) = diag(VEe, VE).

The proposition then follows from the definition of II; and properties of
the determinant. 0

4.4 The Chern character

In the last section, we used formal power series and the determinant to
define multiplicative characteristic classes. By replacing the determinant
with the trace, we obtain a new collection of characteristic classes.

Definition 4.4.1 Let V be a smooth vector bundle over a compact
manifold M, let f(z) be a complex formal power series, and choose a
smooth idempotent with the property that V= RanE. The additive
(characteristic) class (V) is the cohomology class of Tr (f(VE)) in
Haeg (M).

Proposition 4.4.2 Let V and W be smooth vector bundles over a com-
pact manifold M and let f(z) be a formal power series. Then

Ef(V D W) = Zf(V) + Zf(W)

Proof The proof of this proposition is the same as that of Proposition
4.3.20, with the multiplicative property of the determinant replaced by
the additive property of the trace. 0

Corollary 4.4.3 Let f(z) be a formal power series and let M be a com-
pact manifold. Then the additive class ¥y determines a group homo-
morphism (which we denote by the same symbol)

Sy KOU(M) — Hyg (M)
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with the property that

Er([E] = [F]) =24 (E) — Z¢(F)

for all smooth idempotents E and F over M.

Proof Follows immediately from Proposition 4.4.2 and Theorem 1.6.7.
|

Definition 4.4.4 The Chern character is the additive class associated

to the power series
2
z

The Chern character of a smooth vector bundle V is denoted Ch(V).

There is a corresponding “odd” Chern character from K1(M) to
H3M.(C>(M)). As we did for K°(M), we will accept without proof
that every element of K™1(M) can be represented by an invertible ma-
trix with smooth entries and that if two such matrices can be connected
by a continuous path, then they can also be connected by a smooth path.

Definition 4.4.5 Let M be a compact manifold and let n be a natural
number. For each S in GL(n,C*(M)), define

Ch(S) = kzﬂ(—l)k@ﬁm Tr ((S‘ldS)QkH) .

Lemma 4.4.6 Let M be a compact manifold and suppose that W is a
matriz of one-forms on M. Then Tr(W?) = 0.

Proof Denote the (i,7) entry of W as w;;. Then

TI'(W2) = Zwijwﬁ = Zwijwji + Zwijwji
i

1<J 1>

5]
= E wijwji—l— E WjiWij = E WijWsi — E wijwji:O.

i<j i<j i<j i<j
O
Lemma 4.4.7 Let M be a compact manifold, let n be a natural number,
and suppose that S is an element of GL(n,C>®(M)). Then
d(S™1) = -S71(dS)s~ 1.
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Proof Apply the exterior derivative to both sides of the equation S™!S =
I,, and solve for d(S~1). O

Lemma 4.4.8 Let M be a compact manifold, let n be a natural number,
and suppose that S is an element of GL(n,C*>(M)). Then

d((S7'dsS)**) =0

for all natural numbers k.

Proof Lemma 4.4.8 and the Leibniz rule imply that

d((S7'dS)?) = d(S~*dS)(S'dS) — (S~*dS)d(S'dS)
= —S71(dS)S™(dS)S™!(dS) + S~ *(dS)S~*(dS)S~ ! (dS)
= 0.

The lemma then follows by induction. 0

Proof We need only verify the formula for £ = 1; the general result
then follows from the Leibniz rule and mathematical induction. From
Lemma 4.4.7 we obtain

d((S71dS)?) = d(S~'dS)(S™'dS) — (S~ 'dS)d(S'dS)

)
—S~1(dS)S1(dS)S~(dS) + S~1(dS)S ™ (dS)S 1 (dS) = 0
]

Theorem 4.4.9 Let M be a compact manifold and let n be a natural
number. For every S in GL(n,C*®(M)), the form Ch(S) is closed and
its cohomology class depends only on [S] in K1 (M).

Proof For each natural number k, we have

dTr ((S1dS)* 1) = Tr (d ((S~*dS)* 1))
= Tr (d(S™'dS)(S™1dS)** — (S~'dS)d ((SdS)*))
= —Tr (S™1(dS)S~!(dS)(S~'dS)?¥)
= —Tr ((S'dS)*+?).

This quantity vanishes by Lemma 4.4.8, and thus we see from Definition
4.4.5 that Ch(S) is closed. To establish the rest of the theorem, first

note that Ch(diag(S,1)) = Ch(S), so the size of the matrix we use to
represent S in GL(C*°(M)) does not matter. Suppose that [So] = [S1]
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in K'1(M) for some Sy and Sy in GL(n, C>(M)). Let {S;} be a smooth
homotopy of invertibles from Sg to S;. We will show that the partial
derivative of Ch(S;) with respect to t is an exact form. As in our proof of
Theorem 4.3.10, we will simplify notation by suppressing the ¢ subscript,
and we will denote the derivative of S with respect to ¢t by S. For each
natural number k, we have the equalities

%Tr (s~1as)™ —TY;) s71ds)’ (gt (s—lds)> (S~ds)*
= Trik: (3 (slds)> (s1ds)*
—\ ot
s

(2k + 1) T 1ds) (5~1as)*

=

9
( 5716s71as +571dS) (57'as)™)
1ds)2k+1>

+(2k+1)Tr (575 (s7as)™)

1
= (2k+1) r(
(-5

=2k+1)Tr

where we have used the cyclic property of the trace to go from the first
line to the second. This form is exact, because

a((k+1)Tr (s715(571ds)™) )
= (2k+ 1) Tr (~S71(dS)S 'S (571as)™ + 5718 (571ds) ™)
= (k1) Tr (=516 (571dS) ™) - (2h+1) Tr (5105 (571as) ™) 5

we have again used the cyclic property of the trace and Lemma 4.4.8.
Thus

Tr ((s—lds)%“)

is exact for each k, and the desired result is then a consequence of the
definition of Ch(S). O

Definition 4.4.10 Let M be a compact manifold and let n be a natural
number. For each S in GL(n,C*(M)), define the Chern character of S
to be the class Ch(S) of Ch(S) in H3%(M).

Proposition 4.4.11 For every compact manifold M, the Chern char-
acter is a group homomorphism from K1(M) to H3IL(M).
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Proof Corollary 2.3.7 implies that
[ST] = [diag(S, I)][diag(I, T)] = [diag(S, T)
in K-1(M) for all invertible matrices S and T over M. Thus we obtain

Tr((diag(S, T)d(diag(S, T)) 2k+1)
_ TI‘(diag((S_ldS)2k+l, (T—ldT)2k+1)>

= Tr((S71dS)** 1) + Tr((T~1dT)**)

for each natural number k; Definitions 4.4.5 and 4.4.10 then imply that
Ch is a group homomorphism (note the group operation on K-1(M)
is written multiplicatively, while on H} (M), addition is the group
operation). O

Example 4.4.12 Take S to be the unit circle in C, and suppose that
f € 0=(SY) is nowhere vanishing. Then Ch(f) is defined and is the
cohomology class of f~1 df. By definition, the integral of the differential
form f=1df over S' is 2mi times an integer called the winding number
of f. Roughly speaking, the winding number of f counts the number of
times the image of f “wraps around” the origin counterclockwise.

Corollary 4.4.3 and Proposition 4.4.11 show that for every compact
manifold M, we can combine the “even” and “odd” Chern characters
combine to obtain a group homomorphism

Ch:K(M) e KY (M) — H} p(M);

see the notes for more information about this map.

4.5 Notes

The material in this chapter on differential forms and de Rham coho-
mology is adapted from [6]; see that book for more informations. It
is difficult to find a good source that discusses smoothness of vector
bundles, idempotents, and invertibles, but some of this material can be
found in Section 3.8 of [9].

Many authors define multiplicative and additive characteristic classes
as scalar multiples of ours, with the multiple usually being (27i)~!. This
modification allows us to consider Chern classes and the Chern charac-
ter as classes in Cech (or singular) cohomology with integer coefficients.
Because we only work with de Rham cohomology in this book, we forego
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the factor of (27i)~!. The extra work in defining the Chern character on
a compact manifold M so that it takes values in the integer cohomology
groups H*(M,Z) has the payoff that Ch : K" (M) — H*(M,Z) is a
group isomorphism, and, in fact, is even a ring isomorphism. It is possi-

ble to define characteristic classes for vector bundles over any compact

Hausdorff space, and in this situation, the Chern character becomes an

isomorphism if we ignore torsion elements; i.e., elements of finite or-
der. For the details of these facts about the Chern character, the reader
should consult [13].

4.1

4.2

4.3

4.4

4.5

4.6

Exercises
Show that the vector bundle over the torus whose range is the
idempotent in Example 1.4.5 is nontrivial.

For each natural number k, compute the Chern classes of vector
bundle V that is the range of the idempotent

1 <|Zl|2k lelg)
2128 + |2 \ 2125 |2l

over CP'.

We say vector bundles V and W over a compact Hausdorff space
X are stably isomorphic if V@& 0F(X) = W @ ©!(X) for some
natural numbers k£ and [. Prove that if V and W are smooth
stably isomorphic vector bundles over a compact manifold, then
¢i(V)) = ¢;(W) for all natural numbers i.

Let V be the vector bundle over S? that is the range of the
idempotent

2?2 wy xz

xy Yy gz
xz Yz oz
Compute the Chern classes of V.

Let V' be a smooth vector bundle over a 5-dimensional compact
manifold M. Show that the Todd class of V' can be written

1 1 1
501(‘/) + E (C%(V) + CQ(V)) + ﬂCl(V)CQ(V).

Let V and W be smooth vector bundles over a compact manifold
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and suppose that V' & W is trivial. Show that

Cl(W) = —C1 (V)
(W) = (V) = e2(V)
c3(W) = 2¢1(V)ea(V) — e3(V) — (V).

4.7 Let V be a smooth vector bundle over a compact manifold and
suppose that V @ V is trivial. What can you say about the
Chern classes of V7

4.8 Let V be a bundle over a compact manifold M, let W be a sub-
bundle of V', and let @ denote the quotient bundle (see Exercise
6). Prove that ¢(V) = ¢(W)c(Q).

4.9 Suppose V is a rank n vector bundle over a compact manifold.
Prove that if V' has a nowhere vanishing smooth section, then
en (V) =0.

4.10 Let n be a natural number and suppose that S is an element of
GL(n,C*>°(S1)). Show that

/ 571(5’) = 2mi(winding number of det S).
Sl
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A*, 4

b, 105

b, 123

B(V), 148

B™(M), 180

C, 1

cp, 182

Cy, 170

C(X),5

e(V), 195

Ch, 197

CP™, 23

D(X,A), 54

diag, 9

[E], 20

expB, 14

G(A), 30

CL(C(X), 6
GL(n, C(X)), 1

GL(n,C(X))o, 13

h(¢), 171

H*, 2

H, 157

Hy, 157

(M), 181

Hom(A, B), 43

Hom(V, W), 48

Z(n,C(S'X)), 89

IP(n,C), 181

Idem(C(X)), 20

K°(X), 51

K°(X, A), 56

KO(X)(t]), 146

K1(X), 63

K1(X, A), 65

K™, 83

L™(n,C(S'X)), 88

Symbol index

L(p, k), 109

L(X, A), 133
M(m,n,C(X)), 5
M(n,C(X)), 5

Map(X,M(m,n,C)), 2

offdiag, 132
P (n, C(S'X)), 89
P(V), 157
RanE, 33
Rot, 10

RP?, 107
S(V), 148
SX, 110
S'X, 84

SX, 110
T(V), 141
Triv(X, A), 131
Uy, 152

V], 22

V]A, 22

V*, 25

v+, 37

Vi B Vs, 24
Vie Vs, 24
ViU, Va, 28
VW, 118
VoW, 119
(X, A), 130
Vect(X), 22
Vect(X, A), 130
W3

X1 [] Xo, 54
Xt 78

(X, A), 54
(X\A)*, 60
X VY, 106
X AY, 110
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Zg4, 170
Zm (M), 180
e, 150
0"(X), 21
;(V), 195
24 (V), 196
o+, 79

Pk, 167
Q*(U), 177
(v,0), 1

2

Ve, 188
AYV), 141
Af(V), 141
N (7*V), 149
A (V), 141
A“(V), 141

205



206 Subject index

Subject index

abelian monoid, 29
Adams operations, 167
adjoint, 4

algebra, 9

algebraic equivalence, 47
antiderivation, 177
atlas, 178

ball bundle, 148

Banach algebra, 9

Banach space, 6

base, 21

base point, 76

Bianchi identity, 190

Bott periodicity, 83, 96, 99
Brouwer fixed point theorem, 109
bundle homomorphism, 22
bundle homotopy, 48

cancellation, 49
category, 43
Cauchy-Schwarz inequality, 2
Cesaro mean, 86
characteristic class, 193

A, 195

additive, 196

L, 195

multiplicative, 195

Todd, 195
characteristic number, 193
chart, 178
Chern character, 197
Chern class, 193

total, 195
Chern number, 193
Chern-Weil theory, 190
closed adapted cover, 127
clutching, 28

cohomology theory, 108

commutative diagram, 41

compact pair, 54

complex projective space, 23

complexification, 25

cone, 110

connecting homomorphism, 69,
81, 100

continuous at infinity, 79

curvature, 189

de Rham cohomology, 181
differential form, 177
closed, 180
exact, 180
direct limit, 20
direct limit topology, 20
double, 54
dual bundle, 25
dual Hopf bundle, 157

exact sequence, 39

short, 39

split, 39
exponential map, 14
exterior algebra, 141
exterior differentiation, 177
exterior product, 141
external Whitney sum, 24

family of vector spaces, 21
Fejér kernel, 86

fiber, 21

fiberwise norm, 147

finite type, 127

five lemma, 42

Fourier series, 86

functor
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contravariant, 45
covariant, 44
half-exact, 58

Gram-Schmidt process, 2
Grothendieck completion, 30

Hermitian metric, 35
homogeneous coordinates, 23
homomorphism of families, 22
homotopic idempotents, 18
homotopic vector bundles, 48
Hopf bundle, 157

Hopf invariant, 171

idempotent, 17

smooth, 188
inner product, 1
inner product space, 1
internal Whitney sum, 24
invariant polynomial, 181

join, 174

K1, 63
reduced, 76
relative, 65
K°, 51
for locally compact spaces,
80
reduced, 76
relative, 56
Kiinneth theorem, 127

Laurent polynomial, 88

lens space, 109

Levi-Civita connection, 188

line bundle, 22

locally compact Hausdorff space,
78

magnitude, 2

mapping cone, 170
mapping cylinder, 170
Mayer-Vietoris exact sequence,
113
reduced, 173
module, 114
free, 114
projective, 174

natural transformation, 46
Newton’s identities, 185

one-point compactification, 78
operation, 166

operator norm, 6

orthogonal complement, 3
orthogonal decomposition, 4
orthogonal projection, 4
orthonormal basis, 2

partition of unity, 26
pointed space, 76
projection map, 21
projective bundle, 157
proper map, 79
pullback, 24

Puppe sequence, 170

quotient bundle, 49

rank, 22

real projective plane, 107
real vector bundle, 25
rotation matrix, 10

section, 50

Serre-Swan Theorem, 175
similar idempotents, 18
simple tensors, 115
simple wedge, 141

smash product, 110
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smooth function, 178
smooth manifold, 178
orientable, 179
sphere bundle, 148
splitting principle, 166
stably isomorphic, 201
Stokes’s theorem, 180
subbundle, 24
supremum norm, 7
suspension
reduced, 110
unreduced, 110
symmetric function, 183
elementary, 183

tautological line bundle, 23
tensor algebra, 141
tensor product

external, 118

internal, 119

of linear maps, 116

of matrices, 117

of modules, 115

of vector spaces, 116
Thom class, 152
Thom isomorphism, 156
triangle inequality, 3
trivial family, 22

vector bundle, 22

wedge, 106
wedge product, 141
winding number, 200

Subject index



